GENERAL PROBLEMS OF THEORETICAL PHYSICS

]A.D. SUKHANOV |! O.N. GOLUBEVA,? V.G. BAR'YAKHTAR 3

1 Bogoliubov Laboratory of Theoretical Physics, Joint Institute of Nuclear Reaserch
(Dubna 141980, Russia; e-mail: ogol@oldi.ru)
2 Russian Peoples Friendship University
(Moscow, Russia; e-mail: ogol@mail.ru)
3 Institute of Magnetism, Nat. Acad. of Sci. of Ukraine and Ministry of Education and Science,

Youth and Sport of Ukraine

(36, Academician Vernadsky Blvd., Kyiv 03680, Ukraine; e-mail: victor.baryakhtar@gmail.com)

QUANTUM-MECHANICAL ANALOG

OF THE ZEROTH LAW OF THERMODYNAMICS
(TO THE PROBLEM OF INCORPORATING
THERMODYNAMICS INTO THE

PACS 03.65.-w, 05.30.-d,
05.70.-a

QUANTUM-MECHANICAL THEORY)!

The presented approach to incorporate the stochastic thermodynamics into the quantum theory
is based on the idea, proposed earlier by the authors, to consistently consider the stochastic
influence by the environment considered as the whole and described by the wave functions of
arbitrary vacua. In this research, a possibility of the explicit incorporation of the zeroth law of
stochastic thermodynamics into the quantum-mechanical theory in the form of the saturated
Schrddinger uncertainty relation is realized. This allows a comparative analysis between the
sets of arbitrary vacuum states, namely, squeezed coherent (SCSs) and correlated coherent
(CCSs) states, to be carried out. A possibility to establish a relation between SCSs and CCSs,
on the one hand, and thermal states, on the other hand, is discussed.
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1. Introduction

The concept of thermal equilibrium in thermodynam-
ics is usually associated with the zeroth law, i.e. with
the equality — at least, on the average — between the
Kelvin temperatures of the object, T', and the en-
vironment, Ty, the latter being related to a model
of classical thermostat. At the zero temperature, the
concept of thermal equilibrium cannot be introduced,
of course, because no thermostat in the conventional
representation, i.e. as a warm environment, is meant.
Under those conditions, the stochastic thermal influ-
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ence of the environment is not taken into account, and
the quantum stochastic influence of the environment
is naturally not considered in thermodynamics.
Meanwhile, at low enough temperatures, when the
thermal action of the environment has already to be
taken into consideration, the quantum stochastic in-
fluence remains to be a significant factor. Hence,
the simultaneous thermal and quantum fluctuations,
which are non-additive, emerge. To describe this sit-
uation arising at low temperatures, we introduced the
concept of quantum thermostat as a model of the en-
vironment (in terms of quantum mechanics, this is an
arbitrary vacuum). In order to extend the concept of

I The article is published as a controversial one.
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thermal equilibrium to the case of the contact with
the quantum thermostat, we also introduced [1], on
the basis of empirical reasons, the effective tempera-
ture
hw hw
T = — coth ——, 1
2kp 2kgT (1)
where kp is the Boltzmann constant, and T the
Kelvin temperature. We also proposed the general-
ized zeroth law in the form

T = Tp + AT, (2)

where Ty is the effective temperature of the quantum
thermostat, and AT the standard deviation of the ef-
fective object temperature. In the limit as the Kelvin
temperature T — 0, this relation keeps its sense as
a condition of equilibrium with the cold vacuum and
acquires the form

Tmin — Tg}in + ATmin’ (3)
where TPn = % # 0 is the minimum effec-

tive temperature for a normal vacuum mode with
frequency w.

Now, let us consider a possibility for expression

(2) to have a fundamental interpretation at the mi-
croscopic level. To this end, let us consider the
Hamiltonian of an arbitrary vacuum introduced by
us in work [1]:
Hrp = Hrp — 976 (4)
In this expression, 7‘27,@ is the Hamiltonian of the
system simulated as a quantum oscillator with the
frequency wy, and S%;nfa is the energy operator of the
entire, i.e. quantum and thermal, stochastic influ-
ence of the environment on the oscillator at an arbi-
trary Kelvin temperature. Recall that the subscripts
7 and ¢ are the parameters of the Bogoliubov (u, v)-
transformation, which allow a transition from the ini-
tial (cold) to arbitrary vacuum (including the warm
one) to be made,
u=coshr-e"?; v =sinh7 e . (5)
In terms of these parameters, the Hamiltonian ﬂma
in Eq. (4) is expressed as follows:

H,., = (cosh27 — sinh 27 - cos 2¢) K7, +
788

+(cosh 27 + sinh 27 - cos 2¢)1I, ,, (6)

where [A(w; and f[w: are the operators of the kinetic
and potential energies, respectively.

