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INFLUENCE OF INTERFACE
POLARIZATION ON CHARGE-CHARGE
INTERACTION IN TWO-LAYER SYSTEMS

The influence of a plane interface between two semi-infinite dielectrically dissimilar insula-
tors on the interaction of two point charges located near it has been analyzed. It was shown
that their interaction is significantly modified by the polarization charges induced at the in-
terface. In particular, if the charges are in the same medium, then the dependence of their
interaction energy 𝑊 on the distance 𝐷 between the charges differs from the Coulomb law. At
the same time, if the charges are in different media, the interaction law remains Coulom-
bic, but with an effective dielectric constant value. Deviations from the Coulombic interaction
were calculated quantitatively and investigated analytically. The maps 𝑊 (R𝑠,R𝑝) describing
the profiles of 𝑊 as a function of the charges’ coordinates R𝑠 and R𝑝 are presented. The
approximations of 𝑊 (𝐷) were obtained and their validity was analyzed. It was concluded that
in layered structures, polarization corrections should always be taken into account when study-
ing various properties of charged entities, e.g., electrons and holes forming Wannier–Mott
excitons.
K e yw o r d s: two-layer structures, dielectric mismatch, charge-charge interaction, polariza-
tion forces, non-Coulombic dependence.

1. Introduction. Historical Overview
The discovery of the inverse-square law of the elec-
trostatic force between two isolated point charges –
let them be conditionally called the source 𝑄𝑠 and
the probe 𝑄2 – is rather dramatic from the histori-
cal viewpoint. In vacuum, this law looks like (in CGS
units)
F𝐶 = 𝑄𝑠𝑄𝑝

R𝑝 −R𝑠

|R𝑝 −R𝑠|3
, (1)
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where R𝑖 (𝑖 = 𝑠, 𝑝) denote the coordinates of the
charges.

The matter is that the formal discoverer of law
(1) somewhere between 1771 and 1781 was Henry
Cavendish. His measurements showed that [1, p. 231]
“...the electric attraction and repulsion must be in-
versely as the square of the distance, and that when
a globe is positively electrified, the redundant fluid in
it is lodged intirely on its surface”. This was not un-
expected for Cavendish, since it was he who investi-
gated and experimentally confirmed Isaac Newton’s
law of universal gravitation under terrestrial condi-
tions, which exhibits the same spatial dependence
as expression (1). The whole complex of electrostatic
problems was carefully studied by Cavendish (see also
reference [2]). For example, he was the first to in-
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troduce the notions of the “degree of electrification”
(later called the dielectric constant) and the capacity
[1, 3]. Unfortunately, unlike other electrical research,
Cavendish did not publishe law (1) that he had dis-
covered, and therefore (this is justified!) he is not con-
sidered to be its author. On the other hand, Charles–
Augustin de Coulomb, who discovered law (1) later
than Cavendish, published the results of his measure-
ments and their analysis [4, 5], although the latter
was less thorough than Cavendish’s. Therefore, it is
quite natural that just Coulomb is called the father
of the law of electrostatic interaction, which has been
named after him for more than two hundred years.

It follows from Eq. (1) that the charge-charge in-
teraction energy in vacuum equals

𝑊𝐶 =
𝑄𝑠𝑄𝑝

|R𝑝 −R𝑠|
. (2)

It should be emphasized that the establishment of
laws (1) and (2) was a great success, since until the
twentieth century scientists could not isolate elemen-
tary charged particles [6]. They even had no idea
about their existence! Instead, experimentalists ob-
served the behavior of charged macroscopic bodies
so that the assumption of the corpuscular nature of
electricity [7–11] was a bold hypothesis, correct and
fruitful at the theoretical level, but not directly jus-
tified by experiment at that time. Nevertheless, the
suggestion of the inverse-square law in electrostatics
was stimulated by the similarity with Isaac Newton’s
gravitational law [12–14] (see also textbook [15]),
which has been extremely successfully applied in ce-
lestial mechanics since its discovery [16]. An analogy
between gravitational attraction, on the one hand,
and electrostatic repulsion or attraction, on the other
hand, led to the generalization of Eq. (2) to sys-
tems of many point charges (in electrostatics, whereas
the gravitational case can be formulated analogously)
[17–20] so that their total potential energy obeys the
following equation (it was first written by Siméon De-
nis Poisson [21, 22] within the framework of Newto-
nian gravitation):

ΔΦ = −4𝜋𝜌, (3)

where 𝜌 is the bulk charge density, and Δ is the
Laplace operator. It should be noted that the modern
perception of the quantity Φ in Eq. (3) as the “poten-
tial function” belongs to George Green (1828) [23],
whereas Carl Friedrich Gauss in 1839 independently

introduced a similar interpretation and coined Φ as
the “potential” [24].

Once formulated, Poisson’s equation (3) can be
considered as the general electrostatic equation de-
scribing not only the influence of the algebraic sum
of separate charges, but also the action of an arbitrary
configuration of external fields of whatever origin [19,
20]. Thus, the electric-field concept emerged implic-
itly reflecting the short-range character of the electric
force mediation between bodies in space (most clearly
manifested in condensed matter). This concept was
suggested by Michael Faraday [8, 9, 11, 25, 26] (see
also the analysis in Refs. [27–30]).

Faraday’s “mediated action” via condensed-me-
dium constituents [8, 9] (atoms or molecules, as was
firmly established at the beginning of the twentieth
century [31]) inevitably led to the modification of
both Coulomb laws (1) and (2), and Poisson’s equa-
tion (3) by the introduction of the dielectric constant
𝜀 (called by Faraday the “specific inductive capacity”
[3, 32]). As a result, one has

𝑊𝐷 =
𝑄𝑠𝑄𝑝

𝜀 |R𝑝 −R𝑠|
(4)

instead of Eq. (2). This means that any actual elec-
trostatic interaction in a medium different from vac-
uum should be considered as a many-body problem
[33, 34]. Even now, this aspect is not usually empha-
sized in textbooks. Thus, electrostatics appears as an
approximation to the actual “propagation” of elec-
tric force in the medium. Such a picture was grad-
ually recognized by Faraday himself and especially
by William Thomson (Lord Kelvin from 1892); the
latter followed Green, who established relationships
between the bulk and surface electrostatic properties
[23]. Thomson incorporated Faraday’s considerations
into a mathematical theory of electrostatics [35]. La-
ter, those views and relevant equations were devel-
oped into the electromagnetic field theory by James
Clerk Maxwell [36, 37], who emphasized [37, p. 321],
“...we may regard Faraday’s conception of a state of
stress in the electro-magnetic field as a method of ex-
plaining action at a distance by means of the con-
tinuous transmission of force, even though we do not
know how the state of stress is produced.”

The amazing history of the development of electro-
statics has been studied in detail and can be found el-
sewhere [3,30,38–44]. But it is not over, and this work
should be considered a contribution to this domain.
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However, taking into account the reaction of the
medium to the presence of charges – in particular,
the emergence of a screening polarization charge –
leads to the “non-Coulomb character” (sic!) of the
Coulomb interaction between the charges. Let us ex-
plain this “paradox” using a simple example of two
point charges, 𝑄𝑠1 and 𝑄𝑠2; the latter will play the
role of a polarization charge. In vacuum, the probe
charge 𝑄𝑝 will interact with the specified charges ac-
cording to the following formula different from ex-
pression (1):

F𝐶 = 𝑄𝑠1𝑄𝑝
R𝑝 −R𝑠1

|R𝑝 −R𝑠1|3
+𝑄𝑠2𝑄𝑝

R𝑝 −R𝑠2

|R𝑝 −R𝑠2|3
. (5)

There is no transformation that can transform
this combination into a monomial formula of type
(1). And the result of its integration also differs from
expression (2). Moreover, the question arises: where
should the distance to the probe charge be measured
from? An additional factor here is that if all three
charges are not located along the same straight line,
then the direction of the force with which the source
charges act on the probe charge differs from both di-
rections from the probe to the sources. Below, it is
the impossibility of representing the probe charge en-
ergy in the form of a monomial expression (2) or (4)
with a power exponent of −1 that we will call the
“non-Coulombicity” of the interaction law.

