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FOR KNOTS AND LINKS

We formulate the holographic principle for knots and links. For the “space” of all knots and
links, torus knots T(2m + 1,2) and torus links L(2m, 2) play the role of the “boundary” of
this space. Using the holographic principle, we find the skein relation of knots and links with
the help of the recurrence relation for polynomial invariants of torus knots T'(2m + 1, 2) and
torus links L(2m, 2). As an example of the application of this principle, we derive the Jones
skein relation and its generalization with the help of some variants of (q,p)-numbers, related
with (g, p)-deformed bosonic oscillators.
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1. Introduction

The interaction of knot theory and physics manifests
itself from the knotting of physics to the physicalness
of knots [1-3]. The construction of invariants of knots
and links on the basis of deep physical ideas shows
the physical nature of knots and links. In particu-
lar, the applications of the Jones polynomials and its
generalizations [4] demonstrate that knots may play
an important role in the unification of general relativ-
ity and quantum physics [5, 6]. Witten introduced a
heuristic definition of the Jones polynomial invariants
in terms of topological quantum field theory.

A powerful modern tool for physical investigations,
the holographic principle (HP), was introduced in
1993 by 't Hooft [7], when studying the quantum me-
chanical features of black holes at the Planck scale.
It claims that the total information contained in a
volume of space is encoded on the boundary of this
space. From the 't Hooft conjecture, it follows that
our world at Planckian energies can be described as
2d, rather than 3d; e.g., 3d quantum gravity can be
described by 2d topological field theory. In 1997, the
HP was used by Maldacena [8] to develop AdS/CFT
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correspondence, which manifests a holographic dual-
ity between guantum gravity in the 5d anti-de Sitter
space and the conformal field theory on its 4d bound-
ary. Verlinde [9] recently proposed that the HP pro-
vides a natural mechanism for the Newton gravity
and the Einstein gravity to emerge due to entropic
forces.

Thus, the HP allows one to deal with the theory in
a D-dimensional space instead of studying a (D+1)-
dimensional theory. Among possible generalizations
of the HP, one can seek such ones that describe the
properties of the whole system on the basis of the
properties of its part, which can be considered as a
“boundary”. In this paper, we make a conjecture on
the existence of the HP for the “space” of all knots
and links. As the prompting point of this conjec-
ture, we can use the fact that the transformations of
3d knot and link structures are described with the
help of the transformations of their 2d planar dia-
grams. To express the HP for knots and links math-
ematically, we consider the torus knots 7'(2m + 1, 2)
and the torus links L(2m,2) with m to be a non-
negative integer, as playing the role of the “bound-
ary” for the “space” of all knots and links. We will
show that such an important information (concern-
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ing all knots and links), as the skein relation, can
be obtained from the “boundary” information — the
recurrence relation for the polynomial invariants of
torus knots T'(2m + 1,2) and torus links L(2m,2),
which, in turn, can be obtained with the help of the
properties of (g, p)-numbers [10,11]. The “boundary”
position of these torus knots and links together with
the fact that a lot of information concerning all knots
and links can be “decoded” from the “boundary infor-
mation”, allows us to speak about the HP for knots
and links. Using this HP, we will find the Jones skein
relation and its 2-variable generalization.

2. Holographic Principle
for Knots and Links

Polynomial invariants belong to the most important
characteristics of knots and links. They are defined
with the help of the skein relation, which looks as

Pr (t) = () PLo (1) + 12(t) PL_(t), (1)

where 11(t), l5(t) are the coefficients. The skein rela-
tion (1) connects three polynomials Pr_ (t), Pr, (1),
and Pp_(t), corresponding to underscript knots
(links). Here, L; denotes an arbitrary knot or link
(all knots and links are also called as “Links”). From
the initial Link L, by the so-called surgery operation
(namely, the elimination of a crossing), we obtain the
Link Lo. From the same initial Link L, by another
surgery operation switching off a crossing, we obtain
another Link L_. For (1) to be the skein relation, it
must satisfy the Reidemeister moves. The skein re-
lation (1) together with the normalization condition
for the unknot,

Punknot =1 ) (2)

put a definite polynomial in correspondence to every
knot and link.

