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MACHINE LEARNING
MODELS FOR EVALUATING EFFICIENT
CARRIER MOBILITY IN SILICON

The application of machine learning (ML) models — specifically Random Forest (RF), Gradient
Boosting (GB), Support Vector Regression (SVR), and Deep Neural Networks (DNNs) — along-
side Symbolic Regression (SR) for predicting carrier mobility in monocrystalline silicon over
wide temperature (200-500 K) and doping concentration (10"*-10"° c¢cm™3) ranges has been
evaluated. The analytical expressions derived via SR are notably more parsimonious, requiring
50% fewer parameters than the Klaassen model. Furthermore, these expressions bypass the
need for preliminary impurity ionization calculations while maintaining a relative error below
0.1% in most cases. A comparative analysis demonstrated that the SR and SVR models sig-
nificantly outperform the Arora approzimation in terms of accuracy, particularly for minority
carriers. The proposed approach offers a robust framework for TCAD systems, substantially
reducing computational overhead while ensuring high modeling accuracy.
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1. Introduction

The mobility p of charge carriers is one of the key
transport parameters of semiconductors, which di-
rectly determines the efficiency of electric charge
transfer under the action of an external electric field.
Quantitatively, the mobility u relates the drift veloc-
ity of carriers to the field strength and, at a fixed car-
rier concentration, just this value governs the level of
conductivity in the material and the suitability of the
latter for application in active electronic elements. In
a physical sense, mobility is a bridge between micro-
scopic mechanisms of carrier scattering and macro-
scopic electrophysical characteristics. From an ap-
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plied point of view, mobility determines the velocity
and energy efficiency of electronic components, affects
the carrier diffusion length, being therefore a criti-
cal parameter for field-effect transistors, solar cells,
LEDs, etc. In particular, an analysis of the mecha-
nisms that limit the mobility makes it possible to
identify the dominant scattering channels and opti-
mize the technological parameters of material growth
and treatment.

In addition, mobility is a fundamental parame-
ter when modeling transport processes in semicon-
ductor structures, and the ability to evaluate it de-
pending on the temperature, impurity concentration,
and electric field is necessary for adequate predic-
tion of device characteristics, including degradation
effects. Mobility has to be known (can be evaluated)
when interpreting experimental data. It is necessary
to resolve the influence of concentration and scatter-
ing, to process the measurement results of the Hall
effect, magnetoresistance, and frequency dependence
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of capacitance or conductivity, and to establish the
dominant scattering mechanism, which is extremely
important when developing new materials, nanostruc-
tures, and radiation-resistant systems.

The most general approach to calculating the value
of u is based on solving the Boltzmann kinetic equa-
tion, taking into account the real band structure of
the semiconductor. This way involves, in particular,
the calculation of a collision integral, which makes al-
lowance for all available mechanisms of carrier scat-
tering (by phonons of various types, ionized and neu-
tral impurities, dislocations, grain boundaries, other
carriers, surfaces, etc.). It is clear that such an ap-
proach is quite complicated, being far from always
justified in terms of the effort involved, which neces-
sitates the application of various approximations. In
particular, in the framework of the relaxation time
approximation, the exponential relaxation to equilib-
rium is assumed, which allows the collision integral to
be replaced by a simple expression using the charac-
teristic time. In so doing, if an isotropic semiconduc-
tor with parabolic zones is considered, and the relax-
ation time is assumed to be independent on energy,
then [1]

_
=k (1)
where e is the elementary charge, 7, the carrier mo-
mentum relaxation time, and m, the effective mass
of electrical conductivity. In the case where different
scattering processes are statistically independent, the
Matthiessen’s rule can be applied [2],

lfl = Zui_lv (2)

where p; is the carrier mobility if only the i-th scat-
tering mechanism is active.

For the vast majority of scattering mechanisms,
expressions for evaluating the carrier mobility are
known. For example, the Brooks—Herring or Conwell—-
Weisskopf formulas [1, 3, 4] are often used to de-
scribe scattering by ionized impurities. In the case of
carrier-carrier scattering, the approach developed by
Fletcher [5, 6] is applied; see Appendix A. However,
in most cases, the approach to evaluating the car-
rier mobility, which is based on the application of the
Matthiessen’s rule and a set of “single-mechanism”
formulas, is not practically applicable, since for an
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accurate description of a real material, a substantial
number of mechanisms have to be taken into account,
which, moreover, are modified depending on which
carrier (the electron or the hole) is considered, and
what role (major or minor) it plays. As a result, an
approach to evaluating the value of y that involves the
use of an approximation function has become more
widespread. Such a function is usually constructed on
the basis of experimental data, and its analytical form
and the set of parameters are determined by the prop-
erties of a particular material.