The second operator, 57)1;}:;, in Eq. (4) consists of
two terms corresponding to the contributions of the

h -~
purely quantum action of cold vacuum, j, = 5[ , and

the additional action &, arising at the transition
from the initial cold vacuum (i.e. at the environment
temperature T = 0) to an arbitrary one, for which
nonzero temperatures of the environment are allowed.
In this case,

N = wio +wérp, (7)
where

. . . L.

Gr,p = (sinh 27 - sin 2@)§(pq +qp). (8)

Of course, at 7 = 0 and ¢ = 0, operator (7) trans-
forms into the energy operator for the initial cold
vacuum.

In what follows, to calculate the average value of
operator (4), we use the complex wave function of an
arbitrary vacuum 1, ,. In the coordinate representa-
tion, it looks like

Urolg,w) = [27( Agry)?] !

q° .

X exp{ Ag) (1 zﬁw,)}7 (9)
where (Ag;.,)? is the coordinate variance for an ar-
bitrary vacuum, and ;. is an important parame-
ter determining the wave function phase. Function
(9) is the eigenfunction of the Hamiltonian of an ar-
bitrary vacuum 59)7#, (4) corresponding to its zero
eigenvalue [2],

5;)7—,991/17—7@((], W) =0- 1/)7',90(% w) =0.

The quantities (Ag¢;.,)? and 3, in Eq. (9) are ex-
pressed in terms of the parameters 7 and ¢ as follows:
(Agr.)? = (Ago)?(cosh 27 — sinh 27 - cos 2¢);

h

A 2 - . 10
(Bao)? = 5 (10)
Br,p = sinh 27 - sin 2¢.
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The momentum variance in the state |9, ,(q,w))
looks like

(Apr.»)? = (Apo)?(cosh 27 + sinh 27 - cos 2¢),  (11)

where (Apg)? = @.

In this work, we continue our studies concern-
ing the criteria that would allow the states corre-
sponding to the thermal equilibrium with an ar-
bitrary vacuum to be separated from the set of
states ¢, ,(q,w) generated by the Bogoliubov (u,v)-
transformation. Squeezed (SCSs) and correlated co-
herent states (CCSs) are candidates for this role,
because the expressions for the internal energy of
a quantum oscillator in those states can be trans-
formed to the form coinciding with Planck’s for-
mula U, = %“’coth QZQJT for the state of equilib-
rium, where kg is the Boltzmann constant, and T
the Kelvin temperature. For this purpose, we can
formally put the parameter 7 into relation with the
temperature as

-1
cosh 27 = coth (;Z;), sinh 27 = (sinh ;:;) (12)
and get convinced in the formal similarity between
the obtained and Planck results. However, the fun-
damental concept of temperature has no prototype
in the microworld, being associated with the idea
of thermal equilibrium. Therefore, the procedure
of introducing a temperature-dependent parameter
different from 7 still does not allow one to make
an ultimate conclusion concerning the equilibrium
character of the given states, as well as a possi-
bility to interpret them as analogs of the thermal
ones. Hence, our aim consists in the formulation of
some condition with the use of quantum language.
This condition should be similar to that adopted in
thermodynamics for the thermal equilibrium with a
thermostat at the temperature 7. We will also ver-
ify that this condition is obeyed in the SCS and
CCS cases.

2. Analysis of Squeezed Coherent
States of an Arbitrary Vacuum

In work [2], we have already pointed to the fact that
SCSs can be considered as thermal ones only con-
ditionally, bearing in mind that they can be associ-
ated in thermodynamics only with the cases of con-
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tact with a cold vacuum, i.e. at the Kelvin tempera-
ture T' = 0. Here are additional arguments in favor of
this statement, which are based on the research of the
form of the Schrédinger uncertainty relation (UR) for
those states.

