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SIMPLIFIED (COARSE-GRAINED)
DESCRIPTION OF MAGNON TRANSPORT
KINETICS ALONG A FERROMAGNETIC CHAIN

Using a coarse-grained description of the kinetic process — based on the hierarchy of transi-
tion rates in a quantum system — the kinetics of the establishment of a steady-state magnon
flow from a magnon source to a magnon receiver has been investigated. It is shown that if the
characteristic hopping rate of magnons between adjacent chain units significantly exceeds their
decay rate, the final stage of the establishment of a steady-state regime of magnon transport
along the chain can exhibit a double-exponential or even single-exponential character. Ana-
lytical expressions have been obtained for magnon transport rates and the steady-state magnon
flow. It is shown that increasing the magnon lifetime significantly improves the transport prop-

erties of the chain.
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1. Introduction

Recent experimental studies have shown that magno-
nics — an independent branch of spintronics — can re-
alize its potential in nanotechnology applications in-
volving magnetophotonics, thermal nanoconversion,
magnonic capacitors, magnonic transistors, and other
fields [1, 2]. Magnons are very good candidates for
use in quantum communication. This is because the
transport of magnons — as uncharged quasiparticles —
can occur without the generation of Joule heat, and,
just as with charged carriers, this transport can be
controlled using magnetic and electric fields.

The implementation of quantum communication
based on magnonics depends primarily on the ef-
ficiency of magnon generation and the ability to
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transmit them over long distances. The traditional
method of magnon generation involves thermal acti-
vation as well as spin pumping [3-5]. A specific mech-
anism for magnon generation has recently been imple-
mented in microwave cavities with embedded nano-
magnets. In magnonics based on yttrium iron gar-
net (YIG) [1, 2, 6], the large magnetic moment of
a YIG nanomagnet enables the conversion of a mi-
crowave cavity electromagnetic field quantum into
a quantum of localized spin excitation within the
nanomagnet (Kittel magnon) [7-10]. It has recently
been shown theoretically that a Kittel magnon can
be transferred from one microwave cavity to an-
other via a ferromagnetic chain connecting nanomag-
nets placed in these cavities [11,12]. Such long-range
magnon transport is based on the superexchange
coupling between spin excitations localized on dif-
ferent nanomagnets. Physically, this coupling arises
from the participation of virtual delocalized magnonic
states of the ferromagnetic chain in the transport of
a Kittel magnon, with the transport process itself
interpretable as magnon tunneling. Conditions were
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Fig. 1. Schematic of magnon transfer from source to receiver via a ferromagnetic chain. The rates x4 (xp) and
X—4 (x—B) characterize, respectively, the forward and backward transfer of magnons between the terminal unit 1
(N) of the chain and the magnon source (receiver); the parameters x and v determine, respectively, magnon hopping

between adjacent chain units and magnon decay

found for off-resonant (exponentially decaying) and
resonant (peak-like) tunneling mechanisms. A depen-
dence of the magnon flow on the number of units in
the ferromagnetic chain was observed both in the case
of magnon tunneling between nanomagnets and dur-
ing the hopping transport of spin excitations between
adjacent paramagnetic units of the entire “nano-
magnet A — ferromagnetic chain — nanomagnet B”
(AFB) system.

The studies [11,12] considered only the steady-state
regime of magnonic transport. Therefore, although
the proposed theoretical models of magnonic tun-
neling and long-range sequential transport can serve
as a physical basis for quantum information trans-
fer in hybrid AFB systems, the realization of such
transfer fundamentally depends on the ratio between
the magnon lifetime 7y and the characteristic time
T4 required for magnon transport between localiza-
tion centers. It is evident that quantum information
transmission using magnons can be efficient only if
Tt > 7. In YIG-based structures, the lifetime typ-
ically does not exceed a few hundred nanoseconds
[13]. It has recently been shown that, under certain
conditions, this characteristic time increases by two
orders of magnitude, reaching a value of 74 ~ 10 mi-
croseconds [14]. This experimental result confirms the
hypothesis regarding the use of magnons as carriers
of quantum information.

