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CURIE–WEISS CELL FLUID MODEL:
FITTING TO EXPERIMENTAL CRITICAL-POINT DATA

We examine how the Curie–Weiss cell fluid model can be quantitatively related to real fluids by
determining its microscopic parameters from experimental critical-point data for water, carbon
dioxide, and three polyol ester lubricants (POE5, POE7, and POE9). The microscopic param-
eters of the model are determined from the experimental values of the critical temperature
and critical density: the global attraction coupling constant is fixed by the critical temper-
ature, and the cell volume by the critical density. The critical pressure then follows as an
independent model prediction, deviating from experimental values by 10–41% across the stud-
ied substances. Varying the ratio of local repulsion to global attraction 𝑓 = 𝐽2/𝐽1 over a wide
range has only a weak effect on this deviation. For 𝑓 ≥ 1, the model’s critical compressibility
factor lies within a narrow range 𝑍c ≈ 0.382–0.386, remaining close to the mean-field van
der Waals value 𝑍c = 3/8 = 0.375 and consistently overestimating experimental values. The
best agreement with experiment is obtained for the polyol ester lubricants and improves along
the POE5–POE7–POE9 series with increasing molar mass, suggesting that multiple-occupancy
cell fluid models are well suited to systems of large molecules, particularly soft-matter systems
with bounded interaction potentials. We further show that generalizing the model by introduc-
ing a temperature- and phase-dependent effective attraction allows it to describe a triple point
and to reproduce the broad range of critical-to-triple temperature ratios 𝑇c/𝑇tr characteristic
of real fluids.
K e yw o r d s: cell fluid model, Curie–Weiss interaction, experimental data, critical point, triple
point.

1. Introduction
One of the central problems in the statistical physics
of fluids is establishing the relationship between the
microscopic characteristics of interparticle interac-
tions and the macroscopic properties of matter. Of
particular interest in this context are critical and
triple points, which are fundamental reference points
of the phase diagram. Experimental values of temper-
ature, mass density, and pressure at the critical point
can be used to determine the microscopic parame-
ters of a theoretical model. At the same time, the
characteristics of the triple point provide additional
information about the phase behavior of the system
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at low temperatures and can be used to analyze the
mechanisms leading to three-phase equilibrium.

A wide range of theoretical approaches has been
developed to describe phase transitions in fluids,
from the classical van der Waals theory to modern
renormalization-group methods and computer simu-
lations [1–6]. The relationship between interparticle
interactions, fluid structure, and phase behavior is
analyzed in detail in the classical books [7, 8]. Mean-
field theories remain an important tool for studying
phase transitions, since they allow one to establish
the main features of phase behavior and, in many
cases, to obtain analytical results. At the same time,
it is well known that such theories do not take into
account spatial density correlations and critical fluc-
tuations, which determine the universal properties of
real systems near the critical point [3, 7].

Despite significant progress in the theory of liq-
uids, the problem of constructing and studying mod-
els that combine analytical solvability, a clear phys-
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ical interpretation of the parameters, and the possi-
bility of direct comparison with experimental data
remains relevant. The cell fluid model with Curie–
Weiss interaction considered in this work belongs to
this class of models. This model has an analytical so-
lution [9–11] and exhibits a sequence of first-order
phase transitions. The influence of the microscopic
parameters – the cell volume 𝑣 and the ratio of the in-
teraction constants 𝑓 – on the critical behavior of the
Curie–Weiss cell model was studied in Refs. [12,13]. It
was shown that the reduced critical-point coordinates
do not depend on 𝑣, except for the chemical poten-
tial. At the same time, these coordinates depend on
the parameter 𝑓 , which can be regarded as a tun-
ing parameter for them. In Refs. [14, 15], analytical
results were derived for some special cases of the
model. Moreover, it was recently shown that intro-
ducing effective temperature-dependent attractive in-
teractions qualitatively changes the phase behavior of
the model, leading to the appearance of a triple point
in the phase diagram [16]. We also used the cell model
in previous studies [17–21], where the interparticle in-
teractions were described by the Morse potential.

An important aspect of applying the model to the
description of real substances is the quantitative de-
termination of its microscopic parameters from exper-
imental data. This approach makes it possible to es-
tablish a relation between the model parameters and
the characteristics of specific physical systems.

Whereas determining the microscopic parameters
from critical-point data connects the model directly
to macroscopic observables, analyzing the triple point
allows us to evaluate the impact of temperature-
dependent attraction on the phase diagram.

Carbon dioxide, water, and polyol ester lubricants
were selected for the study. These substances differ
significantly in molar mass, molecular structure, the
character of intermolecular interactions, and criti-
cal parameters. Carbon dioxide is a simple molecular
fluid with relatively weak intermolecular interactions,
water is a strongly associated liquid with hydrogen
bonds, whereas polyol ester lubricants are organic liq-
uids with substantially larger molar masses and more
complex molecular structures. This choice makes it
possible to assess the applicability of the proposed
approach to determining the microscopic model pa-
rameters for a broad class of liquids. Water is partic-
ularly illustrative in this context because it exhibits
complex thermodynamic behavior and is character-

ized by a number of anomalous properties and spe-
cial temperatures [22, 23]. Reliable reference data on
the critical-point coordinates required to determine
the model parameters are available for all selected
substances.

We focus on the model’s lowest-temperature crit-
ical point, interpreting it as a liquid–gas criti-
cal point. Since the present mean-field Curie–Weiss
model does not capture local ordering, our identifica-
tion of phases rests purely on a density-based classi-
fication.

The aim of this work is to determine the micro-
scopic parameters of the Curie–Weiss cell model from
experimental critical-point data for real fluids and to
assess the agreement between the model and experi-
ment. Particular attention is paid to the critical com-
pressibility factor 𝑍c as a dimensionless measure of
this agreement. Since the basic model does not de-
scribe a triple point, we also consider its generaliza-
tion with a phase-dependent, temperature-dependent
attractive interaction, while keeping the parameters
of the basic model determined from the critical point
unchanged. For the generalized model, we investigate
how the parameters governing the temperature de-
pendence of the effective attraction affect the position
of the triple point and the ratio 𝑇c/𝑇tr.