In SCSs, where ¢ = 0, the wave function (9) be-
comes real-valued because (3, vanishes; it will be
designated as 1,0 = 1. Substituting relations (12)
into formula (6), we formally change the parametriza-
tion of the Hamiltonian of the system. However, as
will be shown below, despite that we introduce an-
other notation for it, Hy = 7%7’0 instead of 7:[7,99, this
operation turns out to be physically senseless. Really,
putting the oscillator mass m = 1, we obtain in this
case that

hw o hw 7
HT = [Coth m - (Slnh W)

+ (13)

fiw hw \7
h—— sinh ———
cot T + (51n 2kBT>

Now, the operator 6,9 = (sinh2r - sin2<p)%(]5(j—|—
+f§ﬁ)‘ »
the coﬁrelation between the coordinate and momen-
tum fluctuations, becomes equal to zero, because
sin2¢p = 0. As a result, the stochastic influence is
characterized only by the operator jy typical of the
initial cold vacuum, so that expression (7) is simpli-
fied to HI"L = wjo.

Taking into account that the average value of the
Hamiltonian of the vacuum »67',(,0 equals zero, formula
(4) yields the equality

in formula (7), which is responsible for

WT |7-ZT|1;Z}T> - <'¢)T |w50 |¢T>

It is worth noting that the left- and right-hand sides
of expression (14) contain physically different quan-
tities: H, characterizes the system represented by
a quantum oscillator, whereas 7y describes its envi-
ronment. Therefore, equality (14) means that the
average energy of the system (the oscillator) co-
incides with the average energy of a quantum ac-
tion of the environment. This statement formulated
in the quantum language is actually equivalent to
the zeroth law of thermodynamics for the limiting
case of contact between the system and the cold
vacuum.

(14)
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From formulas (14) and (13), it follows that

hw hiw \\ !
2 R PR
lcosh ( ST T) (smh < ST T))

Note, however, that the expression in the square
brackets in Eq. (15) is identically equal to 1, so that

Uo = (vo|Ho
oscillator in the cold vacuum. Hence, this expres-
sion does not depend on the parameter T'. Therefore,
the parameter T' cannot be interpreted as the tem-
perature. In other words, the expediency to change
the parametrization given in the form (12) expect-
edly turns out to be rather doubtful. At the same
time, this operation allows some useful information
to be extracted from Eq. (15). For instance, in view
of the comments to formulas (10) and (11), we may
assert that

U
UO = Aqo - Apy = (UP)o,

Up = % (15)

o) = ——, the average energy of an
2

where the notation (UP)g is introduced for the un-
certainties product Apg - Agg. Then, formula (15) is,
in essence, a particular realization of the Schrodinger
UR, namely the saturated Heisenberg UR,

_h
0 — 2)
which is not related to thermal effects any way.

Hence, the set of SCSs describes a specific case of
the equilibrium between the system and the cold vac-
uum only, i.e., at T" = 0; this situation corresponds
to a system that is isolated as much as possible (from
the nonclassical viewpoint), i.e. to a system subjected
to the stochastic quantum influence only. In other
words, it is incorrect to raise the issue of equilibrium
for an SCS at any nonzero Kelvin temperature, which
has a standard physical sense, in the framework of the
zeroth law of thermodynamics. In this case, there is
no “warm” thermostat, which could provide a thermal
contact. This fact confirms the conclusion that it may
be not occasionally that Umezawa did not call the
squeezed states as truly thermal, but only thermal-
like ones.

In such a way, we come to the conclusion that the
saturation of UR in the Heisenberg form is still not
a sufficient condition for the description of a thermal
equilibrium at 7" # 0. Below, we will demonstrate
that it is the Schrédinger UR that plays this role.

790

(UP)

3. Analysis of the Correlated Coherent
States of an Arbitrary Vacuum on the Basis
of the Schrédinger Uncertainty Relation

A different situation arises for CCSs, because the pa-
rameter ¢ = /4. In this case, the average value of
Hamiltonian (4) of the vacuum equals zero, and we
obtain the relation

<¢¢,¢‘H’¢r,¢> = <’(/)T7tp|ﬁinf’w7;80>'

Here, according to (7) and (8), the operator $H*f
contains two nonzero terms. If we now change the
parametrization and introduce the temperature ac-
cording to formula (12), expressions (10) and (11) for
variances look like

(Aqr)? = (Ago)? coth <hw) _ fwo coth ( i );

(16)

2kgT) 2 2kgT

hw h hw
A 2 = A 2 h = - h e —
(Apr)” = (Apo)” cot <2kBT> 200 (2kBT>
(17)

Respectively, after a similar operation, we can calcu-
late the product of variances (UP),

(UP)r = (Agr)(Apr) = h coth( fiw ) = UPI, (18)

2 2kBT w
where U, = %" coth (ﬁ %) is Planck’s energy of the
oscillator.