This paper investigates the behavior of a magnon
flow in a hybrid AFB system at various character-
istic values of 7. It is assumed that the flow II(¢)
is switched on at time ¢ = 0 and reaches its steady-
state value TTI®Y at ¢ > 7,,. Estimates of the values of
T, for sequential long-range magnon transport were
obtained, and the conditions under which magnons
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can serve as uncharged carriers of quantum infor-
mation in hybrid structures containing nanomagnets
were determined.

2. Model and Basic Equations

This work is devoted to determining the efficiency
of sequential magnon transport through a ferro-
magnetic chain consisting of an arbitrary num-
ber N of units. Within the framework of a semi-
phenomenological approach, the kinetics of the
magnon flow along the chain is determined by the
processes of direct and reverse magnon transfer be-
tween magnon source A and terminal unit 1 (rates x4
and x_ 4, respectively), magnon hopping between ad-
jacent units of the chain (rate x), and magnon trans-
fer between terminal unit N and magnon receiver B
(rates xp and x_p, respectively) (Fig. 1). Among
the observed rates, the dependence of long-range
magnonic transport on the number of chain units
is determined by the rate x. It is assumed that in
the semi-phenomenological model employed, adjacent
paramagnetic chain units are coupled by a Heisenberg
spin—spin interaction, regardless of the chain struc-
ture. We use the Heisenberg Hamiltonian in its stan-
dard form

N . 1 .
Hehain = Z {NBQHSl—D(Sf)z—QJ Z Slsl’]~ (1)
I (A1)
Here, pup is the Bohr magneton, D is the easy-
axis anisotropy parameter, and H is the static mag-
netic field that changes the projection M of the
spin S of the [-th unit of the paramagnetic chain
(I = 1,2,...,N). The quantities g and S, represent
the g-factor and the spin operator of the [-th unit, re-
spectively. In this paper, we consider single-magnon
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long-range transport under the condition that at a
given temperature the average number of magnons
in the AFB system is small. Therefore, we can use
the Holstein—Primakoff transformation [20], restrict-
ing ourselves to the lowest-order terms of the expan-
sion in the creation and annihilation operators al+ and
ay, respectively, of spin excitation on the [-th param-
agnetic unit. These operators are related to the spin
operators by the expressions S'l”“ + zS’ly ~ \/ﬁafr,
S’f — ZS;’ ~ v/2Sa; and S’f = —S + aj a;, where ,
y, and z are Cartesian coordinates, so that the low-
est excited spin state for the I-th unit is |S,S7 =
= —(S—1)) = |1;) = a]|0;), and the vacuum state
|0;) = |S,8f = —9) is determined by the condi-
tion a;|0;) = 0. As for the Hamiltonian (1), only
the terms relating to the ground state of the chain
and the terms corresponding to single-particle spin
excitations in the chain are retained. Measuring the
energy of spin excitations relative to the ground-
state energy, we obtain the Hamiltonian of the low-
est spin excitations of the ferromagnetic chain in
the form: Hgpex = Z%,:l @U/a?'agr. The diago-
nalterm ©;; = E. = upgH + JS + D(2S — 1) repre-
sents the spin excitation energy at one of the identi-
cal sites of the chain, whereas the off-diagonal term
Oy,1+1 = t. = JS is the intersite magnon coupling pa-
rameter. It is precisely this parameter that character-
izes the magnon hopping rate between adjacent sites [
and !’ = [£1 of the chain. In the Born approximation,
this rate can be expressed as x = (27/h)t2F. Here,
the factor F characterizes the processes of quantum
coherence loss during isoenergetic magnon transitions
between adjacent units of the chain. The analytical
expression for F depends on the specific structure
of the chain. One of the determining factors lead-
ing to the loss of coherence is the effect of stochas-
tic fields on the dynamical system [21]. In our case,
these fields influence the spin-excitation energy F.
of the paramagnetic fragment and the coupling pa-
rameter t.. The approach presented in works [22—24]
demonstrates that, in the case of dichotomous noise,
the inter-center transition rate depends significantly
on the value of the Kubo number K = A/v, where
A and v are the mean amplitude and frequency of
the dichotomous noise, respectively. Therefore, for in-
stance, at K > 1 we obtain y = 2(t./h)?(v/A2).
There are various types of quasi-one-dimensional
ferromagnetic chains of organic and inorganic origin
(see examples in Refs. [15-19]). To the best of the au-
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thor’s knowledge, there are currently no experimen-
tal data on the transfer of magnons between nano-
magnets using a ferromagnetically ordered chain as
a mediator of the transmission process. Nevertheless,
regardless of the specific chain structure, to deter-
mine the dependence of the magnon flow on the chain
length (i.e., the number of units N), it suffices to treat
the rates of the contact processes x 4(—a) and xp(—p),
as well as the hopping rate x, as phenomenological pa-
rameters of the AFB system. When studying magnon
transport kinetics, it is necessary to take into account
that a magnon is a quasiparticle. Therefore, a spin
excitation localized on an arbitrary unit of the chain
has a finite lifetime, meaning it can decay at a rate
¥~ 7'1;1.