Thus, it is no wonder that the “non-Coulombic”
behavior of the interaction between charges, in prin-
ciple, should be ubiquitous, whereas expressions (1)
and (2), the latter even being divided by the di-
electric constant 𝜀, are, at best, the first (maybe
leading) terms in an infinite series describing elec-
trostatic interactions in a complicated system of
charges [45, 46]. We emphasize that the dielectric-
constant approximation discussed below 𝜀 = const of
the static screening in semiconductors and insulators
was a great breakthrough in the nineteenth century,
whereas now the spatial dispersion of the dielectric
permittivity [47–51] must be taken into account to de-
scribe the mitigating influence of the medium on the
electric field of, say, charged impurities, electron-like
and hole-like quasiparticles, and dipolar molecules or
excitons. Those extremely important issues are well
documented in the literature, although they are not of
crucial relevance here, where the classical dielectric-
constant approximation (𝜀 = const) is sufficient to
study issues relevant to our goals. To be specific, here

we want to consider static image forces in two-layer
structures [20,52–56] and their role in deviations from
the Coulomb law.

The method of image forces and image charges
(fictitious, they replace actual emerging polariza-
tion charges) was invented by William Thomson
[57, 58] for conductors (ideal metals) and subse-
quently generalized to insulators [51, 59–63]. The
image-charge influence on charge-charge, charge-di-
pole, and dipole-dipole interactions in layered systems
with well-defined interfaces was extensively studied
and now constitutes a routine method (see, e.g.,
Refs. [63–70]).

It should be noted that electrostatics itself, be-
ing a classical macroscopic theory, cannot ensure the
stability of configurations containing charges (multi-
poles), which was first demonstrated by the Reverend
Samuel Earnshaw in 1842 [71]. This and related issues
continue to be studied [72–77]. On the other hand,
the observed stability of matter is a consequence of
quantum-mechanical effects [78, 79].

Moreover, the bulk self-energies of charges in con-
densed matter (“the inner potential”) become finite
[66, 80–86], since the electrostatic screening removes
divergences in Eqs. (1) and (2). The same is true for
image force energies [80, 83, 87–89], which diverge
within the framework of the theory presented in text-
books on electrostatics [20, 52–56].

Thus, the many-body character of true electrostatic
forces makes them substantially weaker than the clas-
sical Coulombic ones. It means that the basic two-
body laws (1) and (2) are valid only at the micro-
scopic level, such as in the physics of the hydrogen
atom, where the average distance between the nu-
cleus and the electron equals the Bohr radius so that
the macroscopic approach is not applicable, and any
screening by the neighboring atoms is absent on this
scale. The difference between the theoretical results
of the Niels Bohr model and the experimental en-
ergy levels is rather well explained on the basis of the
Paul Dirac relativistic quantum-mechanical equation
[90]. At the same time, there are also tiny quantum-
field corrections that lead, in particular, to the Willis
Lamb shift [91] between the levels that are degenerate
in the Dirac limit. This effect is due to the influence
of virtual electron-positron pairs fluctuating in the
electromagnetic vacuum [90, 92, 93] and can be con-
sidered as a many-body effect of higher order than
the electrostatic effects discussed above.
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Fig. 1. Two-layer system with the interacting source charge
𝑄𝑠 and the probe charge 𝑄𝑝. 𝜀1 and 𝜀2 are the dielectric
constants of the layers (see further explanations in the text)

Interaction of a test charge with surface charges
within the framework of Green’s electrostatics [23],
which became the interaction with mirror ghost im-
ages in Thomson’s approach [35, 94], can undergo a
further incarnation into the shift of the zero-point en-
ergy of surface-plasmon oscillations [95–97]. At first
glance, it seems to be only a change in interpretation,
but this is not the case. The description based on sur-
face plasmons turned out to be quite fruitful. Indeed,
the influence of real surface plasmons excited by mov-
ing test charges can lead to observable dynamic ef-
fects [53, 98–103].

From the above, it becomes clear that image forces
and their influence on the spatial dependence of the
Coulombic interaction between charges constitute a
vast area of research. At the same time, the modest
purpose of this article is twofold. First, we want to
show explicitly how the polarization charges at the
interfaces (for simplicity, we restrict ourselves to the
planar case, bearing in mind that the spherical and
cylindrical geometries are no less practically impor-
tant [104–108]) distort the Coulombic interaction be-
tween charged point-like objects. And, indeed, our re-
sults demonstrate that the modifications of the bulk
textbook dependences are quite significant.

Another goal is to estimate two approximation
methods, in which the interaction between two point
charges located in the simplest inhomogeneous sys-
tem – two semi-infinite classical (dispersionless) in-
sulators separated by a plane interface – is de-
scribed by monomial formulas depending on the sys-
tem parameters. In particular, it is shown that the
charge-charge interaction near the inevitably polar-

ized interface demonstrates large deviations from the
Coulomb-like behavior (4). This fact has been over-
looked earlier and is often not properly taken into ac-
count in some textbooks and professional studies (see,
e.g., [109, 110]). Within the framework of our con-
sideration, all calculations become transparent and
straightforward and can be generalized, in principle,
to dipoles [61, 62, 111] and higher-order electrostatic
multipoles [112]. Such an approach is in line with
the spirit of the original image-charge approach in
electrostatics.

The outline of the article is as follows. In Section 2,
the main electrostatic formulas for two-layer dielectric
structures are presented and discussed. Some general
remarks concerning the calculation procedure and the
presentation of its results are made in Section 3. In
Sections 4, 5, and 6, the two-coordinate maps are cal-
culated and displayed for the electrostatic energy 𝑊 ,
the normalized energy 𝑤, and the effective dielectric
permittivity 𝜀eff , respectively. The quasi-Coulombic
approximation with the power exponent 𝑁 ̸= −1 is
considered in more detail in Section 7. Section 8 con-
tains conclusions.

2. Basic Electrostatic Formulas

Let us consider two homogeneous semi-infinite insu-
lators (medium 1 and medium 2) separated by an
infinitely thin interface 𝑍 = 0; see Fig. 1. The dielec-
tric permittivities of the media are 𝜀1 = const (𝑍 > 0)
and 𝜀2 = const (𝑍 < 0). Without any loss of general-
ity, we may suppose that two point charges (referred
to below as the source 𝑄𝑠 and the probe 𝑄𝑝; of course,
the choice between the source and the probe is con-
ventional) are positioned in the plane 𝑌 = 0. The
source charge 𝑄𝑠 is located at a point R𝑠 = (0, 𝑍𝑠) in
medium 𝑠. Hereafter, we use the subscript 𝑠 = 1 or
2 for the medium where the source charge is located,
and the subscript 𝑠′ for the opposite medium (𝑠′ = 2
if 𝑠 = 1, or 𝑠′ = 1 if 𝑠 = 2).

The source charge polarizes its environment. In our
case, the system is inhomogeneous, i.e., it consists
of two media. Therefore, in addition to the bulk po-
larization, which emerges in an infinitesimally small
neighborhood of the charge 𝑄𝑠 and leads to its screen-
ing, there also emerges a polarization charge at the
interface 𝑍 = 0. This polarization charge creates an
electrostatic field in the entire space, and this field
is symmetric with respect to the plane 𝑍 = 0. Ac-
cording to the classical electrostatic method applied
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here, the field generated in either of the two insula-
tors by the polarization charge distributed over their
plane interface is equivalent to the field generated by
an imaginary point charge (image charge) located in
the other insulator [51, 59–63].

Thus, our task comes down to the problem where
the source and polarization charges are fixed in an
infinite medium with the dielectric permittivity 𝜀𝑠.
Then, in the region occupied by medium 𝑠, the pola-
rization-induced field is equivalent to that created in
an infinite medium with the dielectric permittivity 𝜀𝑠
by an imaginary point charge (image charge 1), which
has the magnitude

𝑄′
𝑠 = 𝐾𝑠𝑠′𝑄𝑠 (6)

and is located at the point R′
𝑠 = (0,−𝑍𝑠). The point

R′
𝑠 is a specular reflection of the point R𝑠, where the

source charge is located, with respect to the inter-
face as a mirror. Hence, it is positioned in the region
occupied by medium 𝑠′.