2. Cell Model of a Fluid

As a model of a fluid, we consider an open system of
point particles confined to a bounded region of three-
dimensional space 𝒱 ⊂ R3 with volume 𝑉 = |𝒱|. The
region 𝒱 is divided into 𝑁𝑣 identical non-overlapping
cubic cells Δ𝑙, 𝑙 ∈ {1, ..., 𝑁𝑣}. Each cell has volume
𝑣 = 𝑐3, where 𝑐 is its linear size. Thus, the total vol-
ume of the system is 𝑉 = 𝑣𝑁𝑣, and in the thermo-
dynamic limit, 𝑉 → ∞, 𝑁𝑣 → ∞, the cell volume
remains constant.

The pair interaction potential Ψ𝑁𝑣 (r, r
′) between

particles with coordinates r and r′ is given by

Ψ𝑁𝑣
(r, r′) = − 𝐽1

𝑁𝑣
+ 𝐽2

𝑁𝑣∑︁
𝑙=1

𝐼Δ𝑙
(r)𝐼Δ𝑙

(r′). (1)

The first term in (1) describes the global attraction
between all particle pairs in the system and is char-
acterized by the coupling constant 𝐽1 > 0. The factor
1/𝑁𝑣 corresponds to the standard Curie–Weiss scal-
ing and ensures the extensivity of the interaction en-
ergy in the thermodynamic limit. The second term,
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characterized by the constant 𝐽2 > 0, describes the
local repulsion between particles located in the same
cell Δ𝑙. The interaction defined by Eq. (1) will be re-
ferred to as the Curie–Weiss interaction [10, 11]. The
indicator function 𝐼Δ𝑙

(r) is defined as

𝐼Δ𝑙
(r) =

{︂
1, r ∈ Δ𝑙,

0, r /∈ Δ𝑙.
(2)

The interaction potential (1) satisfies the Ruelle ther-
modynamic stability condition [24] if 𝐽2 ≥ 𝐽1 > 0,
with 𝐽2/𝐽1 = 1 corresponding to the boundary of
the thermodynamically stable region [15]. The parti-
cle positions in space remain continuous, while the
division of the system into cells is used only to define
the local part of the interaction. The number of par-
ticles in each cell is not restricted; that is, states with
multiple cell occupancy are allowed.

The primary microscopic parameters governing the
interaction and phase behavior of the model are the
cell volume 𝑣 and the coupling constant 𝐽1. Using 𝑣
and 𝐽1 as natural scales of volume and energy, we de-
scribe the system in terms of dimensionless (reduced)
thermodynamic variables

𝑇 * = 𝑘B𝑇/𝐽1, 𝑃 * = 𝑃𝑣/𝐽1, 𝑛* = 𝑛𝑣. (3)

Here, 𝑇 * is the reduced temperature, 𝑃 * is the re-
duced pressure, and 𝑛* is the reduced number den-
sity of particles. We use the standard notation for
temperature, 𝑇 , pressure, 𝑃 , particle number den-
sity, 𝑛 = 𝑁/𝑉 , and the Boltzmann constant, 𝑘B =
= 1.380649× 10−23 J · K−1. The quantity 𝑁 denotes
the total number of particles in the system. When
calculations are performed for the model within the
grand canonical ensemble formalism, 𝑛 = ⟨𝑁⟩/𝑉 ,
where ⟨𝑁⟩ is the mean number of particles in the
system. The phase behavior of the model in terms of
the reduced thermodynamic quantities is determined
by the ratio 𝑓 = 𝐽2/𝐽1 and does not depend on the
value of the cell volume 𝑣 [25].

The model under consideration has an infinite se-
quence of critical points, each specified by a point
in temperature–number density–pressure coordinates
[10, 11]. In this work, we focus on the critical point
with the lowest density. In applying the model to
real fluids, the critical point with the lowest density
is identified with the liquid–gas (liquid–vapor) criti-
cal point. Accordingly, the lower-density phase is in-
terpreted as the gas phase, while the higher-density

phase is interpreted as the liquid phase. Thus, the
critical point of the model is specified by three coor-
dinates (𝑇 *

c ;𝑛
*
c ;𝑃

*
c ). The three quantities commonly

used to specify the coordinates of the critical point of
real substances are temperature 𝑇 , pressure 𝑃 , and
mass density 𝜌 = 𝑚/𝑉 , where 𝑚 is the mass of the
entire system. The relation between the number den-
sity 𝑛 and the mass density 𝜌 is given by

𝑛 =
𝜌𝑁A

𝑀mol
, (4)

where 𝑁A = 6.02214076 × 1023 mol−1 is Avogadro’s
number, and 𝑀mol is the molar mass of the sub-
stance. The critical values of the dimensional quan-
tities (𝑇c; 𝜌c;𝑃c), are different for each substance and
are determined experimentally.

3. Comparison with Experimental
Data for Specific Substances

The relation between the cell model and a particular
substance can be established by matching the critical-
point coordinates. For a fixed value of 𝑓 = 𝐽2/𝐽1, the
dimensionless critical-point coordinates of the model
are known. Then, knowing two experimental critical-
point coordinates for a given substance, we can deter-
mine the two dimensional model parameters 𝐽1 and 𝑣.

For example, if the experimental values of the crit-
ical temperature 𝑇c and mass density 𝜌c are known,
along with the corresponding model quantities 𝑇 *

c and
𝑛*
c , then the parameters 𝐽1 and 𝑣 follow from Eqs. (3)

and (4):

𝐽1 =
𝑘B𝑇c

𝑇 *
c

, 𝑣 = 𝑣𝐷 ≡ 𝑀mol 𝑛
*
c

𝑁A𝜌c
. (5)

Given 𝐽1 and 𝑣, the theoretical value of the critical
pressure is calculated as

𝑃 (model)
c =

𝑃 *
c 𝐽1
𝑣𝐷

, (6)

and can be compared with the corresponding experi-
mental value.