The magnon flows emerging from source A and en-
tering receiver B are determined, respectively, by the
expressions

Hinput(t) = XA — (X—A + fY)Pl (t)7 (2)
Moutput (t) = (x— + 7)Pn(t) — xB-

It is evident that the temporal dynamics of these flows
are determined by the time evolution of the site oc-
cupancy probabilities Py (t) and Py (t), which charac-
terize the presence of a magnon at the terminal sites
of the chain. The quantities P;(t) and Py (t), like the
analogous quantities P;(t) (where [ =2,3,..., N — 1),
vary with time in accordance with a system of N cou-
pled kinetic equations:

Pi(t) = —(x-a + X +7)Pi(t) + xPa(t) + xa,

Pi(t) = =(2x + 1 P(t) + X(Pi-1(t) + Pia(1),  (3)
Py(t) = —(x-B + X +7)Pn(t) + XxPyv_1(t) + x5
The solution to the system, given the absence of

magnons in the chain at time t = 0, can be written
in the form

P(t) = PZ(St) + 200 [Fi(53) /T (85 = sa)] e,

B = F(0)/TI, s
Here, Fy(s) = [ e Pi(t)dt = Dy(s)/sD(s) is the
Laplace transform of the function P;(¢). The steady-
state site occupancy probabilities are denoted as

Pl(St) = Pi(t > 7). The quantities s, are the roots
855
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of the determinant D(s) of the matrix

ai(s) —-x 0... 0
) -x a(s) —x... O
Dis)=| S St (5)
0... —x a(s) —x
0... 0 —x an(s)

where ay(n)(s) = s+x+ay(n), a(s) = s+2x+7 and
A1(N) = X—A(-B) +7- (6)
After some algebra, we get

D(s) = ax(s)an (s) DN — 2;5) —

—x*(a1(s) +an(s))D(N = 3;5) +x"D(N — 4;5), (7)
and

Di(ny(s) = xamylan)(s)D(N — 2;8) —
—X*D(N = 3;5)] + xpayx
Di(s) = xpx™ 'ar(s)D(1 = 2;5) = x*D(I = 3;5)] +
+xaX " Han (s)D(N—=1—1;5)—x>D(N—2—1;5)]. (8)
(In Eq. (8), the expression Dj(s) is valid for chain
units | = 2,3,..., N — 1). As for expression
sinh [(I + 1)¢(s)/2]

Snh[C(s)/2]
it characterizes the process of sequential hopping
transport of a magnon, where

((s)/2 = In{[a(s) + V/a?(s) — 4x*]/2}

can be regarded as an attenuation coefficient.

D(l,s) = 9)

(10)

3. Discussion of Results

The analytical expressions (4)—(10), describing the ki-
netics of establishing a steady-state flow of magnons,
can be regarded as the main result of this study.
These expressions allow us to understand the physics
of the sequential transmission of magnons depend-
ing on the number of units NV of the ferromagnetic
chain connecting the magnon source to the magnon
receiver. The roots sy of the determinant (7) can be
found by noting that the determinant of the tridi-
agonal matrix (5) is a polynomial D(s) = Zﬁo sld;
and, consequently, can be written in the form D(s) =
= Hivzl(s — 5)). Moreover, there is a hierarchy of
roots, for instance, |s1| < |s2] < ...|sn]|. Since the
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rates characterizing the transport process are equal
to kyx = —s), the overall magnon transport kinet-
ics can proceed on various time scales of the order
of i) ~ Kl Let Ky > Ky_1.. > Ky > K,
(N)

such that the temporal hierarchy is as follows: 7, ~ <
< Tt(rN_l) e < Tt(f) < Tt(rl). Thus, the fast stage of the

kinetic process can be associated with the shortest
characteristic times Tt(rN ) < Tt(rN — < Tt(r)‘ )1
can be said that this kinetic stage is realized on a