Therefore, to operate with the skein relation (1),
it is necessary to know the coefficients Iy, l5. The
Alexander skein relation follows from (1), if

L =tY2 12 =1,
For the Jones skein relation,
I = t(t1/2 . 7571/2)7

The 2-variable HOMFLY skein relation corresponds
to

Iy = t2.

l1 :tZ7 12:t2.
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Let us consider both torus knots and links de-
noted as L2, n = 0,1,2,..., including torus knots
T(2m+1,2) and torus links L(2m,2), m =0,1,2,....
The surgery operation of elimination turns torus
knot/link L,, o into torus link/knot L,_1 2, and the
surgery operation of switching turns torus knot/link
L, » into torus knot/link L,_2 9.

Therefore, the following recurrence relation for
torus knots and links L,, o can be obtained from (1):

PLn+1,2 (t) = ll(t)PLn,z (t) + l2(t)PLn—1.2 (t) :
Rewriting it in a simpler form
Pn+1’2(t) = llpnyz(t) + ZQPn,LQ(t) (3)

and comparing with (1), we see that there exists the
correspondence

Pp, ()= Py a(t),
PLi(t><—> n7172(t>7

PLo (t)H n,2 (t>7 (4)

which allows one, having (3), to write the skein re-
lation (1). For this, it is enough to take I; and Iy
from (3) and to put them into (1). For the verifica-
tion, we use the Reidemeister moves. This is an ex-
ample of the HP for knots and links. For the “space”
of all knots and links, the torus knots and links L, o
are considered as the “boundary” of this space.

From the recurrence relation (3) for the class of
torus knots and links L, o, one finds the recurrence
relation for its subclass. For example, only for torus
knots T'(2m + 1,2) (or only for torus links L(2m,2))
(which allows one to find the skein relation (3) as
well) [10], we have

Ppioo(t) = k1P o(t) + kaPr_22(t), (5)
where
ki = l% +2ly, ko= —lg (6)

With the help of the normalization condition (2), we
also find

Pio=1, P33=ky+ko. (7)

3. Jones Skein Relation
from the Holographic Principle

The (g, p)-number (or the so-called structural func-
tion for a (g, p)-deformed bosonic oscillator) is defined
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as [12]

qn _ pn
Nnlgp = . 8
Map == —, (8)
The recurrence relation for (g,p)-numbers (8)
looks as
[+ 1gp = (¢ + p)[nlgp — apln — Ugp- (9)

Let us make the following substitution in (8):

a—4q¢, p—aq (10)

It reduces the (g, p)-numbers to the (¢, ¢)-numbers

q3n _ qn

: (11)
@ —q

[nlgz,q =
which satisfy the recurrence relation

[n + 1}q3,q =(q+ QS)[”]q3,q - 94[” - 1]q3,q' (12)

With the help of the three-step algorithm [10, 11]
and (12), we can find the Jones skein relation.

First, we introduce the polynomials J, 2(q) satis-
fying the recurrence relation repeating (12) (i.e., the
recurrence relation only for torus knots T'(2m + 1, 2)
or only for torus links L(2m, 2)):

Int22(0) = (04 ¢*)In2(q) — ¢* Jn—2,2(q).- (13)
From (7), we obtain
Ji2(0) =1, J32(q) =q+¢*—q" (14)

Second, we formulate the recurrence relation for all
polynomials J,, 2(¢), which leads to the corresponding
skein relation. From (5) and (13), we have k1 = q+¢?3,
ky = —q*. Using (6), one finds

Lo=q(q"? —q7V?), ly=q> (15)

Therefore, we have the recurrence relation for torus
knots T'(2m+1,2) and for torus links L(2m, 2), taken
together:

Jn+12(0) = 0@ =q7?) Ju2(0)+0* Tu-12(q) . (16)

From (16) in correspondence with the HP for knots
and links in the form (4), we obtain the Jones skein
relation [13]

Ji(q) = q(d"? =7 V*)Jo(q) + ¢*T-(q).
ISSN 2071-0194. Ukr. J. Phys. 2013. Vol. 58, No. 7

(17)

Third, we find the expression for the Jones poly-
nomials of torus knots T'(2m + 1,2) in terms of the
(¢, ¢)-numbers:

Jam+1,2(q) = br(g)[m + 1]ga 4 — ba(q)Im]ga e (18)
Substituting (14) into (18), we find b; = 1 and by =
q*. Thus,

Jom41,2(q) = [m+1gs g — ¢*[mlgs 4 (19)

It is easy to verify that formula (19) can be derived
from the known general formula for the Jones poly-
nomials of torus knots,

oyee-n 1 — gt — gkt 4 gt

Ini(q) = q - £ ;o (20)
if k=2.