The dielectric mismatch factor

𝐾𝑠𝑠′ =
𝜀𝑠 − 𝜀𝑠′

𝜀𝑠 + 𝜀𝑠′
=

𝜀𝑠/𝜀𝑠′ − 1

𝜀𝑠/𝜀𝑠′ + 1
(7)

in Eq. (6) depends on the ratio 𝜀𝑠/𝜀𝑠′ between
the dielectric constants rather than on each con-
stant separately. The value of 𝐾𝑠𝑠′ can vary from
−1 to 1, and the sign depends on the relationship
𝜀𝑠 ≶ 𝜀𝑠′ . Therefore, the signs of 𝑄𝑠 and 𝑄′

𝑠 can be
identical or opposite. The situation with sign 𝑄𝑠 =
= sign 𝑄𝑠′ if 𝜀𝑠 > 𝜀𝑠′ might seem rather puzzling at
first glance. However, we have to bear in mind that
in the classical electrostatics one deals with two po-
larizable media consisting of positive and negative
charges [59, 113]. The interpretation according to the
adopted approach is as follows. The charge 𝑄𝑠 (let it
be positive for definiteness) “repels” positive charges
and “attracts” negative ones in both media. The “dis-
placement” of the charges is larger in the more po-
larizable medium (with a larger 𝜀). Everywhere in
the bulk of both media those “shifted” charges mu-
tually compensate one another, except at the inter-
face. Here, the displaced uncompensated positive (!)
charge in medium 𝑠 is added to the displaced un-
compensated negative (!) charge in medium 𝑠′. The
sign of the sum depends on which value is larger, i.e.,
on the relationship 𝜀𝑠 ≶ 𝜀𝑠′ . Actually, the interface
is not an infinitely thin plane, and there is always

a surface (interface) dipole at the interface between
different media, even in the absence of additional ex-
ternal charges [114–117]. However, accounting for the
interface-dipole influence on image forces goes beyond
classical electrostatics.

As a consequence, the probe point charge 𝑄𝑝, if
it is also located in medium 𝑠 at the point R𝑝 =
= (𝑋𝑝, 𝑍𝑝), interacts with both charges, 𝑄𝑠 and 𝑄′

𝑠,
and the energy of this interaction equals [compare
with Eq. (2)]

𝑊𝑠𝑠 (R𝑠,R𝑝) =
𝑄𝑠𝑄𝑝

𝜀𝑠

(︂
1

|R𝑝−R𝑠|
+

𝐾𝑠𝑠′

|R𝑝−R′
𝑠|

)︂
. (8)

Thus, in essence, the mismatch factor 𝐾𝑠𝑠′ deter-
mines the weight of the contribution caused by po-
larization charges to the total field 𝑊𝑠𝑠 and, hence,
the deviation of 𝑊𝑠𝑠 from 𝑊𝐷 (4).

At the same time, due to the symmetry of the field
created by the polarization charge on both sides of
the interface, the field created in medium 𝑠′ is equiv-
alent to the field created by another imaginary charge
(image charge 2) with the same value 𝑄′

𝑠 located sym-
metrically to image charge 1, i.e., exactly at the point
(R′

𝑠)
′
= R𝑠 in medium 𝑠 where the source charge

𝑄𝑠 is located. Hence, the charges 𝑄𝑠 and 𝑄′
𝑠 overlap

at this point. As a result, there arises a total point
charge
𝑄𝑠 +𝐾𝑠𝑠′𝑄𝑠 =

2𝜀𝑠
𝜀𝑠 + 𝜀𝑠′

𝑄𝑠

at the point R𝑠, and we obtain one term instead of
two for the interaction energy between this combined
charge and the probe charge,

𝑊𝑠𝑠′ (R𝑠,R𝑝) =
2𝑄𝑠𝑄𝑝

𝜀𝑠 + 𝜀𝑠′

1

|R𝑝 −R𝑠|
. (9)

Thus, we have the exact Coulomb dependence with
the effective dielectric permittivity 1

2 (𝜀𝑠 + 𝜀𝑠′). One
should bear in mind that this is not a result of charge
compensation at the point R𝑠 (the charge 𝑄′

𝑠 is imag-
inary), but is due to the overlap of two electric fields
created by the charge 𝑄𝑠 in medium 𝑠 and the polar-
ization charge distributed over the interface.

Note that Eq. (8) for 𝑊𝑠𝑠 is different for 𝑠 = 1 or
2 when both charges are located in one medium. In
particular, 𝐾12 = −𝐾21. On the contrary, for the
charges located in different media (𝑠 ̸= 𝑠′), Eq. (9)
does not allow one to determine which charge is the
source or the probe, as required by the symmetry of
the problem.
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2.1. A variant of the image force method

As described above, in the classical image method,
the calculation of the interaction of two point charges
near a plane interface between two infinite homoge-
neous dielectrics is reduced to the calculation of the
interaction of three charges in a homogeneous infinite
medium with the dielectric constant 𝜀𝑠. These are the
source charge 𝑄𝑠, the probe charge 𝑄𝑝, and the imag-
inary charge 𝑄′

𝑠, which creates the same field at the
probe location as the polarization charge at the inter-
face does. In so doing, the polarization charge created
at the interface is not taken into account. In any case,
the magnitude of the image charge (6) depends on the
ratio 𝐾𝑠𝑠′ between the dielectric constants of both
media. This is a certain inconvenience when consid-
ering more complex systems (e.g., multilayer struc-
tures) and multipoles (e.g., dipoles).

However [118], “There are nine and sixty ways of
constructing tribal lays, and every single one of them
is right!” Therefore, we will demonstrate that it is
technically quite convenient to analyze the physics of
the process in another model [69].

Thus, expression (4) can be formally considered as
corresponding to the interaction of charges 𝑄𝑠 and 𝑄𝑝

in a medium with a dielectric constant 𝜀. Or it can
be considered as describing the interaction of charges
𝑄𝑠 and 𝑄𝑝/𝜀 in a medium with a dielectric constant
of 1. Such variants always exist. That is, the effect on
charges due to their screening can be reduced to intro-
ducing the effective dielectric constant of the medium,
whereas the charges themselves are considered un-
changed.

Let us apply this to expression (8) for charges
located in the same medium. It can be interpreted
as the interaction of unshielded charges 𝑄𝑠 and 𝑄𝑝

through two channels: both are infinite dielectrics,
but one of them (the first term) has the dielectric con-
stant 𝜀𝑠 (here the charge 𝑄𝑝 is located at the point
R𝑝, and the charge 𝑄𝑠 at the point R𝑠), and the other
(the second term) has the dielectric constant 𝜀𝑠/𝐾𝑠𝑠′

(here the charge 𝑄𝑝 is also located at the point R𝑝,
but the charge 𝑄𝑠 is at the point R′

𝑠). In the case
when the charges are in different media, their inter-
action can also be considered as occurring through
the same two channels. But, as was already men-
tioned above, in the first channel the charge 𝑄′

𝑠 is
located symmetrically to 𝑄𝑠 with respect to the in-
terface, and in the second channel, it coincides with

𝑄𝑠. As a result, in the second case, two identical in-
teraction channels (the multiplier |R𝑝 −R𝑠|−1) arise
in a homogeneous medium with the dielectric con-
stant 𝜀𝑠, but these channels have different weights,
1 and 𝐾𝑠𝑠′ . By adding them, we obtain formula (9),
and can interpret it as the interaction of charges 𝑄𝑠

and 𝑄𝑝 (they also remain unchanged!) in a single
effective channel, which is an infinite dielectric with
the dielectric permittivity 1

2 (𝜀𝑠 + 𝜀𝑠′).