For single-crystalline silicon (the case of weak fields
and a bulk semiconductor, without taking surface ef-
fects into account), one of the first such approxima-
tions was the expression proposed by Caughey and
Thomas [7,8]. It was assumed that the differences be-
tween the electron and hole mobilities are taken into
account through different values of the corresponding
parameters within the same analytical dependence;
see Appendix B. The Caughey—Thomas formula was
primarily proposed to evaluate the dependence of the
majority carrier mobility on the dopant concentration
near a temperature of 300 K, but it does not allow one
to evaluate the mobility of minority carriers and does
not take into account the temperature dependence of
1; therefore, it has limited applicability. The modified
Masetti version provides the application of various
expressions to describe the electron and hole mobili-
ties (see formulas (B2) below), as well as the depen-
dence on specific doping atoms [9, 10]. Masetti’s the-
ory describes the experimental data better than the
Caughey—Thomas approach does, but it also does not
allow obtaining information for minority carriers and
temperatures other than room temperature. An at-
tempt to take temperature dependences into account
was made by N. Arora and co-authors [11]. In the
cited work, scattering by phonons and ionized im-
purities was analyzed, and the generalized Caughey—
Thomas expression was used to describe the concen-
tration dependence of mobility, the analytical form of
which is identical for electrons and holes; see formulas
(B3)—(B4) below.

However, the best agreement with experimental
data is provided by the approach to mobility eval-
uation developed by Klaassen [12] (it also known in
the literature as the Philips Unified model) and im-
plemented in the modern Sentaurus and Silvaco pack-
ages. Within this approach, scattering by lattice vi-
brations, ionized impurities, and other charge carriers
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is considered to be the determining mechanism. The
mobility is calculated using relationships formulated
separately for electrons and holes, as well as for ma-
jority and minority carriers. The formulas are multi-
component (structurally branched) and contain more
than twenty parameters; see Appendix C. This fact,
of course, does not create insurmountable difficulties
but leads to a situation when the simpler Arora ap-
proach (formulas (B3)—(B4)) is often used in practice,
despite its lower accuracy, to evaluate the mobility
of charge carriers in silicon. Note that in the orig-
inal work [11], the expressions were obtained, and
the values of the constants were determined based on
the analysis of experimental data for the mobility of
majority carriers at various temperatures and dop-
ing levels. Often the formulas are applied to minority
carriers, using the values of the constants obtained
in works [13] (for electrons) and [14] (for holes); see
Table B3. However, in the cited works, the data are
given only for one temperature; therefore, the exten-
sion of the expressions to a wide temperature interval
is somewhat presumptuous.

Note that the issue of describing the carrier mo-
bility continues to attract attention, and new models
appear periodically. Some of them specify approaches
to describe scattering according to a specific mecha-
nism [15], or in structures with a limited dimension
[16, 17]; others offer universal expressions that al-
low the incorporation of additional scattering mecha-
nisms through modifying existing models [18-20], use
approximation polynomials [21], or are based on first
principles [2, 22].

As with most aspects of semiconductor physics [23],
the task of studying the charge carrier mobility has re-
cently often been solved using machine learning (ML)
methods, among which several key domains can be
distinguished. First, the application of computation-
ally efficient surrogate models makes it possible to
substantially simplify resource-intensive calculations
of transport processes from first principles or the so-
lution of the Boltzmann equation; in particular, deep
[24] and physically informed neural networks 25, 26]
are used, and in the latter case, the structure of
differential equations is directly integrated into the
learning process. Second, the exact determination of
mobility is no less difficult a task than its modeling,
and in this regard, a number of ML approaches have
been proposed to analyze the results of measurements
[27] and improve their implementation procedures
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[28]. Third, the knowledge transfer approach makes
it possible to leverage a large dataset of well-studied
bulk materials (e.g., silicon) to predict the proper-
ties of new systems, in particular, two-dimensional
crystals [29], for which the calculation of mobility
from first principles is extremely difficult. Finally, ML
models are being developed to predict mobility based
on a set of physical descriptors (lattice symmetry,
bulk geometry of molecules, number of valence elec-
trons, electron-phonon coupling constant, band gap,
etc.) [30-35]. The latter option corresponds to a com-
mon approach to modeling and optimizing various
semiconductor materials and devices [36-38].

The aim of this work is to create regression ML
models capable of evaluating the charge carrier mo-
bility in single-crystalline silicon and its dependence
on the temperature 7' and the dopant concentration
Np. Such models combine the simplicity of calcula-
tions, which is characteristic of the Arora approach,
with a high accuracy of predictions, which is the main
advantage of the Klaassen model. The proposed ap-
proach can be adapted to a specific set of experimen-
tal data or to the results of fundamental calculations,
for example, in the framework of solving the Boltz-
mann equation.

Furthermore, the application of the symbolic re-
gression algorithm made it possible to obtain con-
siderably simpler analytical expressions for describ-
ing the mobility than those in the Philips model,
providing the physically correct behavior of the de-
pendencies in a wide range of temperatures and con-
centrations. Such an approach has a number of ad-
vantages. First, the formation of a single unified de-
scription of carrier mobility without the need for
explicit combination of individual scattering mecha-
nisms through the Matthiessen’s rule simplifies the al-
gorithmic implementation in packages such as TCAD
and reduces the risk of accumulating errors when
switching between various doping regimes or tem-
peratures. Second, the compact analytical form sub-
stantially reduces computational costs in multidimen-
sional numerical simulations, where the mobility is
calculated at every grid node at every step of the it-
erative process. Third, the obtained expressions for
the mobility depend on only two parameters (T and
Np) and are analytically differentiable, which makes
it possible to ensure the stability and convergence of
iterative algorithms at the stage of the numerical solu-
tion of the transport equations, obtain correct deriva-
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tives of transport coefficients, facilitate the deriva-
tion of simplified physical models for rapid engineer-
ing analysis, diminish the errors associated with nu-
merical differentiation, and increase the efficiency of
gradient methods in the problems of parametric opti-
mization of technological parameters. Therefore, the
use of regression-based machine learning allows for a
compromise between the physical interpretability, nu-
merical efficiency, and high accuracy of the descrip-
tion of the silicon transport properties, which makes
the proposed approach promising for both fundamen-
tal research and applied device modeling.