Similarly, another pair of quantities can be used –
the critical temperature and pressure. From the ex-
perimental values 𝑇c and 𝑃c we obtain the corre-
sponding model quantities 𝑇 *

c and 𝑃 *
c

𝐽1 =
𝑘B𝑇c

𝑇 *
c

, 𝑣 = 𝑣𝑃 ≡ 𝑃 *
c

𝑃c

𝑘B𝑇c

𝑇 *
c

, (7)
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and the theoretical value of the critical density

𝜌(model)
c =

𝑀mol𝑛
*
c

𝑁A𝑣𝑃
. (8)

This value, in turn, can be compared with the exper-
imental critical density.

Next, we consider both variants. To distinguish be-
tween the two ways of determining the cell volume,
we use the notations 𝑣𝐷 and 𝑣𝑃 . Condition (5) will
be referred to below as the density-matching con-
dition, and condition (7) as the pressure-matching
condition. In principle, another pair of experimen-
tal thermodynamic quantities can also be used to
determine the two dimensional model parameters
𝐽1 and 𝑣.

The comparison with experimental data will be
performed for two one-component fluids – carbon
dioxide (CO2) and water (H2O) – as well as for
the polyol ester lubricants POE5 (C25H44O8), POE7
(C33H60O8), and POE9 (C41H76O8). The main dif-
ference between the POE5, POE7, and POE9 lubri-
cants lies in the chemical composition of the base
ester and in their kinematic viscosity. The higher
the lubricant number, the greater its kinematic vis-
cosity at operating temperatures. The chemical dif-
ference between POE5, POE7, and POE9 is re-
lated to the molecular structure of the alcohols and
acids from which these esters are synthesized. Though
all of them are polyol esters (formed by the reac-
tion of polyhydric alcohols with fatty acids), the
difference in their numbers is determined by the
length and branching of the chains. The higher the
number, the more complex and heavier the ester
molecule.

We use the available experimental data for the
coordinates of the liquid–vapor critical points of
CO2 [26, 27] and H2O [28–31], as well as the ref-
erence critical parameters for POE5, POE7, and
POE9 [32]. The critical and molecular characteristics
of these substances are given in Table 1.

Thus, we proceed to determine the microscopic pa-
rameters of the cell fluid model with Curie–Weiss in-
teraction using the conditions of agreement with ex-
perimental data. Using the density-matching condi-
tion (5), we calculate the theoretical values of the
critical pressure, while using the pressure-matching
condition (7), we calculate the theoretical values of
the critical density. We also analyze the agreement
between model predictions and experimental data at

critical points using the compressibility factor 𝑍c,
examining the influence of the parameter 𝑓 on the
model’s ability to match experimental values. Finally,
we extend our analysis to the triple point and draw
our main conclusions.

Let us fix the parameter 𝑓 at 𝑓 = 1.5. In this case,
the critical-point coordinates of the model are [16]:

𝑇 *
c = 0.2513, 𝑛*

c = 0.5039, 𝑃 *
c = 0.04886. (9)

The values of the microscopic model parameters 𝐽1
and 𝑣 for the five substances listed in Table 1 are given
in Table 2. As can be seen from Table 2, the values of
𝑣 obtained from the pressure-matching condition are
always larger than the corresponding values obtained
from the density-matching condition, 𝑣𝑃 > 𝑣𝐷.

Now, using the obtained values of the microsco-
pic parameters, we calculate the theoretical pres-
sure (6) using the density-matching condition, and
the theoretical critical density (8) using the pressure-
matching condition. The results are given in Tables 3

Table 1. Critical parameters, molar masses,
and molecular masses of the substances studied

Quantity CO2 H2O POE5 POE7 POE9

Critical temperature
𝑇c (K) 304.1 647.1 890.0 940.0 970.0
Critical mass density
𝜌c (kg/m3) 467.6 322.0 262.8 241.0 220.3
Critical pressure
𝑃c (×106 Pa) 7.38 22.06 1.270 1.030 0.885
Molar mass
𝑀mol (kg/mol) 0.044 0.018 0.473 0.585 0.697
Molecular mass
𝑚0 (×10−26 kg) 7.3 3.0 78.5 97.1 115.8

Table 2. Microscopic parameters
of the cell model calculated for different
substances. Here, 𝑣𝐷 is the cell volume calculated
from (5), and 𝑣𝑃 is the cell volume calculated from (7).
The numerical values are obtained for 𝑓 = 1.5

Substance 𝐽1 (×10−20 J) 𝑣𝑃 (Å3
) 𝑣𝐷 (Å3

)

CO2 1.67 110.6 78.7
H2O 3.56 78.7 46.8
POE5 4.89 1881.2 1505.9
POE7 5.16 2449.9 2031.0
POE9 5.33 2942.3 2647.2
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and 4, respectively. To quantify the discrepancies be-
tween the experimental and theoretical results, we use
the relative deviation:

𝛿𝑃 =
|𝑃c − 𝑃

(model)
c |

𝑃
(model)
c

× 100%, (10)

for the pressure in Table 3, and

𝛿𝐷 =
𝜌c − 𝜌

(model)
c

𝜌
(model)
c

× 100% (11)

for the density in Table 4.
Choice of the cell volume. Combining equations

(5)–(8) yields the following relation between the cell
volumes 𝑣𝑃 and 𝑣𝐷 used in the two schemes above:

𝑣𝑃
𝑣𝐷

=
𝑃

(model)
c

𝑃c
=

𝜌c

𝜌
(model)
c

. (12)

In subsequent calculations, we use the cell volume
determined from the critical-density matching condi-
tion (5),

𝑣 = 𝑣𝐷. (13)

Table 3. Critical-point pressure. Here, 𝑃c is
the experimental value, and 𝑃

(model)
𝑐 is the pressure

calculated from the density-matching condition (5).
The calculations are performed for 𝑓 = 1.5

Substance 𝑃c (×106 Pa) 𝑃
(model)
𝑐 (×106 Pa) 𝛿𝑃 (%)

CO2 7.38 10.37 ∼29
H2O 22.06 37.14 ∼41
POE5 1.270 1.587 ∼20
POE7 1.030 1.242 ∼17
POE9 0.885 0.984 ∼10

Table 4. Mass density at the critical
point. Here, 𝜌c is the experimental value,
and 𝜌

(model)
𝑐 is the density calculated

from the pressure-matching condition (7).
The calculations are performed for 𝑓 = 1.5

Substance 𝜌c (kgm−3) 𝜌
(model)
𝑐 (kgm−3) 𝛿𝐷 (%)

CO2 467.6 332.8 ∼40
H2O 322.0 191.3 ∼68
POE5 262.8 210.4 ∼25
POE7 241.0 199.8 ∼21
POE9 220.3 198.2 ∼11

With this choice, the critical temperature and density
are reproduced exactly by construction, whereas the
critical pressure is an independent prediction of the
model.