3. Some Remarks Before Calculations

Here, we have to point out the following circum-
stances. In order to study the deviations from the
Coulomb law, we analyze two-dimensional [R𝑝 =
= (𝑋𝑝, 𝑍𝑝) at R𝑠 = const] maps of various quantities
characterizing the interaction of two point charges in
a two-layer system (see Fig. 1). These are the inter-
action energy 𝑊 itself, its normalized variant 𝑤, and
two quantities, the effective dielectric constant 𝜀eff
and the effective power exponent 𝑁 , which can be and
are used for the pseudo-Coulombic approximation of
the real 𝑊 -dependence. We also intend to trace how
those maps depend on the problem parameters. The
𝑊 -maps are described by Eqs. (8) and (9), which de-
pend on the individual values of the quantities 𝜀𝑠,
𝜀𝑠′ , and the product 𝑄𝑠𝑄𝑝, whereas the formulas for
other maps can be presented in forms that include
only the ratio 𝜀𝑠/𝜀𝑠′ or the parameter 𝐾𝑠𝑠′ [Eq. (7)].

Therefore, from the very beginning, we assumed
that

𝑄𝑠𝑄𝑝 = 1, (10)

which is some kind of normalization. (In order to
avoid troubles with measurement units, we chose ar-
bitrary units for all quantities: charges, distances,
and energies.) To trace the dependences of the maps
on the dielectric parameters 𝜀𝑠 and 𝜀𝑠′ , we plotted
the maps for two variants:

(𝜀1 = 1, 𝜀2 = 2) ⇒ 𝐾12 = −1

3
(11)

and

(𝜀1 = 1, 𝜀2 = 5) ⇒ 𝐾12 = −2

3
. (12)

The set (𝜀1, 𝜀2) is relevant to the 𝑊 -maps, and the
mismatch factor 𝐾12 is relevant to all other maps.
The maps were calculated for both variants. Quali-
tatively, those maps are similar in pairs. Therefore,
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Fig. 2. 𝑊 -maps, where 𝑊 is the interaction energy (in arbitrary units) between 𝑄𝑠 and 𝑄𝑝 for various
𝑄𝑠-locations R𝑠 = (𝑋𝑠 = 0, 𝑍𝑠): 𝑍𝑠 = −1 (𝑎), − 1

3
(𝑏), 1

3
(𝑐), and 1 (𝑑). 𝜀1 = 1, 𝜀2 = 5. The map region

corresponding to medium 1 (2) is lighter (darker). In this figure, panels 𝑎 and 𝑏 are rotated with respect to
panels 𝑐 and 𝑑 around the 𝑊 -axis to make the map peculiarities clearer

for the illustration of each map evolution, we selected
the variant that, in our opinion, better demonstrates
the map’s peculiarities.

4. 𝑊 -Maps

First, let us consider the map 𝑊 (𝑋𝑝, 𝑍𝑝) =
= 𝑊𝑖𝑗 (R𝑠,R𝑝) describing the interaction of two
point charges when the source charge is located at the
point R𝑠 = (𝑋𝑠, 𝑍𝑠) and trace the evolution of this
map when the source charge moves perpendicularly

to the interface. It is enough to examine the partic-
ular case 𝑋𝑠 = 0, when the charge 𝑄𝑠 is positioned
on the 𝑋-axis. This map has a singularity 𝑂(𝐷−1) at
the source-charge location R𝑠, where 𝐷 = |R𝑝 −R𝑠|
is the probe-to-source distance. The evolution of this
singularity (and the map in general) with the change
of the source-charge position for parameter set (10),
(12) is illustrated in Fig. 2.

Returning to Fig. 1, if the distance 𝐷 between
the charges is small, the contribution of polarization
charges (the second term in Eq. (8)) is negligible so
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that the dependence 𝑊𝑖𝑗 (R𝑠,R𝑝) becomes almost
Coulomb-like. The proximity of the source charge to
the interface, where the 𝑊 -surface has a kink, distorts
the smoothness and symmetry of the map. The sin-
gularity’s cross-section is no longer a circle, but it is
very close to it. One can observe this in Fig. 2, where
the cross-sections (tinted in dark gray) are made at
the arbitrarily chosen level 𝑊0 = 1.5. Furthermore,
if 𝑍𝑠 = 0, the singularity restores its exact Coulomb-
like character. Therefore, we can roughly (see Sec-
tion 6) estimate the “radius” 𝑅0 of this singularity at
a certain energy level 𝑊0 using the relationship

𝑊0 =
𝑄𝑠𝑄𝑝

𝜀𝑠𝑅0
. (13)

Here 𝜀𝑠 is the dielectric permittivity of the 𝑠th
(𝑠 = 1, 2) medium where the source charge is lo-
cated. If the source charge is at the interface, the
Coulomb law is applicable for any 𝐷, with the effec-
tive dielectric permittivity being equal to 1

2 (𝜀1 + 𝜀2).
Thus, the “effective radii” of the 𝑊 -singularity for the
source-charge positions “deeply in medium 1”, “at the
interface”, and “deeply in medium 2” are related as
1
𝜀1

: 2
𝜀1+𝜀2

: 1
𝜀2

.

5. Normalized 𝑤-Maps

Based on the evolution of 𝑊 -map singularity (see
Section 4), one may expect that this singularity
smoothly retains its true Coulombic character (4) at
least in the source-charge vicinity because the po-
larization contribution is finite here, whereas the di-
rect source–probe interaction diverges. This hypoth-
esis can be confirmed or discarded by normalizing
the map 𝑊 (𝑋𝑝, 𝑍𝑝) by the true Coulombic depen-
dence (4), where 𝜀 is a relevant dielectric constant.
Then, if the hypothesis is valid, the normalized map
𝑤 = 𝑊/𝑊𝐶 should be represented by an almost flat
surface or, at least, a round dome in the vicinity of
the singularity. As for the parameter 𝜀 in Eq. (4),
we selected the averaged one 𝜀 = 1

2 (𝜀1 + 𝜀2) for
two reasons. First, if the charges are in different me-
dia, then, according to Eq. (9), the result will not
depend on where the source charge is located (re-
call that we intend to trace the map evolution as
the source charge “moves” from one medium into an-
other); therefore, the normalized map will always be
a flat plane 𝑤 = 1 in the corresponding regions, which
simplifies the analysis. Second, it is easy to show that

expression (8) tends to expression (9) if |R𝑝| → ∞;
we will discuss this below. Additionally, as was in-
dicated above, this normalization excludes not only
the charge values 𝑄𝑠 and 𝑄𝑝 but also the constants
𝜀1 and 𝜀2 as separate entities from further consid-
eration. The required parameter set is reduced to a
single parameter 𝜀1/𝜀2 or 𝐾12.

In Fig. 3, the normalized-map evolution is depicted
for 𝐾12 = − 2

3 (𝜀1/𝜀2 = 1
5 ). The normalized map con-

tains a cone rather than a wrongly expected flat sur-
face at the source-charge location.

Nevertheless, such a behavior is quite explain-
able. Let us consider expression (8) in the vicinity
of the source-charge location R𝑠 for the charges lo-
cated on the same normal to the interface. The first
term in parentheses has a singularity, but the sec-
ond one is a smooth dependence on the difference
𝐷 = 𝑍𝑝 − 𝑍𝑠. Expanding it in a series of 𝐷, we ob-
tain

𝑊𝑠𝑠 (𝑍𝑠, 𝑍𝑝) =
𝐴

|𝑍𝑝 − 𝑍𝑠|
+𝐵 + 𝐶1 (𝑍𝑝 − 𝑍𝑠) +

+𝑂
[︁
(𝑍𝑝 − 𝑍𝑠)

2
]︁
.

The normalization of this expression by expression (4)
gives

𝑤𝑠𝑠 (𝑍𝑠, 𝑍𝑝) = 𝐴′ +𝐵′ |𝑍𝑝 − 𝑍𝑠|+

+𝑂 [|𝑍𝑝 − 𝑍𝑠| (𝑍𝑝 − 𝑍𝑠)]. (14)

If the charges are equidistant from the interface, then

𝑊𝑠𝑠 (𝑋𝑠, 𝑋𝑝) =
𝐴

|𝑋𝑝 −𝑋𝑠|
+𝐵 + 𝐶2 (𝑋𝑝 −𝑋𝑠)

2
+

+𝑂
[︁
|𝑋𝑝 −𝑋𝑠| (𝑋𝑝 −𝑋𝑠)

2
]︁

and

𝑤𝑠𝑠 (𝑋𝑠, 𝑋𝑝) = 𝐴′ +𝐵′ |𝑋𝑝 −𝑋𝑠|+

+𝑂
[︁
|𝑋𝑝 −𝑋𝑠| (𝑋𝑝 −𝑋𝑠)

2
]︁
. (15)

It is the second term in expressions (14) and (15) that
is responsible for the conical character of the 𝑤-map
in the vicinity of R𝑠.