2. Methodology
2.1. Features of data preparation

To build ML models, a representative dataset is re-
quired first of all. In this work, such data were the
mobility values corresponding to the specified tem-
peratures and dopant concentrations. Both the train-
ing and test sets were formed by calculating the mo-
bility according to formulas (C1)—(C10). That is, the
results obtained in the framework of the Klaassen
model were taken as reference, and the regression
models were trained so that their predictions closely
reproduced those values.

The models capable of predicting the mobility of
both majority and minority electrons and holes in sil-
icon were developed. Separate training and test data
sets were formed in each of those four cases. In what
follows, the mobility of electrons in n-Si is denoted
as Unn, and as finp in p-Si. Similarly, the quantities
tpp and [ty correspond to the mobilities of holes as
majority and minority charge carriers, respectively.

When calculating the mobility value, the crystal
was assumed to contain only one type of dopant impu-
rities, i.e., an uncompensated semiconductor was con-
sidered, and the presence of non-equilibrium charge
carriers was neglected. As can be seen from expres-
sions (C1)—(C10), the mobility depends on the elec-
tron, n, and hole, p, concentrations, as well as on the
number of ionized acceptors, N, , and donors, N, j ,
per unit volume. In the case of n-Si, the following
expressions were used to calculate the charge carrier
concentrations:

2
Nc—l,— j”c—li_ 2 nz2
=_4d 4 —d ) 4 p? - 3
" 2 (2 (A n’ (3)
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and the temperature dependence of the electron con-
centration in the intrinsic semiconductor, n;, was cal-
culated according to Ref. [39]. In turn, the concen-
tration of ionized donors was calculated taking into
account the Fermi—Dirac statistics,

1
- 4
1+ 0.5 exp [EF,{TEd}) W

where Er is the Fermi level position, and F; the
donor level energy. The Fermi level location was eval-
uated using the electroneutrality condition

N =Ny (1

n=p+N,. (5)

In doing so, it was assumed that

FEy Eg — Er
= NcgF1 |—— =NyF. |———
n C 3 ( kT)a p \4 3 ( LT )7 (6)

where N and Ny are the effective densities of states
near the conduction band bottom and the valence
band top, respectively (they were calculated accord-
ing to Ref. [39]), E¢ the band gap width (it was cal-
culated according to [40]), and Fy the Fermi-Dirac
integral of degree 1/2 (it was evaluated using the ap-
proximation from Ref. [41]).

In the case of p-Si, the calculations were performed
similarly. For both electron and hole semiconductors,
the dopant activation energy was assumed to be
45 meV. This value corresponds to the ionization en-
ergies of boron and phosphorus atoms, which are the
main dopants for silicon.

Note that the following temperature intervals and
doping levels were considered in the work:

T = (200+500) K, Np = (10+10") em™®,  (7)

which correspond to the Klaassen theory applicabil-
ity region. Note that the indicated approach to calcu-
late the concentrations of charged components in the
crystal allowed deviations from the approximate rela-
tionships n = N = Ny (for n-Si) and p = N; = N,
(for p-Si) to be taken into account, which, in gen-
eral, can be used only within the interval from the
impurity depletion temperature to the onset temper-
ature of intrinsic conductivity. As the estimates show,
for boron and phosphorus, the depletion temperature
is higher than 200 K at Np > 10'® cm™2, and at
Np < 3 x 10" ¢cm™3, the temperature at which in-
trinsic charge carriers cannot be neglected is lower
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than 500 K. Therefore, the application of the strict
approach (3)—(6) is necessary.

When creating each of the four training datasets,
500 pairs of (T, Np)-values were randomly selected
from the interval (7), and the p-values were calcu-
lated using expressions (C1)—(C10) and (3)—(6). The
test sets used to evaluate the quality of model predic-
tions included 2550 samples each; they corresponded
to all combinations of 51 temperature values from
200 K to 500 K with a step of 6 K, and 50 doping lev-
els uniformly distributed on a logarithmic scale from
10" cm™3 to 10! ecm 3.

2.2. Applied machine learning models

To find analytical expressions for the mobil-
ity, the Symbolic Regression (SR) algorithm was
used [42]. This is a relatively new ML algorithm that
allows approximating the relationships between in-
put and output parameters without prior specifica-
tion of the analytical form of the approximating func-
tion. The formation of the functional dependence and
the selection of its numerical parameters were car-
ried out using evolutionary metaheuristic algorithms
[43]. SR is a method that combines experimental
data, ML models, and scientific theories, and pro-
vides interpretable analytical expressions that require
less computational effort as compared to classical ML
models and can be more easily integrated into the so-
lution of a wide scope of physical problems [43-48].

The algorithm was implemented in Python using
the PySR package [49]. Standard mathematical func-
tions (4, —, X, +, exp, In, z¥, tanh, sin) and real
constants were used to construct the equations. In ad-
dition, specially constructed operators f;(z) = 1_%30
and fo(x,y) = f_ﬁ; were used, which correspond to
functions that are often found in existing models for
describing the mobility of charge carriers; see Appen-
dices. The preprocessing of data involved their nor-
malization: as the SR model input, the dimensionless
quantities

T, = ——
"7 300K (®)

were used.

