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NEW UNDERSTANDING
OF THE PHASE DIAGRAM OF QCD'!

The phase diagram of QCD at finite temperature is understood using large N. methods. For
zero baryon density and for temperatures below T < 160 MeV, the three-dimensional string
model is shown to describe the thermodynamics of QCD, as well as the spectrum of mesons
and glueballs in vacuum. This description involves no undetermined parameters. It is argued
that there are at least three phases at zero baryon number density characterized by the N.
dependence of extensive thermodynamic quantities. At high baryon number density and low
temperature, there are again three phases. One of these phases, the quarkyonic phase, with
energy density of order N., is distinguished from its counterpart at low baryon density and
temperature by its chiral properties.
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1. Introduction

This talk presents the results of work done in Refs. [1,
2]. The scientific questions addressed in this presenta-
tion are:

1. Is there a phase of matter between the quark
gluon plasma and the hadron gas?

2. Can one quantitatively describe the thermody-
namics in the hadron phase, which at zero baryon
density is for temperatures T < 160 MeV?

3. What is the physics beyond the hadron phase?

This work is partly motivated by some observations
of Cohen and Glozman [3], and earlier observations
by myself and Rob Pisarski [4].

In Ref. [1], we argued that there were three phases
of QCD at finite temperature and zero baryon number
density. This was first argued using large N., where
N, is the number of quark colors, and then was fol-
lowed by a computation of the thermodynamic quan-
tities using a three-dimensional string theory. The
three-dimensional string theory has only one param-
eter which is the string tension, and this is well con-
strained phenomenologically. The string model pro-
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vides an excellent description of lattice data concern-
ing thermodynamic quantities [5, 6]. In Ref. [2], we
refined the quantitative evaluation of thermodynamic
quantities from 3 dimensional string theory and ver-
ified that our results provided an excellent determi-
nation of thermodynamic quantities as measured on
the lattice, and also provided an excellent descrip-
tion of the integrated mass spectrum of mesons and
glueballs.

In the Hagedorn resonance gas description of had-
rons, there is a limiting temperature Ty. For tem-
peratures beyond the Hagedorn temperature, the in-
tegration over possible states that contribute to ther-
mal quantities diverges. However, before such a tem-
perature is reached, interactions of mesons and of
glueballs become strong, and the Hagedorn descrip-
tion loses its applicability [7]. In the large N, limit,
the amplitude for the interaction of mesons with
mesons has strength of oder 1/N., and glueballs
with glueballs is of order 1/N2. A measure of inter-
action strength for thermodynamic quantities is the
particle density squared times the interaction ampli-
tude and when this quantity is of order the density,
the interactions are strong. This occurs for mesons
when the density of mesons is of order N, and for
gluons when the density is of order N2. The den-

I This work is based on the results presented at the 2025 “New
Trends in High-Energy Physics” Conference.
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Fig. 1. Continuum-extrapolated cumulative mass spectra of
glueballs from LQCD simulations (black, solid bands). The
spectra are taken from Ref. 8] (top panel) and [9] (bottom
panel) and are depicted in units of the string tension /0. The
bands represent the uncertainties of the continuum-limit ex-
trapolation. The spectra for closed strings are shown as orange,
dashed bands. Their uncertainties come from the uncertainties
of the continuum-limit extrapolation of the mass of the lightest

resonance in the LQCD spectra (see text). Figure taken from
Ref. [2]

100,

sity of a gas of quarks is of order N, and that of
gluons is of order N2. This very simple argument
suggests that at finite temperature, there are three
phases, a hadron gas with extensive thermal quan-
tities parametrically of order unity, a quark phase
with confined gluons where thermal quantities are
of order N., and a third phase where the energy
of quark and gluons where the energy density is of
order N2.
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Fig. 2. Trace anomaly (¢ — 3p)/T* (top panel) and
energy-density-normalized trace anomaly 1/3 — p/e (bottom
panel). The SU(3) pure gauge LQCD data on pressure and en-
ergy density are taken from Ref. [10]. The uncertainty bands
in both panels are obtained by propagating the reported errors
on pressure and energy density. The vertical lines T;/\/o =
= 0.646 and Ty /+/o = 0.691 represent the critical deconfine-
ment and Hagedorn temperatures, respectively. Note that the
closed strings are shown only up to T (see text for details).
Figure taken from Ref. [2]