A characteristic feature of this peculiarity is the
constancy of its maximum deviation at R𝑝 = R𝑠

from the plane 𝑤 = 1; this deviation is different
for 𝑍𝑠 ≶ 0. Indeed, from formulas (8) and (4) with
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Fig. 3. Normalized 𝑤-maps for 𝐾12 = − 2
3

(𝜀1/𝜀2 = 1
5
). 𝑍𝑠 = −1 (𝑎), − 1

3
(𝑏), 1

3
(𝑐), and 1 (𝑑)

𝜀 = 1
2 (𝜀1 + 𝜀2), the following expression for the nor-

malized quantity 𝑤 can be obtained:

𝑤(𝑋𝑝, 𝑍𝑝) =

=
1

𝐾𝑠𝑠′ + 1

⎛⎝𝐾𝑠𝑠′

√︁
𝑋𝑝 + (𝑍𝑝 − 𝑍𝑠)

2√︁
𝑋𝑝 + (𝑍𝑝 + 𝑍𝑠)

2
+ 1

⎞⎠. (16)

As a result, its maximum deviation in medium 𝑠
equals

maxΔ𝑤𝑠 = lim
𝑋𝑝→0,𝑍𝑝→𝑍𝑠

𝑤(𝑋𝑝, 𝑍𝑝)− 1 = − 𝐾𝑠𝑠′

𝐾𝑠𝑠′ + 1
.

(17)

It depends only on the parameter 𝐾𝑠𝑠′ , whereas the
dependence on 𝑍𝑠 disappears. In particular, if both
charges are in medium 𝑠 = 1, then for the chosen
value 𝐾12 = − 2

3 , the maximum difference has a peak
at R𝑝 = R𝑠, which equals 2; cf. Figs 3, 𝑎 and 3, 𝑏. But
if both charges are in medium 𝑠 = 2, then 𝐾21 = 2

3 ,
and the maximum difference from the level 𝑤 = 1 has
a dip equal to − 2

5 at R𝑝 = R𝑠; cf. Figs 3, 𝑐 and 3, 𝑑.
As follows from formula (17), the ratio between the
peak height and the dip depth equals (𝐾21 = −𝐾12)

maxΔ𝑤𝑠=1

maxΔ𝑤𝑠=2
=

⃒⃒⃒⃒
⃒−

𝐾12

𝐾12+1

− 𝐾21

𝐾21+1

⃒⃒⃒⃒
⃒ =
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=
1−𝐾12

1 +𝐾12
=

𝜀2
𝜀1

, (18)

which equals 5 for 𝐾12 = − 2
3 .

Thus, the direction of 𝑤-surface deviation from the
reference plane 𝑤 = 1 is determined by the sign of
𝐾𝑠𝑠′ . This is a result of whether the signs of the
source charge 𝑄𝑠 and the polarization charge at the
interface coincide or not; see Section 2. The probe
charge begins to feel the polarization charge even
when located in the vicinity of 𝑄𝑠. If 𝜀𝑠 < 𝜀𝑠′ , the
signs of the source and polarization charges coincide,
the energies of the probe interaction with them are
summed, their sum exceeds the interaction energy
between the probe and the source, and one obtains
a peak. But if 𝜀𝑠 > 𝜀𝑠′ , the signs of the source and
polarization charges are different, the energy of the
interaction between the probe and the polarization
charge is subtracted from the probe-source interac-
tion energy, the result is lower than the net probe-
source interaction energy, thus creating a dip.

At 𝑍𝑠 = 0, Eq. (16) gives a flat surface 𝑤(𝑋𝑝, 𝑍𝑝) =
= 1. This is a limit to which expression (16) tends
nonuniformly as 𝑍𝑠 → −0 and 𝑍𝑠 → +0. It is this
nonuniformity that is responsible for the presence
of the cusp in the normalized maps calculated for
𝑍𝑠 ̸= 0. This fact testifies that it is not valid to
use the classical Coulombic dependence (4) to de-
scribe the electrostatic interaction between two point
charges near the interface between dielectrically dif-
ferent media. The deviation from Eq. (4) remains sig-
nificant even if the charges concerned are located close
to each other: it has the first-order smallness rather
than the second-order one in the source-to-probe
distance. This is important, e.g., for the Wannier–
Mott exciton or trion formation in layered systems
[119–121].

6. Effective Dielectric
Permittivity. 𝜀eff -Maps

Only for a confined spherically symmetric charge dis-
tribution, the potential beyond its boundaries has
the exact Coulombic dependence everywhere with the
power exponent 𝑁 = −1. Such distributions really
exist and are practically important [122–126]. At the
same time, there is a need for simple analytical ex-
pressions for approximating the real coordinate be-
havior of more complicated systems, at least in a cer-
tain range of distances. This is because sometimes the

corresponding consideration allows one to obtain an-
alytical results, which are important for further esti-
mates and planning computations.

As concerns our system (see Fig. 1), Eq. (8) with
the omitted second term is sometimes used to sim-
plify the analysis [133, 134]; i.e., the polarization
charge arising at the interface is neglected. However,
even when molecular levels near the interfaces were
considered taking into account the image-charge in-
fluence, the calculations were not carried out in a
consistent way from the electrostatic viewpoint; see,
e.g., [135,136]. To demonstrate the importance of the
interface polarization effect, let us check the valid-
ity of the simplified one-term model by plotting the
(𝑋𝑝, 𝑍𝑝)-map of the quantity 𝜀eff satisfying the rela-
tionship

𝑊𝑠𝑠′(R𝑠,R𝑝) =
1

𝜀eff

𝑄𝑠𝑄𝑝

|R𝑝 −R𝑠|
, (19)

where the l.h.s. 𝑊𝑠𝑠′ (R𝑠,R𝑝) is described by the true
full expression (8). Hereafter, since the maps are sym-
metric with respect to the plane 𝑋𝑝 = 0, we will
demonstrate only the map section corresponding to
𝑋𝑝 ≥ 0. By doing so, we will better illustrate the
map peculiarity arising at the point R𝑝 = R𝑠. Now,
as was described above, the parameter set consists of
the single quantity 𝐾12.

Figure 4 displays the 𝜀eff -maps for various posi-
tions of the source charge 𝑄𝑠 (recall that the specific
𝑄𝑠- and 𝑄𝑝-values can be arbitrary in this case) for
𝐾12 = − 2

3 (parameter set (12)). The situation with
the plateau in medium 𝑠′ is clear: here, 𝑊𝑠𝑠′(R𝑠,R𝑝)
is described by formula (9) so that the exact equality
𝜀eff = 1

2 (𝜀1 + 𝜀2) holds. It is noteworthy that if both
charges are in the same medium, then 𝜀eff = 𝜀𝑠 only
at the single point R𝑝 = R𝑠, where the map has a
sharp conical peculiarity.

Another feature of the 𝜀eff -maps is that 𝜀eff →
→ 1

2 (𝜀1 + 𝜀2) as the source-to-probe distance 𝐷 =
= |R𝑝 −R𝑠| tends to infinity. Thus, if the source is
in medium 1 (𝜀1 = 1 < 𝜀2 = 5) and the probe moves
away from it, the value of 𝜀eff first drastically in-
creases from 𝜀eff = 1 and then continues to mono-
tonically approach the value 𝜀eff = 1

2 (𝜀1 + 𝜀2). On
the other hand, if the source charge is in medium 2
(𝜀1 = 5), then the value of 𝜀eff first drastically de-
creases from 𝜀eff = 5 and then continues to monoton-
ically decrease to the value 𝜀eff = 1

2 (𝜀1 + 𝜀2). This
trend has a simple explanation.