In addition, several regression models were devel-
oped that use various ML algorithms, in particu-
lar, Random Forest (RF), Gradient Boosting (GB),
Support Vector Regression (SVR), and Deep Neural
Network (DNN). For each indicated algorithm, two

686

model variants were prepared, which differed in the
data preprocessing. In one case, the normalized val-
ues of temperature and dopant concentration were
used as input parameters (see formulas (8)), and the
predictions were oriented toward obtaining the u-
value. The corresponding models will be designated
below by adding the suffix _N to the abbreviation
of the applied algorithm (RF N, DNN N, and so
forth). For the second type of models, it was taken
into account that an obstacle to accurate predictions
may be a wide range of used features (for example,
Np varies within six orders of magnitude). Therefore,
in this case, the preprocessing of input data involved
the normalization of the temperature values T and
the logarithms of the doping degree lg Np; the quan-
tity lg 4 was considered as the target variable. As a
result, the training sets of each input and output fea-
ture were characterized by the zero mean deviation
and the standard deviation of unity. The notations
for the corresponding models will contain the suffix
_S(RF_S, DNN_ S, and so forth).

The models were implemented in Python using the
Keras and Scikit-learn packages. To adjust the hyper-
parameters of the models, which is known to be ex-
tremely important for optimizing their performance
[50], the Optuna package [51] was applied together
with the TPE sampler, Hyperband pruner, and five-
fold cross-validation.

It should be emphasized that although the above
regression approach is widely used in various fields of
physics, such models are actually “black boxes”, which
substantially complicates the justification of the ob-
tained results. Therefore, such models are gradually
becoming less satisfactory to researchers.

2.3. Evaluation metrics

To assess the predictive properties of the models, sev-
eral metrics were used, namely, the mean squared er-
ror (MSE), the mean absolute error (MAE), and the
mean absolute percentage error (MAPE). They are
defined by the following expressions:

N
1
MSE = — Ai — Yi 2;
SE =+ ;(y yi) )
1 N
MAE = — ji — Yils 1
N ; 19: — 4l (10)
N
L T e
MAPE = = TRUE x 100%,  (11)
i=1 g
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Fig. 1. General schematic diagram of calculations

where g; is the model-predicted value for the i-th sam-
ple (the set of input parameters), y; the known target
value for the i-th sample (for the SR and *yx mod-
els, it coincided with the mobility value; for the xg
models, it appeared as a result of logarithmization
and standardization), N the number of samples in
the dataset, P RED the predicted mobility value (for
the xg models after applying the operations inverse
to standardization and logarithmization), and p] RUE
the genuine mobility value (obtained as a result of
calculations according to the Klaassen theory).

The MSE was used to assess the quality of models,
in particular, when adjusting hyperparameters and as
an objective function for minimization during train-
ing. To evaluate the accuracy of mobility predictions
directly, the MAE and MAPE were used, as well as
the median, APEygp, and maximum, APEyax, val-
ues of relative error.

The general scheme of using ML models is pre-
sented in Fig. 1.

3. Results and their discussion
3.1. Symbolic regression

To describe the mobility of electrons when they are
majority carriers in single-crystalline silicon, the fol-
lowing expressions were obtained as a result of apply-
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ing SR:
Np,, + 1413.2
Hnn = T2 2]5?08Jr annbnn (12a)
T annbnn
NDn 0.7212
nn — s 12b
(i (0.873T n 0.0727> (12b)
brn = 0.215N %28 4 10.5T, — 1.342. (12¢)

The most interesting feature is the denominator
in formula (12a). The temperature dependence of
the first term in it is extremely close to the de-
pendence of the mobility associated with scatter-
ing by phonons. The form of the second term coin-
cides with the expected expression according to the
Matthiessen’s rule in the presence of two scattering
mechanisms. In general, expression (12) contains only
nine parameters, being much simpler than that pro-
posed in the Klaassen theory. At the same time, the
error of expression (12) compared to formulas (C1)—
(C10) does not exceed 1.2%; see Fig. 2, a. However,
even such a rather small deviation is observed only at
T ~ 200 K and Ny ~ 10'® cm~3. For the vast major-
ity of temperature and doping level values, the APE
does not exceed 0.15%.

The obtained analytical expression for the descrip-
tion of the mobility of minority electrons in silicon is
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(e, d) in silicon evaluated using expressions (12)—(15) in the cases where they are majority (a, ¢) and minority (b, d) charge

carriers

given by the formulas

Npn % 1412.3
=26.3 13
e (NDn + 192> 722 4 fubu (132)
NDn 0.717
oy =1.92 (—22 ) 13b
anp = 1.9 (Tn+0,071> (13b)
bpp = B.TNGL3T, . (13c)

The APE values, together with the results of the
Klaassen model, are presented in Fig. 2, b as a func-
tion of temperature and acceptor concentration. In
this case, the maximum discrepancies — which, how-
ever, do not exceed 1.1% — are observed at a dopant
concentration of 10'” cm™> and a temperature of
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about 500 K. Additional regions of increased error
correspond to the intervals T' = 230-270 K at N, =
= (3-6) x 1017 cm™3, as well as T =~ 200 K at
N, = 10" cm~3. In general, the evaluation error for
the mobility of electrons as minority carriers is some-
what smaller than in the case where they act as ma-
jority charge carriers.