The Hagedorn temperature Ty for the three spa-
tial dimension string is determined in terms of the
string tension o by Ty = /30 /27. The string tension
is o ~ 440 MeV, corresponding to a Hagedorn tem-
perature of Ty ~ 300 MeV. We repeated the anal-
ysis of Meyer in Ref. [11] for the spectrum of glue-
ball states and thermodynamics of pure QCD deter-
mined by lattice gauge theory computations. These
results are shown in Figs. 1 and 2. The spectrum com-
putation is slightly above the lattice data for glue-
ball masses Mgiucball > 7\/o, but this is where glue-
balls begin to become unstable with respect to decay
into two glueballs, and a lattice extraction of glueball
states is expected to miss such excited states. The
lattice data are shown for the trace anomaly, from
which one can construct the pressure, energy den-
sity, and entropy. The data is for pure glue theory for
N, = 3. For finite N, the deconfinement tempera-
ture, Ty, is slightly below the Hagedorn temperature,
but approaches it in the large N, limit. The glueball
states are taken to be closed strings. The agreement
between the string theory and the lattice thermody-
namic quantities is remarkably good.
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Fig. 3. Cumulative mass spectra of all (top), non-strange
(middle), and strange (bottom) mesons in the PDG (black,
solid lines). Also shown are spectra that include the predic-
tions from the quark model [12,13] (QM) (black, dash-dotted
lines). The yellow bands represent the uncertainty in the Hage-
dorn limiting temperature in the exponential spectrum (see
text for details). We note that f(500) and 5 (700) mesons are
not included in the discrete spectra due to their ambiguous
nature [14, 15]. The black, dashed lines show spectra obtained
for Ty = 0.2 GeV. Figure taken from Ref. [2]

We also took the open string formula to describe
mesons with Ty ~ 300 MeV. The results for the
meson spectrum and for the thermodynamic quan-
tities are shown (see Figs. 3 and 4). The comparison
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Fig. 4. The equation of state at finite temperature and van-
ishing chemical potential. The LQCD results are taken from
Ref. [16]. Mesons are modeled via the continuous spectrum of
open strings, and baryons are taken as discrete states from the
Particle Data Group (PDG) or quark model (QM). The blue,
red, and green bands indicate the uncertainty in the string
tension (see text). The yellow vertical band marks the estima-
tion of the pseudo-critical temperature for the chiral crossover
transition 7. = 156.5 £ 1.5 MeV [17]. The gray, horizontal,
doubly-dotted—dashed lines mark the Stefan—-Boltzmann limit
considering quarks of 3 flavors and gluons. The black, dashed
lines show results for open strings with Ty = 0.2 GeV. Figure
taken from Ref. [2]

of the open string formula with the measured me-
son spectrum is excellent. This is somewhat surpris-
ing, since the conventional wisdom about the Hage-
dorn temperature is that it is near 150 MeV. The
three-dimensional string model works well because of
mass-dependent prefactors to the expnonential mass
dependence of the density of states. The compari-
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son of the string computation with the pressure, en-
tropy density, energy density and sound speed also
shows excellent agreement with lattice data for tem-
peratures below T' < 156 MeV. At this temperature,
the lattice gauge theory computations indicate that
there is a chiral transition. It is here that the mea-
sure of the number of degrees of freedom o /T3, where
here o is the entropy density, becomes of order N,
and that mesons begin to strongly interact with one
another. This is where the string theory computa-
tion should break down and this is the transition to
this region.

We also computed the thermal expectation value
of the chiral order parameter, (7)), as a function of
temperature [1]. This computation was done by dif-
ferentiating the pressure with respect to the quark
mass, and one needs to know the meson mass depen-
dence upon quark mass. We took this to be a con-
stant to fit the data. With this one parameter fit, we
describe the lattice data very accurately, as shown
in Fig. 5.

