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QUANTUM MECHANICAL
CALCULATIONS OF A FUSION REACTION
FOR SOME SELECTED HALO SYSTEMS

The effect of the breakup channel on the fusion reaction of weakly bound systems by means
of a quantum mechanical approach has been discussed. The total fusion reaction cross-section
Orus, the fusion barrier distribution Dyus and the mean angular momentum (L) for the systems
SHe +%*Zn, ®He +2°°Bi, B + 58 Ni and "' Be +23® U have been calculated. The inclusion of
the breakup channel is found to be very essential in the calculations of the fusion reaction for
systems involving light halo nuclei especially below the Coulomb barrier Vi,. The results of the
calculations of orus, Drs and (L) agrees quite well with the corresponding experimental data.
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1. Introduction

The quantum-mechanical tunneling presented in
halo nuclei produces unexpected effects. The energy
needed to remove halo nucleons is drastically less than
particle separation energies for typical nuclei. Nuc-
lear radii are enhanced, but matter and charge radii
may differ considerably. There is an evidence that
few-body effects may become crucial, leading to the
formation of cluster structures beyond the scope of
mean-field theories. In the first approximation, the
spatial separation of particles in the halo from the rest
of the system justifies a simplified description with
only a few active constituents [1]. Halo nuclei can be
thought of in terms of a few (typically one or two) sin-
gle halo nucleons orbiting a tightly bound core, thus
implying a major role of single-particle properties. In
quantitative terms, it has been assessed that, for a
quantum halo to develop [2], first: the probability to
find halo particles in the forbidden region beyond the
classical turning point should be more than 50%.
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The core-halo configuration should occur with more
than the 50-% probability in a given system. It has
been argued [3, 4] that, for a nucleus to meet these
criteria, (a): the energy needed to separate the halo
part from the rest of the nucleus should be small,
more precisely less than about 2 MeV-A~2/3 with
A being the mass number of the nucleus; (b): the
halo nucleons should occupy s- or p-angular mo-
mentum orbits around the core; (c¢): the proton
number of the nucleus should not exceed ten or so
for a proton halo to develop. For three-body halo
states containing two loosely bound nucleons, con-
dition b should be supplemented by the requirement
for the hypermomentum K to be 0 or 1. The forma-
tion of a charged halo is hindered by the Coulomb
barrier. The nucleus *He breaks up into He +n or
“He(p, pn)*He with the neutron separation energy
S,, = 20.580 MeV; 6Li breaks up into *He + 2H, with
the separation energy S, = 1.48 MeV, and “Li into
“H + 3H, with S, = 2.45 MeV [5,6]. In order to con-
sider the effect of the breakup channel for systems in-
volving weakly bound projectiles, the coupling to the
continuum was considered [6, 7]. For practical pur-
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poses, it becomes necessary to approximate the con-
tinuum by a finite set of states, as in the Contin-
uum Discretized Coupled-Channels method (CDCC)
[8]. Recently, Majeed and Abdul-Hussien [9] had em-
ployed a semiclassical approach to study the effect of
the breakup channel using the CDCC method on the
fusion reaction cross-section og,s and the fusion bar-
rier distribution Dy for 9®He halo nuclei. Majeed
et al. had performed semiclassical coupled-channels
calculations in a heavy-ion fusion reaction for the
systems “°Ar + MOPd and '32Sn + *8Ca. They proved
that the semiclassical approach including the coupling
between the elastic channel and the continuum turns
out to be very successful in describing the total fu-
sion reaction cross-section og,s and the fusion bar-
rier distribution Dg,s below and above the Coulomb
barrier for medium and heavy systems [10]. The ef-
fect of the breakup channel on fusion reactions of
weakly bound systems by means of a semiclassical
and full quantum mechanical approaches has been
discussed by F.A. Majeed [11]. Majeed et al. perfor-
med coupled-channel calculations using semiclassical
and full quantum mechanical calculations to study
the effect of channel coupling on the calculations of
the total fusion reaction cross-section oy, the fusion
barrier distribution Dy, and the fusion probability
Py for the light systems “He + 233U, 13C + 48Ti, and
the medium system *6Ti -+ 46Ti. They argued that the
inclusion of the coupled channels in their semiclas-
sical and full quantum mechanical calculations en-
hances their calculations markedly below and around
the Coulomb barrier V.