The expressions describing the hole mobility in p-Si,

470
0.448
Hpp = NDn appbpp (143“)
722505 4 P
app = 2.652 N O9OT,, | (14b)
bpp = 0.578 Np >, 072, (l4c)
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contain the smallest number of parameters among all
obtained expressions. However, the maximum errors
are also the largest in this case, although they are
observed in a rather narrow interval of parameters;
see Fig. 2, c.

For minority holes, the best agreement was
achieved between the values calculated using the ob-
tained formula

~0.0226- Np,, -InT,

Fon = T 1 0.63
113.56
+ 0.76547 (15a)
504 Ay -byn 1.177
0.2414: | T390 + (Lot )

where

apn = 1.151 - Nj0085 (15b)
bpn = 4.21 - T1-143, (15¢)

and the results of the Klaassen model, which is illus-
trated in Fig. 2, d. The figure shows that in most
of the investigated temperature and dopant con-
centration intervals, the relative error does not ex-
ceed 0.08%.

As can be seen, all obtained expressions (12)—(15)
have a similar structure, being considerably simpler
than formulas (C1)-(C10) in terms of the nesting
depth, the total number of operators, and the number
of parameters. At the same time, they provide almost
identical accuracy in reproducing the results. In ad-
dition, the proposed expressions are more convenient
to use not only because of their lower complexity, but
also due to the possibility of using the doping impu-
rity concentration, which is a passport characteristic
of the material, as a calculation parameter instead of
the concentrations of charge carriers and ionized im-
purities, which appear in the formulas of the Klaassen
theory and require additional calculations. Of course,
as is often the case, the latter advantage results in
a reduction in the accuracy of the formulas obtained
for silicon doped with an impurity whose ionization
energy differs from 45 meV at temperatures when the
impurity depletion is not yet observed. However, this
restriction is not too strict, since 1) this is precisely
the energy structure of the boron and phosphorus
atoms, which are most commonly used to ensure im-
purity conductivity in silicon; 2) the depletion tem-
perature for other possible dopants—aluminum, ar-
senic, gallium—is higher than 200 K (this is the lower
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limit for the applicability interval of the obtained for-
mulas) only at Np > 10*® ¢cm~3; 3) the correspond-
ing errors do not exceed 1%. In practice, the proposed
formulas will be valid for any doping options.

3.2. Classical regression algorithms.
Comparison of the efficiency of various
approaches

Typical results of applying the optimized and trained
regression models to the test dataset are shown in
Fig. 3. The values of the metrics obtained when cal-
culating the mobility by various methods are sum-
marized in Table 1. One can see that the prediction
errors grow as the mobility increases, and this trend
is observed regardless of the selected algorithm, the
preliminary data preparation, or the type of charge
carriers. Data normalization does not actually affect
the accuracy of predictions in the case of using Ran-
dom Forest and Gradient Boosting, which, in general,
is typical of tree-based algorithms. In the case of deep
neural networks, an additional preprocessing makes
sense, as it can be seen when comparing the results
of the DNN S and DNN N networks in Table 1.

If we compare the indicators of various regression
models, then the SVR N models demonstrate results
that are catastrophically poor in quality. In this case,
only the median relative error remains at an accept-
able level of about 15%. At the same time, the val-
ues of other metrics testify that for most of the ex-
amined temperatures and ligand concentrations, the
deviations of the calculated mobility are extremely
large. For other models, large errors are observed only
for a few combinations of arguments (APEpax and
MAPE or APE\gp differ significantly). The worst in-
dicators are observed for the Gradient Boosting al-
gorithm. The quantitative characteristics are slightly
better in the case of using the Random Forest algo-
rithm, but the differences from GB are quite insignif-
icant. Next in the accuracy ranking are the DNN N
models (except for the maximum error, which is com-
parable to the indicators of the previously mentioned
models) and the DNN S ones, for which almost
all indicators are approximately 1.5 times better.
The best results were demonstrated by the SVR_S
models.

Table 1 also quotes the metrics for the applica-
tion of expressions obtained using the SR model. It
can be seen that the corresponding indicators exceed
only those of the SVR_S model (only by the MAPE
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Table 1. Metrics for evaluating the charge carrier mobility in silicon
obtained using various models on the test set. The best results for each metric in predicting the mobility
of different types of carriers (electrons and holes, majority and minority) are highlighted in boldface