(N)

time scale At ~ 7, ’, establishing specific quasi-

equilibrium values P;(t ~ Tt(r)\ *)) for the quantities
P,. The subsequent stages can be observed on time

seales T < At(re 7)), 70 < At 7O,

Tr

and so on. Stationary values Pl(St) = P(t > Tuow)
are established on a time scale At ~ 740w, and there-
fore the study of the transport process kinetics on
this scale is of particular interest. (For the selected
hierarchy of transport rates, the characteristic time
Telow 18 1dentified with 7i,.) Note that, on the time
scale At ~ Tgow, the fast stages of the kinetic process
have already concluded, resulting in the establish-
ment of quasi-stationary values P;(t). Consequently,
the kinetics on this time scale can be described by
simpler analytical expressions than those given in ex-
pressions (4)—-(10). This corresponds to the so-called
coarse-grained description of the kinetics.

To demonstrate the approach based on a coarse-
grained description, we consider the final (slowest)
stage of establishing a steady-state magnon flow. The
mechanism of sequential transfer of magnons can be
effective if the rate of magnon jumps between adja-
cent units of the chain x is significantly higher than
the rate of decay of magnons ~y. Furthermore, we seek
an expression for the slowest rate Kyow = 8| ~ T35,
which is significantly lower than the rate y. There-
fore, based on the inequality x > =, |s|, we can set
¢(s)/2 = Inx + (|s|/2x) = In x. Thus, for rough esti-
mates of the quantity (9) we can use the zeroth-order
approximation with respect to |s| and set D(l,s) ~
~ (I +1)x'. This yields

D(s) = (N = 1)x"?[s* + (a1 + an + 2Xseqs +
X

+aran + (al + aN)Xseq]a Xseq = (11)

N -1’
and

_ N -1
DX 2[(xa + XB)Xseq + ~v_1”%
(s4+a1)xsl, 1 =1,2,...,N. (12)

DZ(S) ~ (N -

N -1
ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 11
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The roots of the determinant (11) are sy = —ky,
and, consequently,

‘ 1
Py (t) = P 4+ ————
1(N) 1(N) K+ - K_

X {XA(B) (Mt —em fvt) —

—[xayana) + (xa + XB)Xseq) X

1
% 7e—K,t_ie—K+t :
K_ K,

where

(13)

s 1
Piiy = K K [xaByan@) + (xa + XB)Xseq] - (14)

The overall magnon transport rates are determined
as follows:
ki = (a1 +ay + 2Xseq + (5)/27

6= \/(X—A —x-B)? +4x%,

(15)

It is evident that, for K, ~ K_, the slow stage
of the transport process proceeds on a time scale
At ~ s(l'g‘?v ~ S(lgv)v, where TS%‘?V ~ K;l; this man-
ifests as a double-exponential time evolution of the
quantities P;(ny(t) (as well as the other P;(t)) toward
their steady-state values. If K, > K_, then on the
time scale At ~ K~! we have exp (—Kt) ~ 0. As
a result, for ¢t > K;l, the double-exponential time
dependence of the quantities P;(y)(t) reduces to a
single-exponential one:

Pyovy(t) = Pl(sjt\),)(1 _ et/rslow)7

( (Tslow:K:1)~

(16)
As noted in the Introduction, the use of magnons as
quantum information carriers is possible if the char-
acteristic magnon lifetime 7; ~ y~! is much longer
than the characteristic time 7y, ~ Tgow Of magnon
transport between the source and the receiver. In the
model under consideration, this condition is reflected
in the inequality K_ > . Since K_ depends on the
number of units in the ferromagnetic chain, this in-
equality defines a condition regarding the length of
the chain used for information transmission.