In this study, the effect of the breakup chan-
nel on the study of the fusion cross-section ogys,
fusion barrier distribution Dy, and mean angu-
lar momentum (L) for the systems SHe+ %4Zn,
6He +299Bi, 8B + 58Ni, and "'Be + 23%U will be ex-
plored. These systems involve light halo nuclei as pro-
jectiles, and the effect of the breakup channel should
be significant.

2. Differential Cross-Section

When considering a spherically symmetric potential,
the angular momentum of a system is a constant of
motion. In this way, the wave function x; (7,0, ®)
can be factored into the radial, u;(r), and angular,
Y™ (6,6), parts [12],

Xl,m(rae7¢) = ul(T‘)Yim(G"(b) (1)
12

likewise, the Schrodinger equation can be separated
into a radial and angular forms. The radial equation
reads [13]

h? d?

2
*ﬂﬁ”dl(’f‘) + [V(r) i+ 1)

5 } w(r) = Euy(r),
(2)

where the term (h2[(l + 1)/2ur?) represents the cen-
trifugal barrier of a particle moving along an orbit
with angular momentum [. The scattering process
can be understood as the interaction of several partial
wave functions with angular momentum with the cen-
tral potential. Only those particles with the angular
momentum relative to the target less than a max-
imum value will interact effectively with the target
nucleus [12]. For the elastic scattering, the asymp-
totic limit leads to the following approximation of
Eq. (1) [12]:

2u T

6ikr

Xl,m(r7 07 ¢) — eikl‘ + f(ga ¢) r ) (3)

where we assume that the particles do not have any
intrinsic spins, so that the total angular momentum is
just the orbital angular momentum. Adopting along
the z-axis, it is possible to express the scattering am-
plitude of a nuclear potential as follows [13]:

1(0,¢) = ﬁ > @1+ 1)[S; — 1] Py(cos ). (4)
l

Here, P;(cosf) is the Legendre polynomial, and S;
represents the unitary scattering matrix which is ex-
pressed in terms of the reflection coefficients 7; and
the scattering phase shifts ¢; [13],

Sl = €2i51. (5)

The reflection coefficients 7; represent the amplitude
attenuation of the [*" partial wave. For a real poten-
tial, no attenuation is expected, since 7; = 1 (for com-
plex potentials, 7; < 1). The scattering phase shifts J;
correspond to the angular shift experienced by the [P
partial wave compared to an undisturbed wave. An
attractive potential (V(r) < 0) leads to a positive
phase shift, whereas a repulsive potential (V(r) > 0)
produces a negative phase shift. In the absence of a
nuclear potential, all phase shifts vanish [12]. The ex-
istence of an electromagnetic interaction between two
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interacting particles requires the adoption of an ex-
tra term for the wave function, which asymptotically
takes the form [13]

e(ikr—v]ln 2kr)
xc(Kr) — — (6)
with a phase shift relative to an undisturbed wave
which depends logarithmically on the distance r, the
Sommerfeld parameter 7, taking the above correction
into account, the wave function of Eq. (1) has the
form [14]

X(1,0,0) = xc(r,0) + xn(r,0,9) = [fc(0) +
e(ikr—nankr)

+ 0, 6)] 7)

The nuclear interaction wave xn(r, 6, ¢) and the am-

plitude fx (6, ¢) incorporate all possible interactions

except for the electromagnetic ones. The Rutherford

scattering amplitude can be written as [13]

fo(6) n e in In(sin?(6/2))+25;) (8)

~ 2ksin?(0/2) ’
where the scattering amplitude of the nuclear inter-
action is given by [15],

NWP:ZZm+mMm—mm%w (9)
l

2ik
The Coulomb phase shift §; , which contains the effect

of the electromagnetic interaction on the scattering
amplitude fn (6, ¢), is given by the expression [16],