MAPE, % APEnax, % APEvED, % MAE, cm?/(V - s)
Model

Hnn Hnp Hpp Hpn | Bnn | Hnp | Kpp | Hpn Hnn Hnp Hpp Hpn Hnn Hnp Hpp Hpn
RF N 1.29 | 1.69 | 1.52 | 1.47 [9.33| 14.5 |4.60| 10.9 | 0.805 | 0.994 | 0.264 | 0.913 | 11.0 | 13.5 | 4.50 | 4.76
RF S 1.42 | 1.77 | 1.46 | 1.41 [ 12.3| 144 |14.5| 12.6 | 0.852 | 1.04 | 0.744 | 0.872 | 11.6 | 14.1 | 4.40 | 4.76
SVR_N 46.5 | 51.5 | 32.6 | 33.4 |1630| 1750 |2070| 1510 | 14.9 | 174 | 13.1 | 12.9 220 244 | 68.8 | 73.6
SVR_S 0.108 [ 0.087|0.098| 0.082 | 1.71 | 2.16 |2.26 | 3.56 | 0.088 |0.064|0.069 | 0.050 | 1.20 | 1.03 | 0.394 | 0.410
GB N 2.20 | 1.46 | 1.60 | 1.55 |58.2| 10.8 | 17.3| 11.0 | 1.46 | 0.939 | 0.905 | 1.15 | 15.43 | 10.85 | 4.75 | 5.24
GB_S 1.32 | 1.60 | 1.82 | 1.23 |1.42| 11.7 |15.0| 848 | 0.841 | 1.104| 1.19 |0.874 | 11.3 | 13.4 | 5.92 | 4.19
DNN_N |0.925|0.942 | 2.01 | 0.529 | 9.39 | 20.0 |8.07| 6.02 | 0.621 | 0.702 | 1.893 | 0.383 | 5.23 | 5.37 | 4.22 | 1.39
DNN_S 0.374 | 0.623 | 0.655 | 0.671 | 2.23 | 3.75 | 5.96 | 2.97 | 0.323 | 0.392 | 0.556 | 0.631 | 3.58 | 3.49 | 2.88 | 1.97
SR 0.094 | 0.137 | 0.140 {0.050{1.19(0.992|1.48|0.596 |0.044 | 0.077 | 0.079 {0.026 |{0.475|0.708 | 0.314|0.115
Arora [11]| 5.35 | 20.3 | 5.62 | 37.8 [38.2| 70.7 |17.6 | 111 3.67 | 16.3 | 5.01 | 32.6 | 45.7 103 16.0 | 82.6

and APEpgp values for silicon with hole conductiv-
ity). For the remaining 12 of 16 metrics, the best in-
dicators are for the SR. That is, formulas (12)—(15)
are superior in accuracy to regression models that use
Random Forest, Gradient Boosting, and Deep Neu-
ral Networks algorithms. When compared with the
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Support Vector algorithm, the advantage in accuracy
is not so great, but the practical use of SVR mod-
els (as well as other classical approaches to solving
regression problems) requires the application of the
trained models, the appropriate software, and a pre-
liminary data preparation (the coefficients of linear
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%

Relative error, %

Relative error, %o

Fig. 4. Temperature and concentration dependences of the mobility calculation error for majority (a) and
minority (b) carriers using various models — SVR_S (1), Arora (2, 5), SR (3, 6), and GB_ N (4) — with respect

to the Klaassen theory

transformations used for normalization depend on the
training set). Such a process is not too complicated
or critical for implementation, but it looks somewhat
more difficult than calculations using the known for-
mula. In addition, the presence of an analytical ex-
pression has a number of advantages as compared to
the “black box” regression model mentioned in the
Introduction.

Besides the comparison of the accuracy of mobil-
ity predictions when using various ML models, it is
pertinent to confront the results of Klaassen theory
with the results of other, more simplified approaches
to determining p. In this work, attention was focused
on the Arora theory, as the most popular approxima-
tion among those found in the literature, and calcula-
tions were performed according to expressions (B3)—
(B4). The calculated metrics and the relative errors
are quoted in Table 1 and depicted in Fig. 4, respec-
tively. For comparison, Fig. 4 also demonstrates er-
rors for some ML models. Note that the results ob-
tained for n-Si are similar to those obtained for silicon
with hole conductivity.

By their structural complexity and the number of
parameters, expressions (B3)—(B4) are quite compa-
rable to formulas (12)—(15), but they produce much
worse results, especially for minority carriers. In other
words, replacing the expressions from the Klaassen
theory by simpler expressions from the Arora theory
leads to considerably larger errors than when using
any of the ML models, except for SVR_ N.

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 8

It is known that the Arora model, unlike the
Klaassen approach, does not take carrier-carrier scat-
tering into account. Therefore, for the test datasets,
the value of p was additionally calculated under the
assumption that individual contributions to the to-
tal mobility are described by Arora (B3) and Dorkel
(A6) relationships, and their combination was carried
out according to the Matthiessen’s rule. It turned out
that under those conditions, the carrier-carrier scat-
tering is extremely small: the maximum deviations of
the values obtained according to the Arora-Dorkel ap-
proach from the Arora theory did not exceed 0.059%
for fi5, 1, 0.068% for iy, ,, 0.023% for pp, p, and 0.028%
for piprn. In other words, taking an additional mech-
anism into account did not bring the mobility values
calculated in the framework of the Arora theory to
more accurate values that can be obtained using the
Klaassen theory and the approximations proposed in
this work.

4. Conclusions

Machine learning regression models have been devel-
oped and tuned to evaluate the mobility of electrons
and holes in n-Si and p-Si using the Random For-
est, Gradient Boosting, Support Vector Regression,
and Deep Neural Network algorithms. The prediction
accuracy of the specified models was compared with
that of the Klaassen theory, and the feasibility of us-
ing the Support Vector Regression and Deep Neu-
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ral Network algorithms with a preliminary input data
normalization was shown.