3.1. Dependence of the critical
pressure agreement on the parameter 𝑓

Table 5 compares the experimental critical pressures
of the considered substances with theoretical val-
ues from Eq. (6) for several choices of the parame-
ter 𝑓 . Specifically, we consider 𝑓 = 1.0, representing
the thermodynamic stability boundary of the model
[14, 15], an intermediate value 𝑓 = 2.0, and 𝑓 = 10.0,
described by the analytical solutions in [15, Sec. 9] in
the large-𝑓 limit. Analogous results for 𝑓 = 1.5 are
listed in Table 3.

Choice of the parameter 𝑓 . As shown in Table 5, the
deviation between predicted and experimental critical
pressures for all substances changes only by approxi-
mately 1% as 𝑓 varies from 1 to 10. At 𝑓 = 1.5, this
deviation is nearly the same as for larger values of 𝑓
(see Tables 5 and 3). In subsequent calculations, we
set 𝑓 = 1.5, the same as in Ref. [16], where the triple
point was described in an extended model with an
effective temperature-dependent attraction.

As seen from Tables 3 and 5, the deviation be-
tween the experimental and model critical pressures
decreases systematically along the sequence H2O–
CO2–POE5–POE7–POE9, i.e., with increasing mo-
lar mass. The best agreement is achieved for POE9,
whereas the largest deviation is found for H2O. This
tendency suggests that the mean-field description be-
comes more suitable for systems composed of larger
molecules. The pronounced deviation for water can
be attributed to the specific character of its inter-
molecular interactions, in particular hydrogen bond-
ing and spatial correlations, which are outside the
scope of the present mean-field model.

3.2. Some auxiliary
microscopic quantities of the model

When considering the cell fluid model with Curie–
Weiss interaction in the grand canonical ensemble
[25], several auxiliary quantities arise. These are the
coupling constant of the repulsive interaction, 𝐽2 =
= 𝑓𝐽1, the linear size of the cell, 𝑐 = 𝑣1/3, the
particle number density at the critical point, 𝑛c =
= 𝜌c𝑁A/𝑀mol, the thermal de Broglie wavelength
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Table 5. Comparison of the calculated and experimental
critical pressures for the selected substances at different values of the parameter 𝑓

Substance 𝑃c (×106 Pa)
𝑓 = 1.0 𝑓 = 2.0 𝑓 = 10.0

𝑃
(model)
𝑐 (×106 Pa) 𝛿𝑃 (%) 𝑃

(model)
𝑐 (×106 Pa) 𝛿𝑃 (%) 𝑃

(model)
𝑐 (×106 Pa) 𝛿𝑃 (%)

CO2 7.38 10.27 ∼28 10.38 ∼29 10.38 ∼29
H2O 22.06 36.80 ∼40 37.17 ∼41 37.18 ∼41
POE5 1.270 1.572 ∼19 1.588 ∼20 1.588 ∼20
POE7 1.030 1.231 ∼16 1.244 ∼17 1.244 ∼17
POE9 0.885 0.975 ∼9 0.985 ∼10 0.985 ∼10

at the critical point, Λc = (2𝜋~2/(𝑚0𝑘B𝑇c))
1/2, and

Λ𝐽 = (2𝜋~2/(𝑚0𝐽1))
1/2, where 𝑚0 is the mass of

one molecule. Another quantity that arises in the cal-
culations [25] is the ratio of the cell volume to Λ3

𝐽 ,
𝑣* = 𝑣/Λ3

𝐽 . All these quantities are given in Table 6
for the five substances studied.

The calculated values of the global attraction cou-
pling constant 𝐽1 and the local repulsion coupling
constant 𝐽2 for the five substances (CO2, H2O,
POE5, POE7, POE9) both increase with rising crit-
ical temperature. For the polyol ester lubricants, the
values of 𝐽1 and 𝐽2 grow systematically with mo-
lar mass.

For small molecules (H2O, CO2), the cell volume
𝑣 is of the order of 50–80 Å

3
, with the smallest

value for water, whereas for the polyol ester lubricants
POE5, POE7, and POE9 it reaches thousands of Å

3
.

The linear cell size 𝑐 = (𝜌*c/𝑛c)
1/3 ≈ (0.5/𝑛c)

1/3

is typical for intermolecular distances: for CO2 and
H2O it corresponds to several angstroms, whereas for
POE5, POE7, and POE9 it extends to the nano-
meter scale.

The critical number density 𝑛c is the number of
particles (molecules) per unit volume at the critical
point. H2O has the highest critical number density,
while CO2 has an intermediate value. The values of
𝑛c for POE5, POE7, and POE9 are two orders of
magnitude lower than that for H2O.

The dimensionless volume 𝑣* = 𝑣/Λ3
𝐽 compares the

cell volume 𝑣 against the quantum thermal length
scale Λ3

𝐽 . For 𝑣* ≫ 1 quantum effects can be ne-
glected, and the system is well described by classi-
cal statistical mechanics. For CO2 and H2O, we ob-
tain 𝑣* ∼ 105, and for POE5, POE7, and POE9,
𝑣* ∼ 109. This confirms that our classical mean-field

Table 6. Comparative data for the calculated
microscopic quantities of the model for five substances
(CO2, H2O, POE5, POE7, POE9)

Quantity CO2 H2O POE5 POE7 POE9

𝐽1 (×10−20 J) 1.67 3.56 4.89 5.16 5.33
𝐽2 (×10−20 J) 2.51 5.33 7.33 7.75 7.99
𝑣 (Å3

) 78.7 46.8 1505.9 2031.0 2647.2
𝑐 (Å) 4.3 3.6 11.5 12.7 13.8
𝑛c (×10−3 Å−3

) 6.4 10.8 0.33 0.25 0.19
Λ𝐽 (Å) 0.076 0.081 0.013 0.012 0.011
Λ (Å) 0.151 0.161 0.027 0.024 0.021
𝑣* (×109) 0.00018 0.000088 0.61 1.2 2.2
𝑛c𝑣 ≈0.5 ≈0.5 ≈0.5 ≈0.5 ≈0.5

description of the selected substances is legitimate
and is even better justified for lubricants composed
of heavier molecules.