802 ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 10



Influence of Interface Polarization on Charge-Charge Interaction

Fig. 4. 𝜀eff -maps for the same parameters as in Fig. 3

According to the consideration given in Section 2,
if the source charge is in medium 1, the interaction
energy is equal to the sum of interaction energies of
the probe charge with both the source charge and
the image charge. It is important that, according to
Eqs. (6) and (7), the signs of the source charge and the
image charge are different (𝜀1 < 𝜀2, so 𝐾12 < 0). Ve-
ry close to the source, its interaction with the probe
strongly dominates (it has a Coulombic divergence)
so that we can consider the second term in Eq. (8) as
a small correction to the first one. However, at large
distances 𝐷 ≫ 𝑍𝑠, the contributions of both terms

become comparable. From the viewpoint of the probe
charge located far away, the field-inducing charges get
closer to each other to form a combined charge with a
value of 𝑄𝑠+𝑄′

𝑠, which is smaller in magnitude than
𝑄𝑠 (−1 < 𝐾12 < 0). Now

𝑊𝑠𝑠 (R𝑠,R𝑝) ≈
(𝑄𝑠 +𝑄′

𝑠)𝑄𝑝

𝜀1

1

|R𝑝 −R𝑠|
, (20)

and within the framework of the 𝜀eff -approach, one
can approximately consider

(𝑄𝑠 +𝑄′
𝑠)

𝜀1
≈ 𝑄𝑠

𝜀eff
.
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Then

𝜀eff ≈ 𝜀1
𝑄𝑠

𝑄𝑠 +𝑄′
𝑠

=
𝜀1

1 +𝐾12
> 𝜀1. (21)

However, if the source charge is in medium 2 (𝜀𝑠=2 =
= 5 > 𝜀𝑠′=1 = 1), the same examination yields the re-
lationship

𝜀eff ≈ 𝜀2
1 +𝐾21

< 𝜀2 (22)

because now 𝐾21 = −𝐾12 > 0.
It is important to note that the 𝜀eff -map is the “in-

verse” 𝑤−1-map multiplied by the factor 1
2 (𝜀1 + 𝜀2).

So the existence of regions where 𝜀eff = const and the
conical behavior of the map at R𝑝 → R𝑠 receive a
proper explanation.

As the 𝜀eff -maps show, in the analyzed geometry,
the 𝜀eff -approximation is exact in the case where the
charges are located in different media. Otherwise, the
region in medium 𝑠 where 𝜀eff ≈ 𝜀𝑠 is located rather
far from the source charge, and we have 𝜀eff ̸= 𝜀𝑠
over the whole medium 𝑠. Therefore, we may con-
clude that in this case, the applied 𝜀eff - and (𝜀 = 𝜀𝑠 =
= const)-approaches sometimes give only rough ap-
proximations of the sought dependence 𝑊 (R𝑠,R𝑝).

7. Quasi-Coulombic Approximation

7.1. 𝑁-maps

Based on our previous analysis [63,65], let us examine
the following quasi-Coulombic approximation of the
electrostatic dependences obtained above:

𝑊 (𝐷) ≈ 𝐶𝐷𝑁 . (23)

Here, the parameters 𝐶 and 𝑁 depend on the posi-
tions R𝑠 and R𝑝 of both charges. Let us switch to
the polar coordinate system with the origin at the
point R𝑠 (see Fig. 1). Then 𝐶 and 𝑁 are some func-
tions of the source-to-probe distance 𝐷 and the angle
𝜃, 𝐶(𝐷, 𝜃) and 𝑁(𝐷, 𝜃). For a fixed 𝜃*-value, we may
assume that within some 𝐷-interval around the dis-
tance 𝐷*, 𝐶 and 𝑁 change insignificantly, so they can
be considered as constants, 𝐶* and 𝑁*, respectively.
If the “actual” dependence 𝑊 (𝐷, 𝜃*) is known, the
𝐶*- and 𝑁*-values can be calculated using the equa-
tions

𝑁* =

[︂
𝐷

𝑊

𝑑𝑊

𝑑𝐷

]︂
𝐷=𝐷*

, (24)

𝐶* =

[︂
𝑊

𝐷𝑁*

]︂
𝐷=𝐷*

. (25)

Hence, there arises the question whether there is
a certain 𝑁 -value in Eq. (23) that would make
it at least approximately applicable to our prob-
lem. For this purpose, we should construct the map
𝑁 (𝑋𝑝, 𝑍𝑝). Owing to the simplicity of the problem,
the required map can be obtained in analytical form.

In particular, if the charges are in different media,
formula (24) is applied to expression (9), and the 𝑁 -
map in medium 𝑠′ is the plane 𝑁(𝑋𝑝, 𝑍𝑝) = −1. If the
point (𝑋𝑝, 𝑍𝑝) is located in medium 𝑠 at the distance
𝐷 from the source charge, and the segment connect-
ing the charges is oriented at the angle 𝜃 with respect
to the 𝑍-axis direction (see Fig. 1), calculations using
formulas (24) and (8) yield the expression

𝑁(𝐷, 𝜃) = −𝐺3 +𝐾𝑠𝑠′𝐷
2 (𝐷 + 2𝑍𝑠 cos 𝜃)

𝐺2 (𝐺+𝐾𝑠𝑠′𝐷)
, (26)

where

𝐺 =
√︀
𝐷2 + 4𝐷𝑍𝑠 cos 𝜃 + 4𝑍2

𝑠 . (27)

Here the parameter set is also reduced to a single ra-
tio 𝜀𝑠/𝜀𝑠′ or the parameter 𝐾𝑠𝑠′ . The transition from
𝑁(𝐷, 𝜃) to 𝑁(𝑋𝑝, 𝑍𝑝) is trivial.

The resulting 𝑁 -maps calculated for 𝐾12 = − 1
3

(𝜀1/𝜀2 = 1
2 ) and various source charge positions are

shown in Fig. 5. We selected this variant for illustra-
tion because in the other case, 𝑁 reaches a value of
−5 at the interface, and the conical map peculiarity
is badly discernible at the relevant scale. So, near the
interface, we can obtain an unexpectedly large 𝑁 -
value, whose maximum, according to formula (26),
equals

𝑁(𝑍𝑠, 𝜋) =
𝐾𝑠𝑠′ − 1

𝐾𝑠𝑠′ + 1
= −𝜀𝑠′

𝜀𝑠
. (28)

The validity of formula (26) in this case can be de-
monstrated as follows. Based on Eq. (24), let us ex-
amine the ratio (recall that 𝐷 = 𝑍𝑠 − 𝑍𝑝)

𝑁(𝐷 → 𝑍𝑠 − 0, 𝜋)

𝑁(𝐷 → 𝑍𝑠 + 0, 𝜋)
=

=
lim𝐷→𝑍𝑠−0

𝐷
𝑊𝑠𝑠

lim𝐷→𝑍𝑠+0
𝐷

𝑊𝑠𝑠′

×
lim𝑍𝑝→+0

𝑑𝑊𝑠𝑠

𝑑𝑍𝑝

lim𝑍𝑝→−0
𝑑𝑊𝑠𝑠′
𝑑𝑍𝑝

(29)

between the 𝑁 -values at the interface on both its
sides. Since the dependence 𝑊 (𝑍𝑝) is continuous
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Fig. 5. 𝑁 -maps for the same parameters as in Fig. 2 (see explanations in the text)

across the interface, 𝑊𝑠𝑠(𝑍𝑝 = 0) = 𝑊𝑠𝑠′(𝑍𝑝 = 0),
the first fraction on the right-hand side of this rela-
tionship equals 1. At the same time, the derivatives
𝑑𝑊𝑠𝑠

𝑑𝑍𝑝
and 𝑑𝑊𝑠𝑠′

𝑑𝑍𝑝
are proportional to the electric field

values. Thus, we obtain the ratio between the elec-
tric field magnitudes across the interface, which has
to be the reciprocal of the ratio between the dielectric
constants of the media. Taking into account that, ac-
cording to Eq. (9), the denominator 𝑁(𝐷 → 𝑍𝑠+0, 𝜋)
on the left-hand side of Eq. (29) equals −1, we arrive
at formula (28).