Thus, the left-hand side of (16) takes the form

~ hw
(Vro|H|tor, o) = 5 coth 21 = W(UP) . (19)

The operator of additional influence 6, , (8), which
enters the right-hand side of (16) and is responsible
for the correlation of fluctuations of the coordinate

and the momentum, transforms (at ¢ = %) into the
form .
6¢ = (sinh 27 - sin?gp)i(ﬁ(j +4p) =
Rl hw |l
= o= Z(HG +ap). 2
{2sinh2kBT] 5 (Pa+ap) (20)

In view of (7) and (20), we obtain the modulus of
the complex-valued quantity on the right-hand side
of expression (16) as

~. 2
B2 = [(Wr o |97 |r) | =02 + 32, =

2 2 2
o1 K h Fiw
2~ | 4 (2) = |Zcoth (s )| (21
2 sinh QggT] +(2) [2 cot (2kBT>} (21)
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Quantum-Mechanical Analog of the Zeroth Law of Thermodynamics

Here, the quantity J, = g” cth 5 ,’?:T is a macroparam-

eter and has a sense of the holistic (i.e., thermal and
quantum) effective stochastic influence from the side
of the environment. On the microlevel, this corre-
sponds an arbitrary vacuum and the Hermitian oper-
ators 6, and Jo.

With regard for formulas (17) and (19) and with
the use of the notation (Ap;)(Aqr) = (UP)r, for the
product of variances, the left-hand side of equality
(16) takes the form

<w‘r,ap 7:[

Yrp) = feo coth (

hw
. ) = wUP)r.  (22)

2%pT

Thus, by comparing formulas (21) and (22), we
may conclude that equality (16), which is typical of
an arbitrary vacuum with the wave function ), is
nothing else but a saturated Schrédinger uncertainty
relation (SUR),

2 2 inf 2
W UP) = (] 57 r)] (23)

At the same time, the direct comparison of the
right-hand sides of formulas (21) and (22) allows the
same formula (16) to be presented in the form
UP)r = Ir. (24)

It should be emphasized that the left- and right-
hand sides of formula (24), which are determined
by expressions (21) and (22), have different physi-
cal meanings, despite that their dimensionalities are
identical. The quantity (UP)r can be interpreted as
the response J.,.. of the system to the stochastic in-
fluence of the environment, J,, so that there is ulti-
mately the equality between the action on the system
and its response,

szst =Jr. (25)
We note that this relation can be interpreted as a
thermodynamic analog of Newton’s third law. By
applying the general Boltzmann formula for the ef-
fective stochastic influence, J = %B - T, to the left-
(for the system) and the right-hand (for the quantum
thermostat) side of Eq. (25), we arrive at the relation
T.,.. = T7 which is the zeroth law of stochastic ther-
modynamics written down for the effective tempera-
tures of the environment and the object. Thus, the

saturated SUR (23) for thermal CCSs, being closely

ISSN 2071-0194. Ukr. J. Phys. 2013. Vol. 58, No. 8

connected with the fundamental description at the
microscopic level, acquires the status of a quantum-
mechanical analog of the zeroth law of stochastic ther-
modynamics. Therefore, equality (23) represents the
essential requirement of the modified theory.

