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FORMATION OF A DENSITY JUMP
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The results of analytical estimation and numerical simulation of the interaction of the inho-
mogeneous isothermal plasma with a modulated electron beam are presented. The formation
of a fuzzy jump of the plasma density in the late phase of the interaction in a region, where
the local plasma resonance point initially existed, is demonstrated. The jump is moving to the
dense plasma, when the current density amplitude of the beam is large.
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1. Introduction

The problem of the interaction of a modulated elec-
tron beam with the inhomogeneous plasma attracts
the considerable interest in the field of plasma elec-
tronics. The electron beam excites an HF electric
field in a local plasma resonance region (LPRR) [1–
3]. The deformation of the plasma density profile is
caused by a ponderomotive force of the HF electric
field and has an influence on the efficiency of a linear
transformation of the beam modes into electromag-
netic and Langmuir waves [4, 5]. This fact is impor-
tant for the development of beam-plasma amplifiers
and generators with the direct radiation, as well as
for the interpretation of the radiation of modulated
electron beams in the experiments in the upper at-
mosphere and the space.

A number of such deformation features have been
studied in our previous papers using the numerical
solution of modeling equations [2] and the simulation
within the particles-in-cells (PIC) method [3, 8, 9]. A
burst of the HF electric field was shown to be formed
at the early time points in LPRR in a plasma with
initially linear density profile. Then a density pit
(caviton) arises in its position. The further scenario
depends on the ratio of electron and ion tempera-
tures in the plasma. If the electron temperature is
much more than the ion one, the quasiperiodic cavi-
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ton generation takes place in the LPRR. Ion-sound
pulses propagate both forward and backward from
the LPRR. The plasma density jump is formed on the
LPRR position at the late time points in the isother-
mal plasma. The formation of a similar jump in the
case of the interaction of the inhomogeneous plasma
with an HF electric field was foreseen in [10, 11].

The aim of this study is the detailed examination
of a deformation of the isotropic plasma density pro-
file under the action of a modulated electron beam
at the late time instants. In particular, the compar-
ison of the results of analytical estimation and those
of numerical simulation using the PIC method was
carried out.

2. Model Description, Simulation Method,
and Choice of Parameters

Let us consider a warm isotropic planarly stratified
plasma with Te = Ti and the initially linear density
profile

n(z) = nc(ω)
(
1 +

z

L

)
, nc(ω) =

mω2

4πe2
, (1)

where L is the characteristic length of a plasma inho-
mogeneity. The modulated electron beam with initial
velocity vb is moving in parallel to the plasma density
gradient. Initially, the beam density is modulated.
The modulation is sinusoidal with frequency ω.

The computer simulation of this system was carried
out, by using the PIC method. A program package
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PDP1 [12] was used. The modified version of the
package [13] makes it possible to specify the initial
modulation of the electron beam and the initial inho-
mogeneous distribution of a plasma and to store and
to analyze intermediate data of the simulation.

The parameters of the beam-plasma system were
chosen so that density profile of the beam in LPRR
was quasisinusoidal [14]. In all cases, the beam den-
sity was much less than the plasma density.

Consequently, the following simulation parameters
were chosen:
– beam velocity – 7× 109 cm/s;
– beam modulation frequency – 1.27×108 Hz (critical
density – 2× 108 cm−3);
– plasma density varies linearly within the range
(1÷ 3)× 108 cm−3 (electron plasma frequency fpe =
= (0.74÷ 2.20)× 108 Hz);
– length of the simulation interval – 200 cm (charac-
teristic dimension of the inhomogeneity – 200 cm or
ωL/c = 3.3 in dimensionless units, Λ ≡ L/rD = 800);
– plasma temperature – 11 eV (vTe = 2× 108 cm/s);
– ratio of ion and electron masses M/m = 1836 cor-
responds to hydrogen.

These values are rather typical of laboratory exper-
iments.

3. Analytical Estimations

The calculation of a stationary density profile of the
plasma interacting with an HF electric field was car-
ried out in [10]. It was based on the assumption of
the conservation of the product

ε(z)E(z) = D0, (2)

where ε(z) is the cold plasma electric permittivity,
E(z) is the longitudinal electric field, D0 is the in-
duction of the given HF electric field. In the model
analyzed, this assumption is also satisfied if the al-
ternating current of the beam is harmonic. Then,
according to Ampere’s circuital law, we have

ε(z)E(z) = i
4πj
ω
, (3)

where j is the beam alternating current density with
amplitude jm.

Thus, we can use the results of [10] in the case of
a deformation of the density profile in the inhomo-
geneous plasma in LPRR by a modulated electron
beam field.