These computations show the remarkable agree-
ment between the three-dimension string computa-
tions and the lattice data on thermodynamics and
glueball spectra, and the measured meson spectrum
for a Hagedorn temperature Ty ~ 300 MeV. Below
a temperature of T' ~ 160 MeV, one has a chirally
broken hadron gas. For T > 300 MeV, the system
is a deconfined gas of gluons and quarks, that is a
quark-gluon plasma. In the intermediate region, the
number of degrees of freedom is that of quarks, but
the system is still confining since the glueballs remain
bound. In the following paragraphs we will argue that
this intermediate region may have confining-like prop-
erties as well as properties of a deconfined system. We
might think of the quarks as confined strings, but
with contribution to the thermodynamic quantities
typical of a deconfined system. The gluons are all
combined into glueballs. Because of the large glueball
mass, the glueballs make only very small contribu-
tions. This is seen by computing the o /T for gluons
and quarks. As seen in Fig. 8, the gluon contribu-
tion relative to that of quarks is very small. We call
this new phase the spaghetti of quarks with glueballs
or SQGB.

The expectation value of the Wilson line gives the
free energy of an isolated test quark,

(L) = e FalT, (1)
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Fig. 5. Ratio of the chiral condensate at finite temperature to

its value at zero temperature. The lattice data are taken from
Ref. [18]. Figure taken from Ref. [1]
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Fig. 6. Comparison between the entropy densities from an
open-string gas (drawn as the solid curve) and a closed-string
gas (drawn by the dashed curve) up to the Hagedorn temper-
ature of T' = 285 MeV. Figure taken from Ref. [1]
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Fig. 7. The expectation value of the Wilson line which mea-
sures the exponential of the free energy of an isolated quark,
e PFQ as a function of temperature, taken from Karsch et al.,
see Ref. [16]
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Fig. 8. Comparison of the entropy density between the lattice-

QCD data and the gas of massless, free quarks and light glue-

balls, as well as heavy glueballs that obey the closed-string

spectrum. Figure taken from Ref. [1]
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Fig. 9. Quarkyonic phase diagram in the strict large- N, limit.
Figure is taken from Ref. [1]
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Fig. 10. New and realistic phase diagram for N. = 3, in-
cluding a window of the SQGB regime. Figure is taken from
Ref. [1]

In the large N, limit or in theories with no dynami-
cal quarks, this quantity is zero in the confined phase
and non-zero in the deconfined phase. It has been
measured on the lattice [16] for an SU(3) gauge the-
ory with dynamical quarks. It is very small at the
chiral temperature and of order unity at the Hage-
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dorn temperature. Therefore we should most likely
think of the system as being approximately confined
just above the chiral transition, making a transition
to a more deconfining-like state near the Hagedorn
temperature.

This interpretation is reinforced by measurements
of the entropy /T2, as shown in Fig. 8. In this fig-
ure, o/T? is compared to that of a massless ideal gas
of quarks. Glue is not important below the Hagedorn
temperature, because until the Hagedorn tempera-
ture gluons are confined into glueballs and glueballs
are much heavier than the temperature. It is seen that
above T' = 160 MeV, this quantity is of the correct
magnitude to be described by quark degrees of free-
dom, but above 240 MeV the computed o/T° from
the lattice agrees well with that of an ideal massless
quark gas..

The value of the Debye screening mass is taken as a
measure of confinement. When the Debye mass is less
than the QCD scale Mp < Aqcp, screening occurs
at too large a distance scale to cutoff the effect of
confinement. In the large N, limit, the Debye mass
for a quark-gluon plasma is (Ny is the number of
quark flavors)

1 N
M% ~ OU/tHooft (3 + + ! ) (2)

6N,

The ’t Hooft coupling is 25,05 = 9> Ne, which is held
finite in the large IV, limit. Because the intermediate
phase is made of quarks, in the strict large N, the
Debye mass vanishes and the system is confined until
gluons appear. This occurs at the Hagedorn temper-
ature. For realistic Ny and N, where Debye screening
sets in is not so well determined, and as Ny increases,
it will appear at lower temperature, until presumably
at some large Ny, the chiral and deconfinement tem-
perature will become the same. Of course, the entire
concept of deconfinement at finite temperature is even
qualitatively ill-defined at large IV, so these concepts
become somewhat fuzzy. For the case of QCD, this
is presumably at some temperature between the chi-
ral and Hagedorn temperature. Since the distinction
between confinement and deconfinement cannot be
rigorously given, we imagine a gradual change in the
confining properties of matter at 160 < T < 300 MeV,
where the system changes from being better described
as an interacting meson gas to a gas of quarks.