To illustrate the influence of the governing param-
eter v on the formation of the magnon flow, let us
consider, as an example, direct magnon transport,
where y_4 = xp = 0.In such transport, the es-
tablishment of steady-state magnon flows (Eq. (2))
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Fig. 2. Dependence of fast (k+) and slow (k—) overall

magnon transfer rates on the number of units N of a ferro-
magnetic chain. Calculations with Eq. (15) at xy = 108 s71,
xa=10"s"1 x_4a =0, x5 =0, xop = 10° 571, y =
=105(107) s~ 1

proceeds according to the kinetic scheme shown in
Fig. 2 (inset). Thus, it is the elementary rate con-
stants x4, X—B, 7, and 7¢, that determine the overall
transfer rates (15), which characterize the fast and
slow stages of the kinetic process on the correspond-
ing time scales: At ~ K;l(w Trast) and At ~ K;l
(~ Tslow), respectively. When plotting graphs char-
acterizing the features of magnon transport, param-
eter values were chosen such that the key parame-
ter, the magnon lifetime 7, = y~!, corresponded to
experimental data [14]. As can be seen from Fig. 2,
the rate K of the fast stage exceeds the rate K_ of
the slow stage by approximately two orders of mag-
nitude. In the region of N ~ 10, a sharp change in
the nature of the dependence of both rates on chain
length is clearly observed. This occurs because, with
such a number of chain units, the rate ygq of magnon
transport along the chain becomes lower than the rate
~ of their decay. The fast and slow stages of the ki-
netic process manifest themselves directly in the time
dependence of the quantities P; and Py, which de-
termine the input and output magnon flows. It can
be seen from Figs 3 and 4 that the fast and slow
phases develop on time scales of At ~ Tg.st ~ 1 ns and
At ~ Tgow ~ 100 ns, respectively. Such values of At
follow directly from the fact that, when x_p > x_4,
the relations Ky ~ an + Xseq a0d K_ & 77+ Xseq hold
for the elementary rate constants. It should be noted
that the magnitude of P; exceeds the magnitude of
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Fig. 3. Time dependence of the probability of finding a
magnon at edge unit 1 for various values of the damping pa-
rameter v (panel (a)). Fast temporal evolution occurs on a
timescale of the order of a few nanoseconds (panel (b)). Calcu-
lations based on Eqgs. (13) and (15) using the same parameters

as in Fig. 2

Py by nearly two orders of magnitude. This is due
to the rapid transport of magnons (at a rate of x_p)
from edge unit N to the magnon receiver.

The magnon flow reaches its steady-state value at

t > Tqgow = Tir. In this case, the input and out-
put flows become equal to each other, i.e., Hi(xslgut =
= H((ﬁt)put =TIY. Based on the expressions (2) and
(13) we obtain
MY = y 4@,
— Xseq@ N (17)
T a1aN+Xseq(@a14an)
858

0.0008¢

0.0006¢

N

= 0.0004¢

0.0002¢

0.0000-

t(ns)
b

Fig. 4. Time dependence of the probability of finding a
magnon at edge unit N for various values of the damping pa-
rameter v (panel (a)). Fast temporal evolution occurs on a
timescale of the order of a few nanoseconds (panel (b)). Calcu-
lations based on Egs. (13) and (15) using the same parameters
as in Fig. 2

In our case of a direct magnon flow, we have a1 ~
and ay =~ x_p > 7. These quantities characterize
the long-range transport of magnons along the chain
in the absence and presence of decay processes, re-
spectively. The function ® can be expressed in a dif-
ferent form by using the dependence of Xseq on N
(Eq. (11)). Taking i, = v~ %, we obtain

XTit

b= —""—.
N—l—i—xﬂt

(18)
Fig. 5 shows the dependence ® = ®(N) for two ex-
perimentally known values of 7. It is evident that
for a longer magnon lifetime 7; and the same chain
length, the reduction in the flux magnitude becomes
noticeably less pronounced. For example, if N = 10

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 11
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Fig. 5. Dependence of the steady-state magnon flow on the
number of chain units N for various values of the magnon life-
time 1, = v~ !. Calculations based on Eq. (17) using the same
parameters as in Fig. 2. The approximate expression for &
(Eq. (18)) yields practically the same result

(100; 1000), the value of ® is 0.52 (0.09; 0.01) and
0.99 (0.91; 0.51) for 7y ~ 1077 s and 7y ~ 1075 s,
respectively.