4. Evaluating the Agreement
between Model and Experiment
via the Critical Compressibility Factor

The critical compressibility factor is an important di-
mensionless characteristic of the critical point and is
defined by the relation

𝑍c =
𝑃c

𝑛c𝑘B𝑇c
. (14)

The quantity 𝑍c is the ratio of the actual critical pres-
sure to the ideal-gas pressure at the same temperature
𝑇c and number density 𝑛c. Using relation (4) between
the number density and mass density, the experimen-
tal values for 𝑍c can be calculated via

𝑍(exp)
c =

𝑃c𝑀mol

𝜌c𝑁A𝑘B𝑇c
. (15)
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For the cell model, the corresponding quantity is ex-
pressed in terms of the reduced critical-point coordi-
nates:

𝑍(model)
𝑐 =

𝑃 *
c

𝑛*
c𝑇

*
c

. (16)

Thus, for a fixed value of 𝑓 = 𝐽2/𝐽1, the quantity
𝑍

(model)
c does not depend on the scale parameters 𝐽1

and 𝑣 and is the same for all substances with which
the model is compared. For 𝑓 = 1.5, using the values

Table 7. Comparison of the critical
compressibility factor values for the studied
substances. Here, 𝑍

(exp)
c = 𝑃c/(𝑛c𝑘B𝑇c),

𝑍
(model)
c = 𝑃 *

c /(𝑛*
c𝑇

*
c )

Substance 𝑍
(exp)
c 𝑍

(model)
c 𝛿𝑍 (%)

CO2 0.275 0.386 ∼29
H2O 0.229 0.386 ∼41
POE5 0.309 0.386 ∼20
POE7 0.320 0.386 ∼17
POE9 0.347 0.386 ∼10

Table 8. Critical-point coordinates and the critical
compressibility factor 𝑍

(model)
c for different values

of the parameter 𝑓 . The experimental values
of the critical compressibility factor 𝑍

(exp)
c are

0.275, 0.229, 0.309, 0.320, 0.347 for CO2,
H2O, POE5, POE7, POE9, respectively

𝑓 𝑇 *
c 𝑛*

c 𝑃 *
c 𝑍

(model)
c

1.0 0.261408 0.535499 0.0535261 0.382373
1.00001 0.261408 0.535498 0.0535258 0.382373
1.0001 0.261403 0.535482 0.0535234 0.382375
1.001 0.261353 0.535321 0.0534998 0.382393
1.01 0.260870 0.533762 0.0532703 0.382573
1.05 0.258989 0.527745 0.0523838 0.383258
1.1 0.257135 0.521888 0.0515199 0.383916
1.2 0.254567 0.513896 0.0503397 0.384799
1.3 0.252967 0.508981 0.0496136 0.385333
1.5 0.251285 0.503869 0.0488583 0.385883
1.7 0.250567 0.501703 0.0485384 0.386114
2.0 0.250169 0.500507 0.0483616 0.386241
2.5 0.250023 0.500068 0.0482969 0.386287
3.0 0.250003 0.500009 0.0482882 0.386293
3.5 0.250000 0.500001 0.0482870 0.386294
4.0 0.250000 0.500000 0.0482868 0.386294
5.0 0.250000 0.500000 0.0482868 0.386294
7.0 0.250000 0.500000 0.0482868 0.386294

10.0 0.250000 0.500000 0.0482868 0.386294

in (9), we obtain

𝑍(model)
c ≃ 0.386. (17)

The critical compressibility factor can be related to
the two ways of determining the cell volume consid-
ered in Section 3. From Eqs (5), (7), (15) and (16), it
follows that

𝑣𝑃
𝑣𝐷

=
𝑍

(model)
c

𝑍
(exp)
c

. (18)

When the density-matching condition is used, 𝑣 =
= 𝑣𝐷, the critical temperature and density are repro-
duced exactly. Then, for this choice,

𝑃
(model)
c

𝑃c
=

𝑍
(model)
c

𝑍
(exp)
c

, (19)

the discrepancy in the critical pressure discussed in
Section 3 directly determines the discrepancy in the
critical compressibility factors. In this sense, the anal-
ysis of 𝑍c is not an independent additional test, but
provides a dimensionless formulation of the matching
condition for the three critical-point coordinates.

The results of comparing the experimental val-
ues of the critical compressibility factor for the five
substances considered with the corresponding model
value are given in Table 7. To quantify the discrep-
ancy between the experimental and model values, we
use the relative deviation

𝛿𝑍 =
|𝑍(exp)

c − 𝑍
(model)
c |

𝑍
(model)
c

× 100%. (20)

For the considered substances, the experimental val-
ues of 𝑍(exp)

c range from 0.229 to 0.347 (see Table 7),
whereas for 𝑓 = 1.5 the model gives 𝑍(model)

c ≃ 0.386.
Thus, for all five substances

𝑍(model)
c > 𝑍(exp)

c , (21)

which reflects a systematic overestimation of the crit-
ical pressure when 𝑣 = 𝑣𝐷 is chosen. For many sim-
ple molecular fluids, typical values of 𝑍c lie in the
range 0.23–0.30 [7, Table 5.1]. For the polyol esters
considered here, the values of 𝑍(exp)

c are higher and
approach the model value.