In connection with the zeroth law written down
in form (24), we would like to point out the following
circumstance that emphasizes the essential role of the
wave function phase. Really, the right-hand side of
Eq. (24) contains the contribution of an action of the
quantum-thermostat:

o1 %
J) = <2hT>+(2)

The first term in this expression is determined by the
average value of operator 6, dependent on the wave
function phase. It is easy to see that, except for the
case T' — 0, it is the wave function phase that mainly
determines the right-hand side of Eq. (26). Its role is
especially significant at high temperatures, when the
corresponding term takes the form

2 2 2

h_ 1) (’%T> s (h)
(2 sinh 22§T> w 2/

In this case, the zeroth law (24) itself is reduced to
the condition of the equality between the Kelvin tem-
peratures, T = Ty (Tp is the temperature of a ther-
mostat), which is adopted as a definition of thermal
equilibrium in classical thermodynamics and quan-
tum statistical mechanics. It is of importance, how-
ever, to emphasize that, even in the cases where the
fluctuations of the temperature of the system can be
neglected in a zeroth approximation — e.g., when the
system consists of a large number of particles, — the
temperature definition, which is adequate to its lim-
iting (asymptotic) sense, looks like

(26)

T 2 wup),.

- 2)

Hence, this quantity depends on the momentum and
coordinate uncertainties, which testifies to its inher-
ently stochastic character.

If the phase is absent — e.g., when we use the real-
valued wave functions of the SCS type — formula (25)
reads

(28)
791
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where Jq, = % is the quantum action. In this
case, the zeroth law does not depend on the param-
eter T', which allows, as was indicated above, the
“thermal” equilibrium to be fixed only with the cold
vacuum, i.e. to be interpreted in a “Pickwickian”
sense.

Hence, two requirements — the definition of vac-
uum and the coincidence of the expression for the
internal energy of a quantum oscillator formally writ-
ten down in terms of the parameter 7" with Planck’s
formula — turn out to be insufficient for the descrip-
tion of the thermal equilibrium with an arbitrary vac-
uum. At the same time, both sets of SCS and CCS
states satisfy those requirements. However, only the
saturated Schrodinger UR makes allowance for the
thermal action at the microscopic level. Therefore,
we can ascribe a physical meaning adequate to the
temperature concept to the quantity 7' only in the
case of CCSs of the type |i;,) = ’z/;r%> = |¢r),
which can be regarded as “thermal” CCSs. In other
words, to separate the states that characterize the
thermal equilibrium with an arbitrary vacuum (at
T # 0) from all the states generated by the Bogoli-
ubov (u,v)-transformations, one more obligatory re-
quirement must be introduced. Its essence consists
in that the equivalent of the zeroth law of thermody-
namic in the form of saturated SUR,

Ap-Aq = |(p- qlv)].

is included into the apparatus of quantum theory. In
the “warm” vacuum state |z (q)), it is reduced to the
condition

h hw
r = 5 coth | ———],
(UP) 5 Cot (2 kBTO)

where we explicitly wrote down the Kelvin tempera-
ture of the thermostat, T;. Note that the left- and
right-hand sides of this equality includes, respectively,
object’s parameters and those of the environment.

4. Invariance of the Zeroth Law
of Stochastic Thermodynamics

Let us now analyze the fundamental formulation of
the zeroth law, which was obtained above, from
the viewpoint of its invariance with respect to the
Bogoliubov (u,v)-transformations. One should pay
attention once more that the left- and the right-
hand side of the corresponding equalities contain

792

qualitatively different physical quantities, the di-
mensionalities of which, nevertheless, coincide. In
particular, formula (24) means that, at the zero
temperature,

UP)o = Apo- Ao = 5 = T, (29)
where (UP)y is considered as a holistic quantity that
characterizes the system under investigation.

Recall that the (u,v)-transformations preserving
the canonical permutation relations have the sense
of transformations for two symmetry groups simul-
taneously; these are the group SU(1,1) and its lo-
cally isomorphic Lorentz group O(2,1), the both
having the common invariant h?/4. Let us dis-
cuss the influence of the corresponding invariance
on the quantities that enter the left- and right-
hand sides of formula (29). As follows from the
aforesaid, the expression on the right-hand side of
Eq. (29) is not changed if we apply the transfor-
mations with real v and v parameters to it, i.e. if
¢ = 0 in formula (5). It is so because, in this
case, the average value of the operator of quantum-
thermal stochastic influence 6 remains equal to zero
at any value of the parameter 7. At the same
time, the invariant expression on the left-hand side
of Eq. (29) can have different forms depending on
the choice of the parameter 7 # 0. In other words,
the general expression for the quantity (UP)? may
look like

(UP)Q‘T = (L{P)Q) (cosh? 27 — sinh? 27) = (h)27

= 2
(30)
which corresponds to different ways of SCS
realization.