At zero temperature and finite baryon density, it
was argued that a similar type of phase to the SQGB
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occurs [4]. At zero temperature there are no gluons.
The Debye mass therefore is of order M3 ~
~ QUtHooft ,u2Q where pg is the quark baryon chem-
ical potential. Therefore, the Debye screening mass
cannot exceed Aqcp until the chemical potential
po > vV NeAgep. The system is confined until a mo-
mentum scale that is parametrically large compared
to the QCD scale. At this scale, we would expect in-
teractions to be weakly coupled. But this is not true
at the Fermi surface, where interactions are sensi-
tive to small momentum scales or long distances. At
high densities, the system is a Fermi sphere of quarks
surrounded by a thin shell of confined baryons with
mesonic and glueball excitations.

At the chemical potential up = My, (g = Nepg)
baryons first appear at zero temperature. At finite
temperature they might also appear at up < My.
However, since e M~N/T ~ ¢=NeAaoo/T gt large N,
the matter with chemical potential up < M, is
baryon free and has an energy density which is
parametrically of order unity in powers of N..In
the range v/N. Aqcp > pg > Aqep, the energy den-
sity is parametrically of order N, in powers of
N, and is confined. For pug > Aqcp, the sys-
tem becomes deconfined. We call this intermedi-
ate phase quarkyonic. Due to effects at the Fermi
surface, quarkyonic matter may break chiral sym-
metry [19].

The phase diagram we expect in the strict large
N, limit is shown in Fig. 9. The chiral temperature
and the deconfinement temperature are both at the
Hagedorn temperature in this limit. A figure with re-
alistic parameters of QCD is shown in Fig. 10. Note
that the quarkyonic phase and the SQGB are more
or less continuously connected. There is probably a
chiral symmetry breaking line of transitions that sep-
arates the SQGB from quarkyonic matter [19]. Also,
at very high densities there is color superconducti-
vity [20, 21].
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JI. Maxaeppar
HOBE PO3YMIHHS ®A30BOI JIATPAMU KX T,

®DazoBa giarpama KXJI npu ckiHYeHHHX TeMIeparypax CTae€
3pO3yMiJIOIO 3a TOIIOMOroIo MeToaiB Beaukux Ne. Jljs HynboBol
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OapionHol rycTuHu Ta i Temueparyp Hmxkde 1T < 160 MeB
ITOKa3aHO, 10 TPUBUMIipHA CTPYHHA MOJIEb OIHUCY€E TEPMOIU-
namiky KX/I, a Tako>k CIEKTp Me30HIB Ta IVII000JIiB y BaKyyMi.
3alporoHOBaHuil ONUC HE MICTUTH HEBU3HAYEHUX IIaPAMETPIB.
CrBepmKyeThCs, IO IPU HYIBOBiil 6GapioHHii rycruni icHyoTH
moHafiMeHIle Tpu $asu, IO XapaKTePU3YIOThCA 3AJIEZKHICTIO
Bizl N, BiJl eKCTEHCUBHUX TEPMOJIMHAMIYHUX BEJIMYUH. 3& BUCO-
KOI 6apiOHHOI I'YCTHUHU Ta HU3BbKOI TEMIEPATYPU 3HOBY 2K TaKU
icayroTh Tpu dazu. OxaHa 3 nux das3, KBapkionHa daza, 3 Iy-
CcTHHOIO eHepril mopsaaxky N, BiapisHseTbcs Bix cBoro axnasiora
3a HU3BKOI 6apioHHOI I'yCTUHU Ta TeMIEPaTyPU CBOIMH XipaJjb-
HUMHY BJIACTUBOCTSIMU.

Katwwoei caosa: dazosa giarpama KX/, N. meromau, 6a-
piOHHA I'yCTHHA, CIIEKTP ME3OHIB Ta IJIF00OJIIB.
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