The question arises whether this discrepancy can
be eliminated by adjusting the parameter 𝑓 = 𝐽2/𝐽1.
The calculated critical-point coordinates for different
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Table 9. Reference data for the triple-point
coordinates and the corresponding values of the ratio 𝑇c/𝑇tr

Quantity CO2 H2O POE5 POE7 POE9

Temperature 𝑇tr (K) 216.592 273.16 250.0 250.0 250.0
Liquid mass density 𝜌𝑙tr (kg/m3) 1178.53 999.793 1053.9 1011.8 989.8
Pressure 𝑃tr (Pa) 0.51795× 106 611.657 1.0× 10−12 1.0× 10−12 1.0× 10−12

𝑇c/𝑇tr 1.40 2.37 3.56 3.76 3.88

values of 𝑓 are given in Table 8. In the thermodynam-
ically stable region 𝑓 ≥ 1, the model compressibility
factor varies only within a narrow interval

0.382373 ≤ 𝑍(model)
c (𝑓) ≤ 0.386294. (22)

Thus, even the minimum theoretical value, attained
near 𝑓 = 1, exceeds 𝑍

(exp)
c for all considered sub-

stances. Therefore, no physically admissible value of
𝑓 ≥ 1 can satisfy the condition 𝑍

(model)
c = 𝑍

(exp)
c .

As 𝑓 increases, the critical temperature 𝑇 *
c and the

critical number density 𝑛*
c decrease slightly, whereas

𝑍
(model)
c increases weakly and rapidly approaches sat-

uration. In the limit 𝑓 → ∞, we obtain 𝑇 *
c = 1/4,

and 𝑛*
c = 1/2, while the critical compressibility fac-

tor tends to the exact analytical value

𝑍(model)
c (𝑓 → ∞) = 2 ln 2− 1 ≃ 0.386294. (23)

The limit 𝑓 ≫ 1 corresponds to strong local repulsion,
which suppresses states with multiple occupancy of
the cells; in this limit, the model approaches the be-
havior of the classical lattice gas [15]. It is interesting
to note that the value 𝑍c = 0.386 was also obtained
in Ref. [33] for the classical lattice gas in the mean-
field approximation, whereas for the classical van der
Waals model 𝑍vdW

c = 3
8 = 0.375 [7].

Thus, the critical compressibility factor reveals a
fundamental limitation of the model under consider-
ation: varying the ratio of local repulsion to global
attraction, 𝑓 , does not allow the experimental values
of 𝑇c, 𝜌c, and 𝑃c to be matched simultaneously. For
the selected set of substances, the agreement improves
systematically from H2O to POE9, because the corre-
sponding experimental values of 𝑍(exp)

c approach the
nearly 𝑓 -independent model value 𝑍

(model)
c ≃ 0.386.

The trend in the POE5–POE7–POE9 series is par-
ticularly interesting; however, establishing its general
relation to molecular size or molar mass requires com-
parison with a broader set of real substances.

5. Triple Point
and the Ratio of the Critical
to Triple-Point Temperatures

Beyond critical characteristics, triple-point coordi-
nates are available for the studied substances. At the
triple point, three phases of a substance can coexist in
thermodynamic equilibrium at a certain temperature
and pressure but with different densities. The triple-
point parameters for CO2 [26], H2O [34] and POE5,
POE7, POE9 [32], together with the ratio 𝑇c/𝑇tr, are
given in Table 9. Only the density of the liquid phase
is reported here, whereas those of the gas and solid
phases are not included.

For CO2 [26] and H2O [34], the triple-point tem-
perature and pressure are taken directly from ex-
perimental data, whereas the liquid-phase density
at the triple point was calculated using equations
of state. In the case of POE5, POE7, and POE9,
the critical-point values 𝑇c, 𝜌c, and 𝑃c appearing in
Table 1 were determined in Ref. [32] by optimizing
the equation-of-state parameters using experimental
data. The triple-point temperature 𝑇tr = 250.0K
and pressure 𝑃tr = 1.0 × 10−12 Pa for these lu-
bricants (Table 9) were not determined experimen-
tally. Rather, they serve as conventional reference pa-
rameters of the equation of state. The liquid-phase
density 𝜌𝑙tr at the triple point is calculated from
equations of state constructed individually for each
lubricant.

Of particular interest is the ratio of the critical tem-
perature 𝑇c to the triple-point temperature 𝑇tr,

𝑅𝑇 =
𝑇c

𝑇tr
=

𝑇 *
c

𝑇 *
tr

, (24)

which varies significantly across different substances.
Using the results of Ref. [16], we show that the present
cell model can reproduce a wide range of values for
this ratio.
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Fig. 1. Phase diagram of the cell fluid model with tempe-
rature-dependent attraction. The first-order phase-transition
lines separating phases I, II, and III are shown as blue (I–II
coexistence), green (II–III coexistence), and violet (I–III coex-
istence). In the high-temperature region, the blue and green
curves terminate at critical points, indicated by circles. The
red circle denotes the triple point

In Ref. [16], the cell fluid model with Curie–
Weiss interaction was modified by introducing an ef-
fective temperature-dependent attractive potential.
This modification enabled the derivation of a qualita-
tively new phase diagram for the generalized model,
featuring a triple point alongside the critical point.

The parameters 𝐽1 and 𝑣 of the Curie–Weiss cell
model were determined in Section 3 using experi-
mental data for the critical points of several substan-
ces. In what follows, these parameters are kept fixed
and are not readjusted using the triple-point data.

In contrast to the basic model with a temperature-
independent attractive interaction, the generalized
Curie–Weiss cell model takes into account different
temperature dependences of the effective attraction
in different phases [16]. It is this feature that leads to
the appearance of a triple point in the phase diagram
(see Fig. 1, taken from Ref. [16]). In Ref. [16], the
different phases arising in the statistical-mechanical
description of the model were denoted as I, II, III,
and so on. These phases are characterized by differ-
ent ranges of their densities. At temperatures below
the critical temperature, first-order phase transitions
can occur between each pair of successive phases and
are characterized by a discontinuous change in den-
sity. Phase I has the lowest density, phase II has
a somewhat higher density, and so on. In this sec-

tion, we restrict our consideration to the first three
phases. Within a phenomenological comparison with
one-component substances, phases I, II, and III can
be interpreted as analogs of the gas, liquid, and
high-density phases, respectively. The identification
of phase III as a solid phase is purely conditional,
since the model lacks an order parameter describing
crystalline structure.