In view of formulas (12), expression (30) can be
written down as a determinant

UP?| = WP?| _

T=0
hw 1
y (coth ST T mnp B %) 0 _
h 1
0 (Coth 2;:} — @)
2
_ [(Apy)? 0 - E
N ‘ 0 (AQT)2 “\2/) (31)
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If the momentum and coordinate variances are calcu-
lated by the averaging with the use of a real-valued
wave function obtained from formula (9) at 3, =0
and called thermal-like, then, according to Umezawa,
we deal with single-mode squeezed states [3].

While attempting to generalize formula (31),
Umezawa [3] introduced two independent sets of
quanta: ordinary quanta are associated with the con-
ventional annihilation, @, and creation, a*, opera-
tors; and the so-called thermal quanta are associ-
ated with the tilded operators a and at. In such a
manner, he doubled the Hilbert space, which allowed
him to introduce two-mode squeezed states. They
can be obtained on the basis of creation operators
constructed with the help of the Bogoliubov (u,v)-
transformations, which entangle the operators from
two sets introduced by Umezawa. As a result, ex-

pression (30) reads
2
-(3)

where the averaging is carried out over the thermal-
like states, as in formula (31).

It is worth emphasizing that the off-diagonal mem-
bers in determinant (32) have the form of correlators
between the homogeneous quantities, (ﬁ,ﬁ) or (zj,cf),
but the correlators between the heterogeneous quanti-
ties, (P, G) and so on, remaining equal to zero at that.
Therefore, the right-hand side of equality (29) is not
changed, which means that the introduced states are
squeezed.

Note also that the quantities entering formulas (31)
and (32) are averaged with the use of real wave func-
tions. At the same time, in Umezawa’s opinion, sim-
ilar results can also be obtained with the help of a
real density matrix. Recently, Park [4] has under-
taken a successful attempt of this kind with respect
to a quantum oscillator in the thermal equilibrium.
He proposed a procedure to calculate the members
of determinant in formula (32) by averaging with the
Gibbs—von Neumann density operator

hiw (o 12
hp = 71 - (N, + =1
Pr exp |: e T < ot B )]7

(A Ap)y
(Ag)2

(Ap)7

uPy = (AG Xq)r

(32)

(33)

where Z = Sp exp [— QZEU:T (Na + %f)}, and I is the

unit operator. The result obtained by Park allows

ISSN 2071-0194. Ukr. J. Phys. 2013. Vol. 58, No. 8

determinant (32) to be written down in the form

Spl(Ap)2s]
SPIAGAHE AGA3]

SplAPASE ApAHE]

Sp[(Ag)*pr]

UP)? =

(34)

We would like to attract attention that Park, to
provide the invariance of UP, added off-diagonal
terms, which are absent in the traditional approaches
to calculate UYP. From the mathematical viewpoint,
the necessity of such a generalization is associated
with the fact that, in this case, the operator pairs
(Ap)? and pr or (A§)? and p, under the trace oper-
ator do not commute. Therefore, the method used to
calculate variances in the classical probability theory
or in quantum mechanics, in which pure states are
applied, has to be generalized; this was convincingly
demonstrated as early as in the work by Wigner and
Yanase [5].

According to Park, the off-diagonal members in de-
terminant (34) can be transformed using formula (33)
and the commutation rules

I hw \..1 1, hw \ ., .1
pr G=exp <2]€BT> api; pi at=exp <2/<:13T> a*pi

For this purpose, we have to take into account that
(Ap)2 = (p)? and (AG)? = (§)? in this case and ex-
press p and § in terms of @ and at. As a result, we

obtain

11
Sp[ppzppz] = Sp[phrpr], (36)
where

7 1_hw 1_hw
Pr = — (€277 G — ¢ 27%BT a+) (37)

7
and, analogously,

/\/\l /\/\l A A A~

Splapt apt] = Splddrpr], (38)
where

1 1_hw _1_hw
Gr = — (ez 2T g + e 22kBT&+). (39)

V2

Expressions (37) and (39) can be considered as the
renormalized momentum and coordinate operators,

793



A.D. Sukhanov, O.N. Golubeva, V.G. Bar’yakhtar

respectively, which make allowance for the thermostat
action. Using those quantities, the quantity (UP)? on
the left-hand side of Eq. (34) can be written down as
a determinant,

(Ap);
(Ap Ap),

(Ap Ap),

2 _
e a2 |

(40)

in which the calculation of all averages with the den-
sity matrix pr brings about the left-hand side of
Eq. (34).