8 =T+ 1 +in). (10)

Considering both the effects of the electromagnetic
and nuclear interactions, the total scattering ampli-
tude of a projectile on a target nucleus A is expressed
in the form [16],

do

10 0:0) =1fo(6) + fn (0, 0)I. (11)

The total fusion cross-section is given by

Ot = 25 D2+ )P, (12)
l

and the angular momentum (L) can be given as

(L) = YL+ 1)R (13)

@+ )R
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3. Fusion Barrier Distribution

The measurements of the fusion barrier distribution
Dyys represent a new stage in studies of the heavy
ion fusion. The fusion barrier distribution analysis is
a valuable tool to understand the mechanism of fu-
sion of two heavy nuclei and the role of their internal
degrees of freedom leading to the fusion. The fusion
barrier distribution has been shown to be sensitive to
the data related to the nuclear structure such as the
nuclear shapes, multiple excitations, the anharmonic-
ity of nuclear surface vibrations, etc. For this pur-
pose, high precision measurements of the fusion cross-
section data are required and have been reported for
many systems [17]. It has been suggested recently
that the application of a novel analysis technique al-
lows this distribution of barriers to be extracted di-
rectly from fusion data [18, 19] without the impo-
sition of arbitrary shapes and symmetries [19]. The
probability P(l, E) for the absorption of the I*! par-
tial wave is then given by the Hill-Wheeler formula
[20, 21]

P(,E) = !

o0 (2 2)]

The cross-section data were fitted by using the ap-
proximate Wong formula taken from [7,17,22, 23]

hw 2n(E -V,

(14)

(15)

Since the second derivative is proportional to the

delta function (see Refs. [7,17,22,23]), we get
hw

Dp =71 RE——46(FE — Vp). (16)
2m

The tunneling effect smears the Dirac delta function

in Eq. (16). For Eq. (15), we take the second deriva-

tive of (For) as proportional to the s-wave penetra-
bility for a parabolic barrier [23, 24]

d2
Dp = dE? [Eop(E)] =
2 €¥ dP(E)
2 2
— — —— 1
WRBhw(1+6m)2 7TRB dE ) ( 7)

where © = (=27 (E —Vp))/hw. For a completely clas-
sical system, P(FE) is labove the barrier and zero
below it; hence, the quantity dP(FE)/dE will be a
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PE)

Ve Ve
Fig. 1. Classical (on the left) and quantum-mechanical (on

the right) transmission probabilities for a one-dimensional po-
tential barrier [25]

P(E)

‘l'B \l's
Fig. 2. Classical (on the left) and quantum-mechanical (on
the right) transmission probabilities for a two-channel coupling.
Vp is the height of the one-dimensional potential barrier cou-
pled to these channels [25]

Table 1. Parameters of the Akiiz—Winther
potential along with V4

Projectile 4 target | Vo (MeV) | ag (fm) | ro (fm) | V3 (MeV)
6He + 647Zn —43 0.8 1.1 8.4
6He 4 209Bi -123.4 0.55 1.13 20.3

8B + 58Ni -86.2 0.803 1.098 19.75
HBe + 2387y -124.0 0.8 1.1 41.01

delta function peaked, when FE is equal to the bar-
rier height, as shown in Fig. 1 (left side). Quantum
mechanically (see Fig. 1, right side), since the trans-
mission probability smoothly changes from zero at
energies far below the barrier to unity at energies
far above the barrier, the sharp peak is broadened. It

14

has been demonstrated [22] that this broadened peak
presents a near Gaussian distribution with a width
of 0.56 Aw. In the case of the two-channel coupling,
the quantity dP(E)/dE is further broadening, owing
to the overlapping of the two peaks, and it can be
taken to represent the distribution of barriers, due to
the coupling to extra degrees of freedom, as depicted
in Fig. 2.