4. Generalized Jones Polynomials

Let us make the substitution

q—q (21)
in (8). From (¢, p)-numbers

[ngsp = H, (22)

using the three-step procedure as in the previous sec-
tion, we obtain the 2-parameter generalized Jones
skein relation:

Ji(q,p) = (¢*/* = p/*)Jo(q,p) + ¢*/*p'/*T_(q,p).

(23)
Formula (23) can be rewritten as
q ¥ p VT (q,p) — VT (q.p) =
= (¥4t — 341 T (q, ). (24)

By putting p = ¢, this generalized Jones skein relation
turns into the usual Jones skein relation. At last,
we have the analytical formula for the simplest torus
knots:

J2m+1,2(%p) = [m + 1]q3,p - qsp[m]q3,p' (25)

It turns into formula (19) for the Jones polynomial
invariants if p = ¢.
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Comparing (24) with the skein relation for the
HOMFLY polynomial invariants [14]

a'H (a,2) —aH_(a,z) = zHp(a, 2), (26)
we find that the substitution
o= q3/4p1/47 o, = q3/4p71/4 _ q73/4p1/4 (27)

turns the 2-parameter generalized Jones skein relation
into the HOMFLY one.

5. Concluding Remarks

In this paper, we state that there exists the holo-
graphic principle for knots and links. We have pre-
sented a simple example that demonstrates obtaining
the skein relation of knots and links (1) from the re-
currence relation (3) (or (5)) for the simplest torus
knots T'(2m + 1,2) and torus links L(2m,2) due to
the direct correspondence between their coefficients [y
and ly. The formulas expressing this correspondence
depend on the used surgery operations in the defini-
tion of skein relation.

We note that the derivation of the formulas for the
polynomial invariants of arbitrary knots and links
on the basis of the known formulas for torus knots
T(2m + 1,2) and torus links L(2m, 2) would support
the validity of the HP for knots and links. As the
first step in this direction, it is necessary to solve
the simpler problem concerning arbitrary torus knots
and links. In fact, we need the key for decoding the
“boundary information” and for turning it into the
“volume information”.

As one more example of the HP for knots and links,
we mention the expansion of an arbitrary polynomial
invariant into the sum of polynomial invariants of
torus knots T'(2m + 1,2) and torus links L(2m,2).
An attempt to do this for torus knots T'(n,3) and
T'(n,4) was made in [15,16].
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Y3ATAJIbHEHHSA ITOJIIHOMIAJIbBHUX
THBAPIAHTIB I T'OJIOT'PAGTYHNY TPUHIINII
JJ15 BY3JIIB 1 BAYEITJIEHDb

Pezmowme

CdopmynboBano rosorpadidyHuii TPUHIUI JJd By3JiB 1 3a-
gerteHb. s “mpocropy” Bcix By3iiB 1 3adelyieHb TOPHYHI
By3mu T(2m + 1,2) i Topuuni 3adennenns L(2m,2) sixirpa-
IOTh POJib “MexKi” 1bOro mpocropy. BukopucroByiodu rojorpa-
divnuil npuHIMD A8 By3/iB 1 3adeniens, 3HaxoguMoO skein-
CIIBBIIHOIIEHHS JJIsl BY3JIiB 1 3a4eIIeHb 3a JOMOMOIOIO PEKy-
PEHTHUX CIiBBiIHOIIEHb [JIsI MOJiHOMIaJbHUX iHBapiaHTIB TO-
puunux By3aiB T'(2m + 1,2) i ropuunux 3agemnens L(2m, 2).
Sk mpuKIIa 3aCTOCYBaHHS IILOIO MPUHIIMITY, OTPHMAHO skein-
criBBigHomenus Jl>komca 1 HOro ysarajbHEHHS 3a JOIOMO-
rolo HeBHHUX BapiaHTiB (g,p)-dncesn, mo noB’ssani 3 (q,p)-
nedopMoBaHIME GO30HHUMU OCIIHJIITOPAMH.
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