Strictly speaking, the results of calculation [10] are
valid only if the effective collision frequency at a non-

a b
Fig. 1. Initial plasma density profile (1) and a stationary pro-
file formed by the electric field excited by the given modulated
beam current (2): a – beam current amplitude is less than
the threshold value, b – beam current amplitude exceeds the
threshold value (8). The coordinate origin corresponds to the
local plasma resonance point of the initial density profile

zero plasma temperature [15]

νeff
ω

=
(rD
L

)2/3

, (4)

where rD = vTe
/ω is the Debye radius, is small in

comparison with the collision frequency ν of electrons
and heavy particles. But it is possible to obtain a
number of simple estimations that are valid even if
this condition is not satisfied [11].

The results in [10] can be used in the case ana-
lyzed if

j2m � j2max, (5)

where

jmax =
ω νeffmvTe

2pie
. (6)

For the chosen simulation parameters, jmax =
= 1.5 A/m2. According to [10], for

jm < jthr, (7)

where

jthr =
8jmax

3
√

3

√
νeff
ω
, (8)

the plasma density profile remains continuous. But,
for

jm > jthr, (9)

the density jump is formed on this profile (Fig. 1).
For chosen simulation parameters, the threshold

value of current density is jthr = 0.25 A/m2.
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a b c
Fig. 2. Space-time distributions of ion density perturbations (a) and the electric field magnitude (b) and the spatial distribution
of the ion density at the time moment t = 3 µs (c) for jm = 0.03 mA/cm2

In the initial-boundary problem, the electric field in
LPRR grows from zero value. Consequently, the rela-
tion between the length Δz of the perturbed plasma
region and the corresponding plasma density jump
Δn (Fig. 1,b) is as follows:

Δz
L
∼ Δn
nc(ω)

∼
( 2jm
jmax

νeff
ω

)2/3

. (10)

The last relation can be rewritten as the equi-
librium condition between the gas-kinetic pressure
jump Δp = kBTΔn corresponding to the plasma
density jump Δn and pressure jump caused by a
jump of the HF electric field ponderomotive poten-
tial Φ = e2|E|2/(4mω2):

Δp = ncΔΦ, (11)

where

E ∼ 4πjm
ωΔε

, Δε ∼ Δn
nc(ω)

. (12)

Let us estimate the density jump formation time.
At the first stage, the cavity is formed during the
time [9]

τf ∼ l0/vs, (13)

where vs ' (kBT/M)1/2 is the ion-acoustic velocity,
l0 = L(νeff/ω) is the characteristic length of LPRR,
and (νeff/ω) = (L/rD)2/3 is the normalized effective
collision frequency. At the same time, a couple of
ion-acoustic waves running away from the cavity is
excited. The characteristic damping time of these
waves is

τd ∼ 1/γ, (14)

where

γ ≈ γi =
0.38kvTi

(1 + k2r2D)2
(15)

is the decrement of ion-acoustic waves in the isother-
mal plasma [16]. Then the total formation time for a
plasma density jump is

τ = τf + τd. (16)

Substituting the chosen simulation parameters, we
obtain τf ∼ 0.5 µs, τd ∼ 1.4 µs, τ ∼ 1.9 µs.

4. Numerical Simulation Results

The simulation was carried out for four values of
beam current density: jm1 = 0.01 mA/cm2, when
condition (7) is satisfied; jm2 = 0.03 mA/cm2, when
condition (9) is satisfied, but condition (4) is also sat-
isfied; jm3 = 0.1 mA/cm2 corresponds to the break-
ing point of condition (4); and jm1 = 0.5 mA/cm2,
when condition (4) considerably fails.

When jm1 = 0.01 mA/cm2, the simulation results
completely correspond to the linear regime [17]. The
plasma density profile in LPRR is not perturbed.

Figure 2 presents the simulation results for jm2 =
= 0.03 mA/cm2, when both conditions (4) and (9)
are satisfied, i.e. the space-time distributions of
ion density perturbations (Fig. 2,a) and the electric
field magnitude (Fig. 2,b) and the spatial distribu-
tion of the ion density for the time moment t = 3 µs
(Fig. 2,c). Dark regions in Fig. 2,a correspond to
negative density perturbations, and light regions to
positive ones. Dark regions in Fig. 2,b correspond to
the larger field.
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a b c
Fig. 3. The same as in Fig. 2, but for jm = 0.1 mA/cm2

a b c
Fig. 4. The same as in Fig. 2, but for jm = 0.5 mA/cm2

One can see that, during the time interval of about
0.5 µs (compare with estimation of τf), the ion den-
sity cavity surrounded with two peaks is formed in the
LPRR. During about 1.9 µs (compare with estima-
tion of τ), a peak from the side of a subcritical plasma
vanishes gradually, and a slightly fuzzy density jump
is formed. Its position is shifted to the larger den-
sity region relative to the initial local plasma reso-
nance point.