The presence of channel couplings immediately
leads to [24]

De(E)= s [Bor(B) =Y - [Bo@(B)] (19)

This function D has been referred to as the fu-
sion barrier distribution in units of (mb/MeV) and
is related to the curvature dd—];[EaF (E)], which has
been extracted from data using the cross-sections
o(F-),0F, and o(p4) at center-of-mass energies £ —
— A E, E, and E+ A FE, respectively, by the three-
point difference formula [22, 26]

DF<E) = {(E— A E)O'F_ — 2E0'F+

+(E+ A E)opy}/A E2 (19)
The statistical uncertainty dc associated with this
curvature is given approximately by

1/2

§ ¢ (E/A E?)[S0}_ +400% + b0, ] 7, (20)

where the dor are random errors of the cross-sections.

4. Results and Discussion

In this section, the numerical results for the total
fusion cross-section oy,s, the fusion barrier distribu-
tion Dyys, and the mean angular momentum (L) for
the systems %He + %4Zn, SHe + 2°9Bi, 8B + ®8Ni, and
HBe + 238U calculated within the full quantum me-
chanical approach are presented in Figs. 3, 4, 5, and
6, respectively. Our calculated values of ofus, Dius,
and (L) are compared with the corresponding exper-
imental data using the CC code. The Akiiz—Winther
potential parameters used in the present calculations
are listed in Table 1. For all systems, our calculated
results represented by dashed and solid red curves for
the quantum calculations with coupled channels and
without coupling, respectively.
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Fig. 3. The quantum mechanical calculations using CC code. The solid and dash lines are for the coupling and no coupling
results, respectively, both compared with the experimental data (green filled circles) [27] for He + 4Zn system. (a) for the total
fusion cross-section og,s (mb), (b) for the fusion barrier distribution Dy (mb/MeV), and (¢) for the mean value for the angular
momentum (L). The blue arrow on the Ec . axis represents the position of the Coulomb barrier Vj,
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Fig. 4. The quantum mechanical calculations using CC code. The solid and dash lines are for the coupling and no coupling
results, respectively, both compared with the experimental data (green filled circles) [28] for $He + 299Bi system. (a) for the total
fusion cross-section o,s (mb), (b) for the fusion barrier distribution Dg,s (mb/MeV), and (c) for the mean value of the angular
momentum (L). The blue arrow on Ec.m. represents the position of the Coulomb barrier V4

Figure 3, a, 3, b and 3, ¢, respectively, presents | rier V} indicated by a blue arrow located on the F¢ .
the comparison between our results of the quan- | axis. The calculations of the mean angular momen-
tum approach calculations of the total fusion cross- | tum including coupling effects overshoots the exper-
section of,s (mb), fusion barrier distribution Dy, | imental data. Although the inclusion of the coupled
(mb/MeV), and mean angular momentum (L) with | channels makes the calculations of Dgys and (L) in
the corresponding experimental data for the system | a better agreement with the experimental data, but
6He + 4Zn. These results for coupled channels and | it made the curves not smooth with ripples, which
without coupling are in good agreement with the ex- | might be attributed to the sinusoidal behavior in the
perimental data above the Coulomb barrier V; for | coupled differential equations, when the coupling is
ofus (mb) and Dy,s (mb/MeV). The calculations and | included. For this system, the mean angular momen-
experimental data in all figures are plotted in both | tum agrees well with the experimental data without
logarithmic and linear scales for the total fusion cross- | coupling.
section ofys (mb). The inclusion of the coupling en- The comparison of our theoretical calculations of
hances the results of calculations for op,s (mb) and | g, (mb), Dgys (mb/MeV), and (L) with the cor-
Drgys (mb/MeV) below and above the Coulomb bar- responding experimental data is shown in Figure 4,
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Fig. 5. The quantum mechanical calculations using CC code. The solid and dash lines are for the coupling and no coupling,
respectively, both compared with the experimental data (green filled circles) [29] for 8B + 8Ni system. (a) for the total fusion
cross-section o, (mb), (b) for the fusion barrier distribution Dy, (mb/MeV), and (c) for the mean value for the mean angular
momentum (L). The blue arrow on E¢.m. represents the position of the Coulomb barrier V4
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Fig. 6. The quantum mechanical calculations using CC code. The solid and dash lines are for the coupling and no coupling,
respectively, both compared with the experimental data (green filled circles) [30] for 'Be+ 238U system. (a) for the total
fusion cross-section ogys (mb), (b) for the fusion barrier distribution Dy (mb/MeV), and (¢) for the mean value of the angular
momentum (L). The blue arrow on Ec.m. represents the position of the Coulomb barrier V4