Using the Symbolic Regression algorithm, analyti-
cal expressions were derived to describe the mobility
of electrons and holes in single-crystalline silicon in a
temperature interval of 200-500 K and a dopant con-
centration interval of 103 — 10!'? ¢cm™2. Compared
to the Klaassen model, the proposed formulas con-
tain less than half the number of parameters, do
not require a preliminary determination of the lig-
and ionization degree, and have a simpler structural
form. At the same time, the accuracy loss is mini-
mal: for approximately 50% of all combinations of
the temperature and the doping degree, the relative
error did not exceed 0.044%, 0.077%, 0.079%, and
0.026% when calculating fin n, tnps Hpp, a0d Ly,
respectively. Compared with the Arora model, the
obtained expressions are characterized by a compara-
ble complexity, but they provide a significantly higher
accuracy. This fact demonstrates the feasibility and
prospects of their practical application.

APPENDIX A
Mobility dependences for a single
scattering mechanism

The following expression is often used to describe the mobil-
ity pur when charge carriers are scattered by ionized impurities
[1,3]:

1.44 x 10'8cm—3 ( T )%

o= N.Z2 100K
2
o e®/mo/m e (A1)
0.434
lg(14 BEy) — ——t
P By

where Ny is the concentration of impurities with charge Ze,
e the dielectric permittivity of the semiconductor, T' the tem-
perature, m the effective carrier mass, mo the mass of a free
electron, and the quantity Spy has the form

T 2.08 x 1018 cm—3em
T 100K

BeH , (A2)

16 ne mo

and n. is the concentration of charge carriers. This expression
is called the Brooks—Herring formula. It was obtained in the
framework of the relaxation time approximation for the case of
an isotropic parabolic band and a weakly screened Coulomb po-
tential. A less rigorous approximation from the physical point
of view, which involves the application of the Coulomb poten-
tial with artificial truncation at small scattering angles and
works better at high impurity concentrations, is called the
Conwell-Weisskopf formula [1, 3],

144 % 10'8 cm—3 ( T )3 2 \/mo/m 43)
o= NZ? 100K/ 1g (1 + Ay)
692

(A4)

1
T e (2.35 x 1019 cn—3\3
Bew .

~ 100K 162 M
For carrier-carrier scattering, the approach developed by
Fletcher is often used [6]:

3
T )2 F
FFT 1
(ak

V7P In [1 + (TT )2 (np) "3 FQ] 7

F1
ref

(A5)

Mece =

where n and p are the electron and hole concentrations, re-
spectively; and 1Tk,
ues depend on the material. As was shown in Refs. [52, 53],
for silicon, it is advisable to use the values T, = 300 K,
Fi; = 1.04 x 1021 (Cm\/'s)717 and Fy = 7.45 x 1012 cm?; then
expression (A5) is transformed into the following one (the so-

called Dorkel formula):
2 x 101773

Fi, and F> are constants whose val-

fee = . (A6)
/P In [1 +8.28 x 10872 (np)_§]

APPENDIX B

Models of carrier mobility in silicon

The Caughey—Thomas model [8] is as follows:

MCT = lmin + Mmax — Mmin (Bl)

1+ (N/Nref)a ’

where N is the ligand concentration, and the values of the

constants for both types of carriers are given in Table B1.
The Masetti model [9] is given by

ax — MO 1
Mi\Lq:Mo-i-Mdenua— 'uc 5
(&) 1 (2)
HOo Mmax M1
Mg/l - Pe + map T . \P
) T @ (6
where the coefficients depend on the type of doping atoms.
Table B2 gives the corresponding values for boron and phos-

(B2)

)

phorus.
In the Arora model [11],

Ny

MA = Umin + La: (B3)
1+ ()

where Ny = N, + N; is the total concentration of ionized
ligands (N, and Nj are the amounts of ionized acceptors

Table B1. Parameters for calculating the mobility
according to the Caughey—Thomas model; Eq. (B1)

Carrier Parameter
type Hmax, HMmin> N _3
ecm?/(V-s) | ecm2/(V-s) « ref, CIM
Electrons 1330 65 0.72 | 8.5 x 1016
Holes 495 47.7 0.76 | 6.3 x 1016
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Table B2. Parameters for calculating the mobility
according to the Masetti model; Eq. (B2)

Table C1. Parameters for calculating the mobility
according to the Klaassen model by Egs. (C2)—(C3)

Dopant
Parameter

Phosphorus Boron
po, cm?/(V - s) 68.5 44.9
Pmax, cm2/(V -8) 1414 470.5
po, cm?/(V -s) 56.1 29.0
Cr, cm™3 9.2 x 1016 2.23 x 1017
Cs, cm™3 3.41 x 1020 6.10 x 1020
a 0.711 0.719
b 1.98 2.00
Pe, cm ™3 - 9.23 x 1016

Table B3. Parameters for calculating the mobility
according to the Arora model; Egs. (B3)—(B4)

Carrier type
Parameter Electrons Holes
Majority |Minority| Majority |Minority
[11] [13] [11] [14]
Tret, K 300 295 300 292
pret L em?/(V - s) 88 232 54,3 130
pief, em?/(V - s) 1252 1180 407 370
Nget, 1/em3 1.26 x 1017|8 x 1016 |2.35 x 1017|8 x 1017
aref 0.88 0.9 0.88 1.25
B1 ~0.57
B -2.33 -2.23
B3 24
Ba -0.146

and donors per unit volume, respectively), and the remaining
coefficients have a similar temperature dependence:

7 V1 T \P2
f f
Hmin = :u'fx?in (Tref> s MO = /J'Be (Tref) )

No = N§*f ( T >B3 a=aref (—T )54.
Tref Tref

(see Table B3). The constants are given in Table B2.