Each of the three phases labeled by 𝜋 = I, II, III is
characterized by its own temperature dependence of
the effective attractive interaction:

𝐽𝜋(𝑇
*) = 𝐽1𝜙𝜋(𝑇

*),

𝜙𝜋(𝑇
*) =

⎧⎨⎩
(︁
𝑇*

𝑇*
c

)︁−𝛼𝜋

, 𝑇 * < 𝑇 *
c ,

1, 𝑇 * ≥ 𝑇 *
c .

(25)

At the triple point with temperature 𝑇 * = 𝑇 *
tr, all

three phases coexist in a state of thermodynamic
equilibrium. This means that at 𝑇 = 𝑇tr, phases I,
II, and III have the same values of the chemical po-
tential and pressure. Accordingly, the three phase-
coexistence lines I–II, II–III, and I–III intersect at a
single point (𝑇tr, 𝑃tr). The coordinates of the triple
point of the generalized model are determined by
the choice of the parameters 𝛼I, 𝛼II, and 𝛼III. For
phase I, 𝛼I = 0 is assumed, rendering the effective at-
traction temperature-independent. For phases II and
III, positive values of 𝛼II and 𝛼III are used, satis-
fying 𝛼III > 𝛼II. As the temperature decreases, the
effective attractive interaction in phases II and III
becomes stronger, growing faster in phase III than
in phase II.

The phase diagram in Fig. 1 covers the temper-
ature range from the supercritical region 𝑇 * > 𝑇 *

c

down to the lowest temperature satisfying the sta-
bility condition 𝐽2 > 𝐽𝜋(𝑇

*). Below this temper-
ature threshold, the attractive interaction becomes
dominant over the repulsion, leading to divergence
of the integral in the expression for the grand parti-
tion function. The critical-point parameters in Fig. 1
coincide with those of the model with constant in-
teractions. This is consistent with the assumption for
𝐽𝜋(𝑇

*): when the temperature reaches the critical
value 𝑇 *

c , the function 𝐽𝜋(𝑇
*) becomes constant for

all 𝑇 * ≥ 𝑇 *
c [16].

By varying the parameters 𝛼I, 𝛼II, and 𝛼III, differ-
ent values of the ratio 𝑅𝑇 = 𝑇c/𝑇tr can be obtained,

886 ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 11



Curie–Weiss Cell Fluid Model

Table 10. Triple-point coordinates and the ratio 𝑅𝑇 = 𝑇c/𝑇𝑡𝑟

for different sets of parameters (𝛼I; 𝛼II; 𝛼III) at 𝑓 = 1.5 and 𝑇 *
c = 0.2513

(𝛼I; 𝛼II; 𝛼III) 𝑇 *
tr 𝑛*I

tr 𝑛*II
tr 𝑛*III

tr 𝑃 *
tr (×10−4) 𝑇c/𝑇tr

(0; 0.1; 0.20) 0.055950 0.000031 0.999969 1.999969 0.01729048 4.49
(0; 0.1; 0.21) 0.060762 0.000076 0.999924 1.999924 0.04624063 4.14
(0; 0.1; 0.22) 0.065385 0.000159 0.999841 1.999841 0.1038403 3.84
(0; 0.1; 0.23) 0.069824 0.000293 0.999708 1.999708 0.2041818 3.60
(0; 0.1; 0.24) 0.074081 0.000491 0.999511 1.999511 0.3622711 3.39
(0; 0.1; 0.26) 0.082081 0.001114 0.998890 1.998890 0.9083030 3.06
(0; 0.1; 0.28) 0.089442 0.002076 0.997932 1.997925 1.836964 2.81
(0; 0.1; 0.30) 0.096223 0.003386 0.996627 1.996606 3.206628 2.61
(0; 0.1; 0.32) 0.102482 0.005028 0.994993 1.994944 5.039182 2.45
(0; 0.1; 0.34) 0.108270 0.006968 0.993062 1.992965 7.327698 2.32

including values characteristic of real substances. To
illustrate this possibility, several values of the param-
eter 𝛼III were considered at fixed 𝛼I and 𝛼II. For each
set (𝛼I, 𝛼II, 𝛼III), the triple-point coordinates 𝑇 *

tr,
𝑛*I
tr , 𝑛*II

tr , 𝑛*III
tr , and 𝑃 *

tr were determined, and the ra-
tio 𝑅𝑇 (24) was also calculated. The obtained results
are presented in Table 10.

The data in Table 10 show that the triple-point co-
ordinates and the ratio 𝑇c/𝑇tr are sensitive to the
choice of parameters that determine the tempera-
ture dependence of the attractive interaction. For the
considered parameter sets, varying 𝛼III at fixed 𝛼I

and 𝛼II leads to a substantial change in the ratio
𝑇c/𝑇tr. Thus, the modification of the model makes it
possible, by means of the additional parameter 𝛼III,
to reproduce values of 𝑅𝑇 over a broad range of possi-
ble experimental values. In particular, for 𝛼I = 0 and
𝛼II = 0.1, the values 0.21 < 𝛼III < 0.24 adequately
cover the range 3.56 ≤ 𝑅𝑇 ≤ 3.88 for the lubricants
POE5, POE7, and POE9 (Table 9). Moreover, values
of 𝛼III in the interval 0.32 < 𝛼III < 0.34 reproduce
the results for water.

It should be noted that the above analysis of the
triple point is illustrative in nature. Unlike the criti-
cal point, the position of the triple point is not an
independent prediction of the model once 𝐽1 and
𝑣 are fixed, as it depends on additional parameters
𝛼I, 𝛼II, and 𝛼III, governing the temperature depen-
dence of the effective attraction. The purpose of our
analysis is to show that the generalized model allows
the ratio 𝑇c/𝑇tr to be varied over a wide range that
includes values characteristic of real one-component
fluids. For H2O and CO2, the comparison is made

with the physical triple points, whereas for POE5,
POE7, and POE9 the quoted values of 𝑇tr are ref-
erence parameters of the corresponding equations
of state [32].