panels a, b, and ¢, respectively, for the system | data of this system are obtained from Ref. [29]. The
6He + 299B. The inclusion of the channel coupling en- | position of the experimental Coulomb barrier Vp is
hances the results of calculations of og,s markedly | indicated by an arrow at the E.,, axis. The inclu-
below the Coulomb barrier V;. For the fusion bar- | sion of the channel coupling seems have no effects on
rier distribution Dy, the peak height is reduced with | the calculations of og,s, while this is not the case for
multiple peaks appeared instead of a single peak in | Dg,s and (L), which show a ripple behavior with two
the case of no coupling and becomes nearer to the | peaks appeared for Dy, which are closer to the ex-
experimental data. The inclusion of the channel cou- | perimental data.

pling overestimates the experimental data for (L) Figure 6 shows the comparison between our the-
above the Coulomb barrier V;, and agrees very well | oretical calculations of the total fusion cross-section
below the Coulomb barrier V. Ofus, fusion barrier distribution Dy, and mean an-

In a similar analysis, we compare our calculated re- | gular momentum (L) as displayed in panels a, b, and
sults of otys, Dius, and (L) with the corresponding ex- | ¢, respectively, for the system 'Be + 238U. The ex-
perimental data in panels a, b, and c of Fig. 5, respec- | perimental data for this system were obtained from
tively, for the system ®B +%Ni. The experimental | Ref. [30]. For this system, the inclusion of coupled
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channels has almost no effect on the peak height of
Dy, shows same results in the case of no coupling,
and, in general, has no agreement with the exper-
imental data for og,s and (L) except a very slight
difference in the peak value of Dy, exactly at the
position of the Coulomb barrier V.

5. Conclusion

The quantum mechanical calculations for the total
fusion reaction cross-section og,s (mb), fusion reac-
tion barrier distribution Dg,s (mb/MeV), and mean
angular momentum (L) have been performed for
the systems He + %4Zn, SHe +299Bi, 8B + °®Ni, and
1Be + 2387, The effects of the coupled channels are
found to be very important in the calculations and
enhance the results of calculations markedly around
and below the Coulomb barrier. The inclusion of the
coupling effects for the full quantum mechanical cal-
culations, by considering the coupling between the
elastic and breakup channels, improves the results of
calculations around and below the Coulomb barrier,
but still has shortfall in reproducing the data, espe-
cially below the Coulomb barrier.
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KBAHTOBO-MEXAHIYHUI PO3PAXYHOK
PEAKIIT CUHTE3Y IJIsI JEAKAX FAJIO CUCTEM

Peszmowme

Y paMKax KBAHTOBO-MEXAHIYHOIO IIJAXOAY OOGrOBOPIOETHCS
BILIUB KAHAJIY PO3BaJIy Ha PEAKINIO CUHTE3Y B CIaOKO3B’I3aHUX
cucreMax. Po3paxoBaHi noBHMII nlepepi3 peakiiil CHHTE3Y Ofys,
posnoxuin 6ap’epa cunresy Dy i cepenniit Kyrosuit Mmoment (L)
st cucreMm 9He +647n, He 4 209Bi, 8B +58Ni i 11Be + 238U.
3Haii1eHo, 1m0 06JIK KaHAJLy PO3BAJLY JIyKe ICTOTHUI IPpU PO3-
PaxXyHKy PEaKIil CHHTE3y B CUCTEMAX 3 JIEFKUMU TaJIO SPAMH,
0CcODJIMBO HUKYE KYyJIOHIBCbKOro Gap’epa V,. PesysnbpraTn 06-
YUCJIEHD Ofys, Diys 1 (L) 706pe y3romKyorbes 3 BiAIOBi nHuMH
€KCIIEPUMEHTAILHIMY JTAHUMH.
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