APPENDIX C
Evaluation of mobility according
to the Klaassen (Philips) model

In this case [12], similar formulas with different numerical co-
efficients are used to calculate the mobility of both electrons

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 8

Carrier Parameter
type Hmax, Hmin » N _3
cm2/(V~s) cmz/(V~s) o ref; €I
Electrons 1414 68.5 0.711 | 9.2 x 1016
Holes 495 44.9 0.719 | 2.23 x 1017
Table C2. Parameters for calculating
the mobility according to the Klaassen
model using Egs. (C6) and (C7)
Sl 5'2 5'3 54 Ss SG S?

0.89233(0.41372(0.19778|0.28227|0.005978 | 1.80618 | 0.72169

1 T2 T3 T4 5 T6

0.7643 | 2.2999 | 6.5502 | 2.3670 [-0.01552 0.6478

and holes, regardless of whether they are majority or minority
carriers. Namely,

K _ ML DA ’ (Cl)
L+ poa
where 300\2:25
ML = Hmax (T) s (C2)
_3
Lpa = )U'?nax NSC (Nrcf)a (1)304 2 +
Mmax — Hmin chf NSC 300
1
sty (30)) -
Mmax — Hmin Neff T

and the constants are given in Table C1.

The quantities Nsc and Neg depend on the temperature
and the concentrations of carriers and ionized ligands; their
analytical formulas depend on the carrier type. Namely, when
determining the mobility of electrons,

Nsc = NI + Ng +p, (C4a)
_ p
Negg = NT + N7 - Gn(Pp,T) + —————, C5
eff d + a "( n )+ Fn(Pn,T) ( a)
whereas for the mobility of holes,
Nec = Nj + NJ +n, (C4b)
n
Neg = N7 + NT -G, (P, T) + —————. C5b
eff a TNy P( P )+Fp(Pp,T) ( )
In turn, the functions Gy, (p), Fi(p), and Py, (p) have the form
s —5s3
mo T 4
Gp,=1-51 |S — P,
n 1 2+ (me 300) n +

+ S5 (CGa)

-5
(me 300)57 ] 6
I — P’ﬂ b
mo T
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Sa =53
mo T
Gp,=1-5; |S —_—— P,
p 1 [S2 + (mh 300) p +
75’6
300\%7
+5s (ﬂ 7) pp] , (C6b)
mo T
r1PyS +ra +T3% r1Pp% 41y +r32
Fom— M op T me (o
P 4rafrs—s P 4rafrs—
mp, Mme
Po = (Pon+Pen) ™"y Pp=(Pop+Pep) ", (C8)
mo mo
L 8 () L () .
bn — 5 bp — ) ( 9)
1.36x1026 (L) 1.36x1026 (L)
NJ+p \300 N +n  \300

where m. and my, are the effective masses of the electron and
hole, respectively; and the values of the constants in expres-
sions (C6) and (C7) are given in Table C2. In the case of mi-
nority carriers, Pen, = 0, Pep = 0; for the majority ones,

_ @) (@ )

= P., =
1.79-101472° P 179101472’

2
L21+% 1.5+ [ :210%°
(Nd ) Ng
Zp=— L (C10b)

n= " 1 o104l = 5
0.21+% 7.21020
(~7) 05+ "N
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0.4. Oniz

3ACTOCYBAHHA MOAEJIEN MAIIIMHHOTO
HABYAHHS J1JIs1 EOEKTUBHOI OIIIHKU
PYXJIUBOCTI HOCIIB ¥ KPEMHII

Y poboTi [OCIIiIKEHO 3aCTOCYBaHHSI MOJEJIE MAIIMHHOTO Ha-
puanusa (RF, GB, SVR, DNN) i cumBosnbuol perpecii (SR)

JJIs1 OI[iHKM PYXJIMBOCTi HOCIIB y MOHOKPHCTAJIIYHOMY KPEMHIT

696

(T = 200-500 K, Np = 10'3-10'9 cm~3). Orpumani 3a moro-
Moror SR KoMmakTHI aHAJITUYHI BUpa3u MalOTh yABidl MeHIIe
mapaMerpiB mopiBusHO 3 Moze/tio Kiaaccena i me morpeby-
[OTH IIOIIEPEIHBOTIO PO3PAXyHKY 10HI3aIlil JOMIIIOK, 3abe31edy-
I0YM BOJIHOYAC BiHOCHY moxubKy menrry 3a 0,1% nys 6imbimo-
cri Bunakis. [lopiBHsAIBbHMN aHai3 oKa3as, Mo Moueai SR i
SVR cyrreBo kpaini 3a HaOIU>KeHHsI Apopa 3a TOYHICTIO, 0CO-
OGJIMBO J1JIsT HEOCHOBHUX HOCIIB. 3alIpOIIOHOBAHUIN HiJXi1 € mep-
criektuBHuUM 111 TCAD-crucreM, OCKUIBKY [1a€ 3MOr'y 3HAYHO
3MEHIIATH OOYMCIIIOBAJILHI BUTPATH IpU 30€pPEXKEHHI BHCOKOL
JTOCTOBIPHOCTI MOJIEJTIOBAHHS.

Katwoei caoea: pyxamBicTb HOCITB, kpemHiil, mogens Kita-
acceHa, CUMBOJIbHA PErpecist, MalllMHHe HaBYaHHS.
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