A comparison of formula (40) with the left-hand
side of expression (32) testifies that the result of cal-
culation of (UP)? by Park with the help of the real-
valued density matrix pr does not differ, in essence,
from a similar result obtained by Umezawa with the
use of real-valued two-mode squeezed states. It is
important, however, to emphasize that the both re-
sults, (32) and (41), belong to the case of equilib-
rium between the system and the cold vacuum, be-
cause the right-hand side of the zeroth law (29) is
not changed, when being averaged over the real-both
pure and mixed—states. Therefore, the formal appli-
cation of real states or real elements in the density
matrix does not allow the equilibrium of the system
with a warm vacuum to be described. This concerns
not only the case of simple squeezed states, but also
the cases of the Umezawa thermofield dynamics and
the thermodynamics based on the quantum statisti-
cal mechanics, even if the latter is generalized in the
spirit of Wigner and Yanase.

Now, let us discuss the invariance of the zeroth law
with respect to the transitions between equilibrium
thermal CCSs at nonzero temperatures. For this pur-
pose, let us take advantage of the invariance of the ze-
roth law with respect to the Lorentz group O(2,1). It
can be demonstrated most easily, by using the equal-

ity J2 = 02 + J2,, in (21). Then we obtain

h2

From whence, it follows that the quantities (J+, o)
for thermal CCSs can be regarded as a two-
dimensional time-like vector in the pseudo-Euclidean
space of states, with the quantity /i/2 playing the
role of the length of this vector or the invariant of the
Lorentz group O(1,1). It is analogous to the proper
time in the space of events in the conventional special
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(41)

theory of relativity (the group dimensionality is de-
creased, since the average value of Lagrangian equals
0 in thermal CCSs). In this case, the quantities

fw 17° hw
= leoth |+ oo = |coth 42
Fre {COt QkBT] e [COt QkBT} (42)

play the role of the traditional Lorentzian factors G,
and g, respectively. The limits of the parameter
Bterm @as T — oo and T = 0 in the space of states cor-
respond to the limiting values 8y, = 0 and [, — 1,
respectively, in the space of events. As a result, the
state of cold vacuum in the Bogoliubov transforma-
tion group corresponds to the proper inertial refer-
ence frame (IRF) in the special theory of relativity
for the group O(1,1) in the space of states.

Different states of an arbitrary vacuum at finite
temperatures are related with other IRFs, which are
equivalent to the proper one. From this point of view,
the zeroth law of stochastic thermodynamics in form
(20) at T' # 0 has the sense of the equality

R\ hw
2 _ (It 2
Jx)" = <2> coth 2kpT’

in which the left- and right-hand sides must be cal-
culated independently, by averaging over the thermal
CCSs. Note that the zero values of the off-diagonal
members of the determinant in formula (43) follow
from the fact that the averaging is carried out over
pure complex states. The same circumstance gives
rise to the appearance of the nonzero term 0’1% on
the right-hand side of formula (43). This term is
explicitly expressed in terms of the wave function
phase, and it makes allowance for the quantum ther-
mal stochastic influence of the environment.

(43)

Hence, we got more evidence that, among the exist-
ing theoretical approaches, only the (A, k)-dynamics
with complex temperature-dependent wave functions
ensures the validity of the zeroth law at nonzero tem-
peratures. Certainly, a possibility of constructing an
adequate theory with the help of the complex density
matrix remains open.

Note by the way that the authors who developed
approaches to the description of thermal phenomena
on the basis of real wave functions or real density ma-
trix members intuitively understood the importance
of the thermal equilibrium condition in form (24) at
T # 0. However, this condition always has the same
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trivial form — (31), (32), or (34) — in the correspond-
ing theories,

(o (-
o ) Jo- -

Here, the parameter 3 was ascribed to be the same
1

value equal to 7 in both hyperbolic functions. To
achieve the required result, which would allow the
parameter T in formula (44) to be interpreted as the
temperature and relation (44) to be considered as the
uncertaity relation, the authors of the cited works
simply rewrote equality (44), by transposing one of
the terms from the left- to the right-hand side. From
the mathematical viewpoint, this operation is eligible,
of course. However, it is incorrect from the physical
viewpoint, since it means the a priori exclusion of
differences in the behaviors of the temperatures of
the thermostat and an object.