4. Conclusion

A model of sequential magnon transport along a ferro-
magnetic chain was used to investigate the kinetics of
the establishment of a steady-state magnon flow un-
der conditions of magnon decay. The result obtained
demonstrates that if the kinetic process in the system
under consideration is determined by varying rates
of transitions between its structural units, then the
process of establishing a steady-state kinetic regime
can be described in stages. During the transport of
magnons along a chain consisting of N units, the ki-
netics of the establishment of the steady-state trans-
port regime is, in the general case, characterized by
N exponentials (Eq. (4)). We have shown that if the
magnon hopping rate x significantly exceeds the de-
cay rate 7, the N-exponential kinetics reduces to bi-
exponential kinetics. The corresponding two overall
rates, K and K_(< K.), are expressed in terms of
rates characterizing the influx of magnons into the
chain, their eflux from the chain, and the effective
magnon rate Xseq between the terminal units 1 and
N of the chain. Thus, the sequential transfer of a
magnon along a chain of N sites appears as the trans-
fer of a magnon directly between the terminal sites of
the chain (see the inset of Fig. 2). Physically, this
means that the coarse-grained kinetic process mani-
fests itself on time scales At determined by the over-
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all rates K and K_ (Figs 2 and 3). Moreover, we
show that when there is a large difference between
these rates, the primary magnon transport occurs on
a timescale associated with the lower rate. There-
fore, the value of 7, = K —! can be used to estimate
the characteristic time of magnon transport from the
source to the receiver. We have also demonstrated
that the coarse-grained kinetic description method
makes it possible to derive analytical expressions not
only for the rates characterizing the main stage of the
transition to the steady-state transport regime but
also for the steady-state flow. In particular, for the di-
rect transmission of magnons from source to receiver,
an analytical dependence of the magnon flow on the
magnon lifetime 7y was determined; it was shown
that as 7y increases, the flow attenuation caused by
an increase in the number of chain units N occurs
significantly more slowly (Fig. 5).

The obtained result demonstrates how the magnon
decay process can influence the transmission of quan-
tum information using magnons.

The authors acknowledge the support by the NAS
Ukraine (through project 0121U109816).
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CIIPOIIEHUN (OTPYBJIEHNI) OIUC
KIHETUKU NEPEHECEHHS MATHOHIB
V3A0BXK ®EPOMATHITHOT'O JIAHITIO?KKA

BukopucroByioun MeTos KPYITHO3€PHUCTOI'O ONHUCY KiHETHIHO-
ro MIpOIleCy, 3aCHOBAHOIO Ha iepapXil MIBUIKOCTE IepexoiB
Y KBaHTOBiil cucremi, MM JOC/IIIUIN KiHETUKY BCTAHOBJIEHHS
cTaIioHapHOro IMOTOKY MAarHOHIB Bij J»Kepeja 10 IpHiiMata.
ITokazano, mo fKINO XapakTepHa MIBUIKICTb IEPECKOKY Ma-
THOHIB Mi»K CyCiJHIMU JIAHKAMU JIAHIIO?KKA CyTTEBO IIEPEBUIILYE
MIBUJKICTh IXHBOI'O 3aracaHHsl, TO KiHIleBa CTa/lisl BCTAHOBJIE-
HHS CTalllOHAPHOI'O PEXKUMY MATHOHHOI'O TPAHCIOPTY B3IOBXK
JIAHIIO’XKKa MOXKe MaTH JBOEKCIIOHEHILHuil abo HaBiTh OfHO-
eKCIIOHEHIifHn xapakTep. OTpUMaHO aHAJIITHIHI BUpa3H HJIs
LIBUIKOCTEH IIepeHeCceHHsI MAarHOHIB i MAarHOHHOTO IIOTOKY, IO
BcraHoBuBCs. [lokazaHo, M0 301IBIIEHHS YacCy >KUTTS MarHo-
HiB CyTTEBO IOJIIIIY€E TPAHCIOPTHI BJIACTUBOCTI JIAHITIOXKKA.

Katwoei cnao6a: MAarHOHH, KiHETHKA, MIKPOXBUJIBOBI pe3o-
HATOPU, HAHOMATHITH.
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