The unexpected result is that the ratio 𝜀𝑠′/𝜀𝑠
can, in principle, acquire any positive value. Cor-
respondingly, the effective power exponent 𝑁 can

reach any negative value − (𝜀𝑠′/𝜀𝑠). For instance, if
medium 𝑠′ is a ferroelectric or a “classical” metal with
𝜀𝑠′ → ∞, then 𝑁 tends to infinity. The effect is sim-
ilar to that found in three-layer structures [65]. Of
course, this result describing the strong influence of
the interface polarization (“image charges”) was ob-
tained within the framework of classical electrostat-
ics. However, the result will most probably survive
if one takes into account the spatial dispersion of the
dielectric permittivity (see, e.g., Refs. [51,69] and ref-
erences therein).

Let us examine the 𝑁 -maps as a whole. One can see
that in addition to medium 𝑠′, the Coulombic value
𝑁 = −1 of the power exponent in approximation (23)
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Fig. 6. Dependences of the power exponent 𝑁 in Eq. (23)
on the normalized distance 𝑑 = 𝐷/𝑍𝑠 between the charges
located in medium 1 equidistantly from the interface (𝜃 = 𝜋

2
)

and various ratios 𝜀1 : 𝜀2

for medium 𝑠 is valid only at a single point R𝑠 where
the source charge is located. The value 𝑁 = −1 is also
reached asymptotically at infinity, 𝐷 → ∞, because
here the Coulomb-like dependence is approached; see
also Section 6. So the dependence 𝑁(𝐷, 𝜃) is non-
monotonic in 𝐷, and the region of medium 𝑠 where
𝑁 substantially deviates from −1 is rather large in
all directions. Hence, whether the application of the
classical value 𝑁 = −1 is sufficient as an approxima-
tion depends on the required accuracy. In any case,
it should be done with caution.

The 𝑁 -maps demonstrate that if the charges are
located in the medium with a lower dielectric per-
mittivity, 𝜀𝑠 < 𝜀𝑠′ , the interface polarization charge
enhances the dependence of their interaction on the
distance 𝐷 between them in comparison with the
Coulomb law, i.e., the effective 𝑁 < −1. Otherwise,
i.e., if 𝜀𝑠 > 𝜀𝑠′ , this dependence becomes weaker,
−1 < 𝑁 < 0.

7.2. Evolution of the Maps

A specific feature of the model analyzed in this work
is that it has no natural length scale. Namely, the
only possible length parameter is the distance |𝑍𝑠|
of the source charge from the interface. Therefore, if
in the maps 𝑤(𝑋𝑝, 𝑍𝑝), 𝜀eff(𝑋𝑝, 𝑍𝑝), and 𝑁(𝑋𝑝, 𝑍𝑝),
we substitute 𝑋𝑝 = 𝐷0 sin𝜙 and 𝑍𝑝 = 𝐷0 cos𝜙
(here, 𝐷0 is the distance from the probe charge to
the coordinate origin (0,0); see Fig. 1) and introduce
the normalization 𝐷0 = 𝑑0 |𝑍𝑠|, the obtained formu-
las will contain only the quantities 𝑑0, 𝜙, and 𝐾𝑠𝑠′

as variables; in particular, the quantity |𝑍𝑠| disap-
pears. Then, e.g., for the 𝑁 -maps, we obtain

𝑁(𝑑0, 𝜙) =
𝐾𝑠𝑠′

(︀
1− 𝑑20

)︀
𝑘− − 𝑘3+

𝑘2+(𝐾𝑠𝑠′𝑘− + 𝑘+)
, (30)

where
𝑘± =

√︁
1 + 𝑑20 ± 2𝑑0 cos𝜙.

In other words, for a fixed 𝐾𝑠𝑠′ , the resulting
formulas will describe static universal maps in the
normalized radial (𝑑0, 𝜙)-coordinates (or the Carte-
sian (𝑥𝑝 = 𝑋𝑝/ |𝑍𝑠| , 𝑧𝑝 = 𝑍𝑝/ |𝑍𝑠|)-coordinates). If
the coordinate 𝑍𝑠 changes, the indicated maps ra-
dially deform (they shrink to the coordinate origin if
|𝑍𝑠| decreases, or stretch from it if |𝑍𝑠| increases). As
a result, all peaks and dips in medium 𝑠 originating
from the maps in the (𝑋𝑝, 𝑍𝑝)-coordinates will re-
tain their magnitudes as they move to or from the
coordinate origin. In general, as 𝑍𝑠 → 0, we have a
nonuniform convergence of the 𝑤-maps to the plane
𝑤 = 1, the 𝜀eff -maps to the plane 𝜀eff = 1, and the
𝑁 -maps to the plane 𝑁 = −1. At the same time,
the indicated maps in medium 𝑠′ are also radially de-
formed. However, since they are flat in this medium,
the transformation is “hidden”.

7.3. 𝑁-approximation

Now it is clear that one cannot select a certain fixed
value of the parameter 𝑁 in formula (23) for the latter
to adequately describe the interaction between two
point charges in the examined two-layer system when
those charges are located in the same medium. Then,
a new question arises: how well can the parameters
determined by formulas (24) and (25) approximate
this interaction within a finite interval of the distances
between the charges?

To answer this question, let us analyze the behav-
ior of formulas (26) and (27) when the probe charge
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Fig. 7. 𝑎 – comparison of the dependences 𝑁(𝑑) for charges located in medium 1 equidistant from the interface (𝜃 = 𝜋
2
) and on

the same normal to the interface (𝜃 = 0). 𝑏 – dependence 𝑤 (𝑑) (thick gray curve) and its approximations by quasi-Coulombic
dependences (23) (solid curves) at various points on the logarithmic 𝑑 scale. 𝜃 = 0. The asymptotic value 𝑤 (𝑑 → ∞) is shown
by the dashed line. The thin horizontal line demonstrates the “genuine” Coulombic dependence (𝑁 = −1) calculated at 𝑑 = 1.
𝑐 – the same as in panel 𝑏, but for 𝜃 = 𝜋

2
. For all panels, 𝜀1 : 𝜀2 = 1 : 2

Fig. 8. The same as in Fig. 7, but for 𝜀1 : 𝜀2 = 2 : 1

𝑄𝑝 approaches the source charge 𝑄𝑠 along a straight
line oriented at an angle 𝜃 with respect to the nor-
mal to the interface (see Fig. 1). For simplicity, in
what follows, we assume both charges to be located
in medium 1 (𝑍 > 0, 𝑠 = 1) so that 𝑍 < 0 and 𝑠′ = 2
for medium 2. Again, by normalizing the distances
by 𝑍𝑠 > 0, i.e., 𝐷/𝑍𝑠 ≡ 𝑑, the indicated formulas
become universal for all 𝑍𝑠 > 0:

𝑁(𝑑, 𝜃) = −𝑘3 +𝐾𝑠𝑠′𝑑
2 (𝑑+ 2 cos 𝜃)

𝑘2 (𝑘 +𝐾𝑠𝑠′𝑑)
, (31)

where

𝑘 =
√︀
𝑑2 + 4𝑑 cos 𝜃 + 4. (32)

Of course, the dependence on the dimensionless fac-
tor 𝐾𝑠𝑠′ is retained. Let us demonstrate the influence
of 𝐾𝑠𝑠′ on dependence (31). We should analyze two
cases: 𝜀1 < 𝜀2 and 𝜀1 > 𝜀2. Additionally, we will re-
strict our analysis to the cases 𝜃 = 0 (the charges are
on the same normal to the interface, and the probe
charge “moves” into the medium-1 depth) and 𝜋

2 (the
charges are arranged equidistant from the interface).