We see a fundamental difference between formula

(44) and the following expression obtained by us:

A, hw A (AN o hw \'
(4) coth 2kBT_(4)+(4) sinh (2kBTo> , (45)

It is very important that the left- and the right-
hand side of equality (45) are associated with differ-
ent physical entities: to the left, we have a parameter
of the system with the temperature 7' that can fluctu-
ate; and, to the right, the parameter of the stochastic
environment with a fixed temperature Ty, which does
not fluctuate because of the infinitely large number
of degrees of freedom for the quantum thermostat.
The invalidity of the mentioned formal procedure
becomes especially evident in the high-temperature
limit, when formula (44) degenerates into the identity

hw \!
— <sinh2 2/€BT> .

In this aspect, the approach, which is proposed by
us and is based on the separate calculation of char-
acteristics of the object and the thermostat, to the
derivation of formula (45) is free from the mentioned
arbitrariness and allows one to use the zeroth law of
thermodynamics in the form of a “soft” condition ad-
mitting fluctuations of the object temperature.

(44)

coth? (46)

hw
2ksT
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5. Conclusions

1. Physically significant subgroups of the group of
Bogoliubov (u,v)-transformations are demonstrated
to generate two types of states: real-valued squeezed
coherent states, which provide the saturation of
the Heisenberg UR “coordinate-momentum” at the
zero temperature, and complex-valued correlated co-
herent states, which provide the saturation of the
Schrédinger UR “coordinate-momentum” at finite
temperatures.

2. A quantum analog of the zeroth law of stochas-
tic thermodynamics is formulated at the microscopic
level in the form of the saturated Schrédinger UR.

3. The invariance of the saturated Schrédinger UR
with respect to the Bogoliubov (u, v)-transformations
is substantiated.

4. The saturated Schrodinger UR is proposed as a
cornerstone of modified quantum-mechanical theory
for finite temperatures.

5. It was shown that there is no correlation be-
tween the coordinate and momentum fluctuations in
the theories, where the real wave functions or real
density matrix members are used. Therefore, the
concept of thermal equilibrium arising owing to the
correlation between coordinate and momentum fluc-
tuations can be introduced in this case only condi-
tionally, at the zero temperature, when the thermal
action of the environment is absent.

6. A correct incorporation of thermodynamics into
the quantum theory is possible with arbitrary tem-
peratures in the framework of the theory operating
with complex wave functions of the vacuum, which
are adequate to thermal CCSs.
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KBAHTOBOMEXAHUYHUN

AHAJIOT HYJIbOBOI'O TIOYATKY TEPMOJIMHAMIKU
(10 TIPOBJIEMU THKOPIIOPAIIIT TEPMOJIMHAMIKU
B KBAHTOBII TEOPII)

Peszowme

B ocHoBI manoro nigxomy 10 iHKOpIiopaiiii CToXacTU9IHOI TepMO-
JOUHAMIKU B KBAHTOBY TEOPIIO JIEXKUTH KOHIIEIIIIisl TTOCJIiJOBHOTO

796

06JIiKY IIJIICHOTO CTOXaCTUYHOrO BIIMBY OTOYEHHS, OIKCYBa-
HOI'O XBUJIBOBHMH (DYHKIIISIME JOBIJIBHUX BaKyyMiB, 3aIIpoIo-
HOBaHa HaMH pamimie. Y IIbOMY NOCIIIKEHHI MH peasi3yeMo
MOXKJIUBICTh sIBHOI iHKOpIopallil B KBAHTOBY TEOPiI0 HYJIHOBO-
I'0 IOYATKY CTOXaCTUIHOI TEPMOAMHAMIKA B POPMi HACHTIEHOIO
cruiBBiguomenus HeBusnadenocreit [lpeninrepa. Ile mo3Bosisie
IIPOBECTU IOPiBHSIJIBHUI aHaJi3 CyKYIHOCTeil CTaHIiB JOBijIb-
Hux Bakyywmis — crucaux xKorepeatanx (CKC) i kopesboBanux
korepentHnx (KKC) cranis. Kpim Toro, Mmu o6roBoproeMo mMo-
kmuBicTs 3icraBurn CKC i1 KKC renoBum cramam.
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