6. Conclusions

In this work, we have evaluated the quantitative ap-
plicability of the cell fluid model with Curie–Weiss in-
teraction in describing the critical parameters of real
fluids. The analysis was carried out for H2O, CO2,
and three polyol ester lubricants – POE5 (C25H44O8),
POE7 (C33H60O8) and POE9 (C41H76O8).

It is shown that the microscopic parameters of
the model can be determined from the experimen-
tal critical-point coordinates. Using the critical tem-
perature 𝑇c and critical density 𝜌c, the global attrac-
tion constant 𝐽1 and the cell volume 𝑣 are determined
uniquely, and the critical pressure becomes an inde-
pendent prediction of the model. For the studied sub-
stances, the calculated critical pressure deviates from
the experimental values by 10–41%.

It is found that varying the ratio of the local re-
pulsion constant to the global attraction constant,
𝑓 = 𝐽2/𝐽1, over the wide range 1 ≤ 𝑓 ≤ 10 has only a
minor effect on the calculated critical pressure. Con-
sequently, the discrepancy between predicted and ex-
perimental values of 𝑃c cannot be eliminated simply
by tuning the parameter 𝑓 .

The overall consistency among the three critical-
point coordinates (𝑇c, 𝜌c, and 𝑃c) is naturally char-
acterized by the critical compressibility factor 𝑍c. For
𝑓 ≥ 1, the model gives 𝑍

(model)
c ≃ 0.382–0.386, while
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in the limit 𝑓 → ∞ the exact value 𝑍
(model)
c =

= 2 ln 2− 1 ≃ 0.386 is obtained. These values are
close to the van der Waals result 𝑍c = 3/8 and
to the mean-field result for the classical lattice gas,
𝑍c = 0.386 [33], and systematically exceed the exper-
imental values. Since matching 𝑇c and 𝜌c leads to the
relation 𝑃

(model)
c /𝑃c = 𝑍

(model)
c /𝑍

(exp)
c , this discrep-

ancy in 𝑍c directly determines the overestimation of
the model’s critical pressure. Varying the parameter
𝑓 does not resolve this discrepancy.

The best quantitative agreement with experiment
for the critical pressure and compressibility fac-
tor is observed for the polyol ester lubricants, and
it consistently improves along the POE5–POE7–
POE9 series, whereas the largest deviations are ob-
tained for water. For the set of substances consid-
ered, this indicates a tendency toward better agree-
ment of the model with systems composed of large
molecules. This tendency is interesting in view of
the multiple occupancy of cells and the possible ap-
plication of the model to soft-matter systems and
systems with bounded interaction potentials. To es-
tablish a general relationship between the model’s
predictive accuracy and molecular size, a broader
comparative study covering additional substances
is required.

Finally, using the microscopic parameters 𝐽1 and 𝑣
determined at the critical point and the generaliza-
tion of the model to the case of a phase-dependent
temperature-dependent effective attraction, we ex-
amine the system’s triple-point behavior. It is shown
that varying the parameters governing the tempera-
ture dependence of the attraction makes it possible
to change the position of the triple point and to re-
produce a wide range of values of the ratio 𝑇c/𝑇tr

characteristic of real fluids. No redefinition of the pa-
rameters 𝐽1 and 𝑣 fixed at the critical point was re-
quired to describe the triple point.

Our findings show both the possibilities and the
limitations of the Curie–Weiss cell model for describ-
ing real fluids. The model provides a simple relation
between the microscopic parameters and the exper-
imental critical-point coordinates and, after intro-
ducing a temperature-dependent effective attraction,
can be extended to cover the triple-point region. Sys-
tematic overestimation of the critical compressibil-
ity factor is consistent with the mean-field character
of the model and indicates the need for its further
refinement.
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I.В.Пилюк, О.А.Добуш,
М.П.Козловський, Р.В. Романiк, М.А.Шпот

КОМIРКОВА МОДЕЛЬ
ПЛИНУ IЗ ВЗАЄМОДIЄЮ КЮРI–ВЕЙСА:
УЗГОДЖЕННЯ З ЕКСПЕРИМЕНТАЛЬНИМИ
ДАНИМИ КРИТИЧНИХ ТОЧОК

Дослiджено можливiсть кiлькiсного зiставлення комiрко-
вої моделi плину iз взаємодiєю Кюрi–Вейса з експеримен-
тальними критичними параметрами реальних плинiв. До-
слiдження проведено для води, дiоксиду вуглецю та трьох
мастил на основi полiолових ефiрiв POE5, POE7 i POE9.
Мiкроскопiчнi параметри моделi визначено за експеримен-
тальними значеннями критичної температури та критичної
густини: константа глобального притягання визначається
критичною температурою, а об’єм комiрки – критичною гу-
стиною. За цих умов критичний тиск є незалежним перед-
баченням моделi; його вiдхилення вiд експериментальних
значень для дослiджуваних речовин становить приблизно
10–41%. Показано, що змiна вiдношення констант локаль-
ного вiдштовхування та глобального притягання 𝑓 = 𝐽2/𝐽1
у широкому дiапазонi лише слабко впливає на це вiдхиле-
ння. Критичний коефiцiєнт стисливостi в данiй моделi для
𝑓 ≥ 1 лежить у вузькому iнтервалi 𝑍c ≃ 0,382–0,386, близь-
кому до середньопольового результату Ван дер Ваальса, i
систематично перевищує експериментальнi значення. Най-
краще узгодження з експериментом отримано для полiо-
лових ефiрних мастил, причому воно покращується в ряду
POE5–POE7–POE9 зi зростанням молярної маси. Це вказує
на перспективнiсть комiркових моделей iз багаточастинко-
вим заповненням для опису систем, утворених великими
молекулами, що характерно для фiзики м’якої речовини з
обмеженими потенцiалами взаємодiї в системi. Показано та-
кож, що узагальнення моделi шляхом введення залежного
вiд фази й температури ефективного притягання дає змо-
гу описати потрiйну точку й вiдтворити широкий дiапазон
значень вiдношення температур критичної i потрiйної то-
чок 𝑇c/𝑇tr, характерних для реальних плинiв.

Ключ о в i с л о в а: комiркова модель плину, взаємодiя
Кюрi–Вейса, експериментальнi данi, критична точка, по-
трiйна точка.
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