In Fig. 6, the dependences 𝑁(𝑑, 𝜋
2 ) calculated for

𝐾12 = − 1
3 (𝜀1/𝜀2 = 1

2 ) and 𝐾12 = − 2
3 (𝜀1/𝜀2 = 1

5 )
(panel 𝑎) and 𝐾12 = 1

3 (𝜀1/𝜀2 = 2
1 ) and 𝐾12 = 2

3
(𝜀1/𝜀2 = 5

1 ) (panel 𝑏) are compared. Evidently, the
deviations of 𝑁 from the Coulombic value 𝑁 = −1
are larger if the media are more dielectrically differ-
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ent. At the same time, the sign of deviations corre-
sponds to the relationship 𝜀1 ≷ 𝜀2 between the di-
electric permittivities. One can see that the devia-
tions from 𝑁 = −1 are maximum in the practically
most interesting interval 0.5 . 𝑑 . 5. Notice that the
dependences shown by solid curves are the properly
normalized cross-sections of the 𝑁 -maps depicted in
Fig. 5 by the planes drawn through the map’s coni-
cal peculiarity and parallel to the (𝑋𝑃 , 𝑁)-plane. The
results for the dependences 𝑁(𝑑, 0) are analogous, so
they are not shown here.

Now we are ready to answer the question posed
at the beginning of this section. From the procedure
of finding the approximating dependences (23), it
is clear that they are tangents to the dependences
𝑊 (𝐷, 𝜃) at the considered reference points. So most
of them have a single common point with such a de-
pendence. The same is valid for the normalized 𝑤(𝑑)-
dependences and their normalized quasi-Coulombic
approximations. It is instructive to illustrate the ap-
proximations calculated for a few points located at
various distances from the source point charge along
the two straight lines indicated above (𝜃 = 0 and 𝜋

2 ).
In Fig. 7, we demonstrate the quality of the 𝑤-app-

roximation (23) for 𝐾12 = − 1
3 (𝜀1/𝜀2 = 1

2 ) for 𝜃 = 0
(panel 𝑎; the probe “goes away” from the source into
the bulk of medium 1) and 𝜋

2 (panel b; the probe and
the source are equidistant from the interface). Again,
as in Fig. 5, the curves are the cross-sections of the
corresponding maps considered above. The (𝜃 = 0)-
curves are the map cross-sections by a plane drawn
through the map’s conical peculiarity and parallel to
the (𝑍𝑝, 𝑁)- or (𝑍𝑝, 𝑤)-plane, whereas the

(︀
𝜃 = 𝜋

2

)︀
-

curves are the map cross-sections by a plane drawn
through the map’s conical peculiarity and parallel to
the (𝑋𝑝, 𝑁)- or (𝑋𝑝, 𝑤)-plane.

The plotted conical peculiarities became less pro-
nounced because they were plotted on a logarithmic
𝑑-scale (the undistorted conical profiles of the fea-
tures can be seen in Fig. 6). The log scale along the
𝑑-axis was selected to include the examined points
from a rather wide range of distances, 𝑑 = 0.01, 0.1,
0.2, 0.5, 1, and 5, which are the most interesting
for practical calculations. Furthermore, the normal-
ized approximating dependences (23) turned out to
be almost linear (this is a result of the smallness of
the dielectric mismatch factor 𝑅𝜀𝜀

12) and clearly dis-
cernible in the chosen format. The genuine Coulom-
bic approximation at each point would look like a

horizontal line (here, we deal with the normalized 𝑤-
dependence rather than the 𝑊 -one). As an example,
in Fig. 7, b, we plotted one such approximation (at
𝑑 = 1) by a thin solid line. Evidently, for 0 < 𝜃 < 𝜋

2 ,
the corresponding curves will lie somewhere between
the plotted ones.

For completeness, in Fig. 8, the same analysis was
carried out for the case 𝐾12 = 1

3 (𝜀1/𝜀2 = 2
1 ), and the

results obtained are very similar. Taking into account
the interval of distances over which the power-like
quasi-Coulombic approximation is rather satisfactory
in both cases, we may conclude that this approxima-
tion can be useful in calculations.

8. Conclusions

The analysis carried out in this article within the
framework of classical electrostatics shows that the
interaction between two point charges located near
an interface between two dielectrically different me-
dia is substantially distorted by a polarization charge
induced at the interface owing to the dielectric mis-
match between the media. The magnitude of the ef-
fect was estimated, and a simple approximation of the
electrostatic interaction energy was proposed.

The interaction between the charges located in dif-
ferent media, including the case where either or both
charges are at the interface, is truly Coulombic, with
a modified effective dielectric permittivity.

The case where the charges are in the same medium
is more interesting. Here, as the main result of cal-
culations, we consider the conical character of the
𝑤-, 𝜀eff -, and 𝑁 -maps at the point R𝑝 = R𝑠, with
𝜀eff = 𝜀𝑠 and 𝑁 = −1 only at this point. Therefore,
attempts to use the 𝜀eff - [Eq. (19)] or 𝑁eff -approxi-
mation [Eq. (23)] are useful only within limited inter-
vals of source-to-probe distances 𝐷, and the length
of those intervals diminishes as the charges approach
each other. It is worth noting that the deviations of 𝑁
from −1 are nonmonotonic in 𝐷 and strongly depend
on the relationship 𝜀𝑠 ≶ 𝜀′𝑠.

We emphasize that unexpected non-trivial depen-
dences found by a thorough analysis in the basic
case of a two-layer system with a dielectric mismatch
clearly demonstrate that one should be very cautious
when trying to apply a priori qualitative considera-
tions even to simple problems. In the same research
area dealing with the interface polarization and the
method of image charges, a similar conclusion has
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been recently drawn while resolving the paradox con-
cerning the surface dipole moment [137].

The results obtained are of general interest and
may be applied, in particular, to surface triboelec-
tricity [125, 138] and to studies of Wannier–Mott ex-
citons in layered systems, where the dielectric mis-
match should be taken into account when calculating
the binding energies [119, 127].

This work was performed at the Institute of Physics
of the National Academy of Sciences of Ukraine
(grants 1.4.B-219 and IF-2026/2).
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que, pour la même Année. Tirés des Regiftres de cette
Académie (L’Imprimerie Royale, 1785), p. 569.
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dans la théorie des attractions des sphéröıdes. In Bull. Sci.
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Translated from Ukrainian by O.I. Voitenko

О.I. Войтенко, О.М. Габович

ВПЛИВ ПОЛЯРИЗАЦIЇ МЕЖI
ПОДIЛУ НА ВЗАЄМОДIЮ ЗАРЯДIВ
У ДВОШАРОВИХ СИСТЕМАХ

Проаналiзовано вплив плоскої межi подiлу мiж двома на-
пiвнескiнченними дiелектрично рiзними iзоляторами на
взаємодiю мiж двома точковими зарядами, розташовани-
ми поблизу неї. Показано, що їхня взаємодiя суттєво змi-
нюється поляризацiйними зарядами, iндукованими на ме-
жi подiлу. Зокрема, якщо заряди розташованi в одному й
тому ж середовищi, то залежнiсть енергiї їхньої взаємодiї
𝑊 вiд вiдстанi 𝐷 мiж зарядами вiдрiзняється вiд куло-
нiвської. Водночас якщо заряди розташованi в рiзних се-
редовищах, закон взаємодiї залишається кулонiвським, але
з ефективним значенням дiелектричної сталої. Вiдхилення
вiд кулонiвської взаємодiї були розрахованi кiлькiсно й до-
слiдженi аналiтично. Представлено карти 𝑊 (R𝑠,R𝑝), що
описують профiлi 𝑊 в залежностi вiд координат зарядiв
R𝑠 i R𝑝. Отримано апроксимацiї 𝑊 (𝐷) i проаналiзовано
їхню обґрунтованiсть. Зроблено висновок, що в шарува-
тих структурах поправки на поляризацiю завжди слiд вра-
ховувати пiд час вивчення рiзних властивостей зарядже-
них об’єктiв, наприклад, електронiв i дiрок, що утворюють
екситони Ваньє–Мотта.

Ключ о в i с л о в а: двошаровi структури, дiелектрична не-
вiдповiднiсть, взаємодiя зарядiв, поляризацiйнi сили, неку-
лонiвська залежнiсть.
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