The comparison of Fig. 2,a and Fig. 2,b shows that
local bursts of the electric field are excited at lo-
cal maxima of the subcritical plasma density. These
bursts give rise to the formation of new plasma den-
sity minima. These effects are similar to those ob-
served in a plasma with hot electrons [8]. They can
result in some irregularity of the plasma density pro-
file in a vicinity of the density jump in the subcritical
plasma region (Fig. 2,c).

One can also see a non-stationary perturbation of
the electron density profile corresponding to a Lang-
muir wave running to the subcritical plasma region.
Thereby, the strictly stationary plasma density profile
predicted in [11] is not observed.

The width of the formed step is approximately
6 cm, which is close to the analytical estimate (9 cm)
based on (10).

Figure 3 presents the results of simulation for
jm3 = 0.1 mA/cm2. The main difference from the
previous case is that the density jump position shifts
now to the dense plasma with time. One can com-
pare this result with the well-known effect of the
plasma barriers’ transillumination by strong electro-
magnetic waves [18]. According to the simulation re-
sults, the jump propagation velocity is 2.6×106 cm/s,
which is of the order of the ion thermal velocity
(vTi

= 4.5 × 106 cm/s). The jump formation time
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in this case is 3 µs. This value approximately corre-
sponds to the analytical estimate. It is worth to note
that, although relation (10) is not already valid, the
value of density “step” calculated from this relation
(19.6 cm) is in good agreement with the results of
simulation (20.4 cm). Similarly to the previous case,
local bursts of the electric field are observed on the lo-
cal maxima of the subcritical plasma after the cavity
destruction.

The results of simulation for jm3 = 0.5 mA/cm2

(Fig. 4) qualitatively replicate those for jm3 =
= 0.1 mA/cm2. The difference is only in the disap-
pearance of field bursts on local maxima of the sub-
critical plasma density. An appreciable field burst is
observed only at the initial time, while the plasma
density profile remains linear (Fig. 4,c). The forma-
tion time of the plasma density jump is 3 µs. In this
case, the analytically calculated width of the “step”
(57 cm) is still in good agreement with the result
of simulation (48 cm). The density jump velocity
(4 × 106 cm/s) has the same order of magnitude as
that in the previous case.

The increase of the jump formation time with the
beam current density amplitude can be explained by
an increase of the cavity formation time at the first
stage of the process due to the growth of the cavity.
Ion-acoustic pulses with larger amplitude also have a
longer damping time. Both reasons were not taken
into account in the simplified estimation (16).

5. Conclusion

1. The density cavity is formed in the LPRR at the
first stage of the interaction of a modulated electron
beam with the inhomogeneous isothermal plasma.
Then its edge from the side of the subcritical plasma
smears, and the fuzzy density jump is formed. An
appreciable deformation of the plasma density pro-
file starts from the threshold value of current density
amplitude defined by (8).
2. The first stage of this process hypothetically corre-
sponds to the self-consistent solution for the plasma
density and the field profile obtained in [2], when the
plasma density profile perturbation is caused by the
structure of the electric field. This field is formed
by the beating between electric fields of the mod-
ulated beam and a Langmuir wave excited by this
beam. Obviously, this solution is unstable, because
the corresponding density distribution collapses. The
slightly fuzzy density jump is formed in its position
in the isothermal plasma. This jump corresponds to
the stationary solution obtained in [10].

3. The excitation of electric field bursts on the local
maxima of the subcritical plasma density can cause
irregularities of the plasma density profile in the re-
gion before the density jump. The similar effect takes
place in a plasma with hot electrons [8].
4. If the beam current density amplitude exceeds the
threshold value (4) and the conditions [10] for estima-
tions to be valid do not hold, the gradual shift of the
density jump to the dense plasma with the velocity
of the order of the ion thermal velocity is observed.
This result corresponds to the well-known effect of
the plasma barriers forcing by strong electromagnetic
waves.

The authors are grateful to V.B. Gil’denburg (Nizh-
nii Novgorod, Russia) for the fruitful discussion of a
part of this paper.
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ФОРМУВАННЯ СТРИБКА
КОНЦЕНТРАЦIЇ В НЕОДНОРIДНIЙ
IЗОТЕРМIЧНIЙ ПЛАЗМI ПРИ ВЗАЄМОДIЇ
З МОДУЛЬОВАНИМ ЕЛЕКТРОННИМ ПУЧКОМ

Р е з ю м е

У роботi наведено аналiтичнi оцiнки та результати число-
вих розрахункiв взаємодiї неоднорiдної iзотермiчної плазми
з модульованим електронним пучком. Показано, що на пi-
знiх стадiях взаємодiї в областi, де первiсно iснувала то-
чка локального плазмового резонансу, формується розми-
тий стрибок концентрацiї плазми. При великих амплiтудах
густини струму пучка стрибок починає рухатися в бiк щiль-
ної плазми.
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