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OPTICAL RESPONSE OF METALLIC
NANOPARTICLES OF TOROIDAL SHAPE

The optical properties of toroidal-shaped metallic nanoparticles in a dielectric medium are in-
vestigated in the work. The equivalent oblate spheroid approach has been used to obtain the
frequency dependences of the absorption and scattering cross-sections, as well as the diag-
onal components of the polarizability tensor and electric field enhancement tensor. The nu-
merical results for the corresponding frequency dependencies are analyzed. The fact of the
anomalously large splitting of the absorption and scattering cross-section mazima, which dis-
tinguishes toroidal particles from the whole class of the axisymmetric nanoparticles, has been
established. The size dependences of the transverse and longitudinal frequencies of surface plas-
monic resonance have been determined in the dissipation-free approximation. The influence of
the toroidal shape and material of the nanoparticles as well as the material of the surrounding
medium on their optical response is studied.
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1. Introduction

The electronic and optical properties of nanoparti-
cles are of considerable interest from the viewpoint
of practical applications [1-6]. New nanofabrication
methods and the use of templates make it possi-
ble to fabricate metallic nanostructures with com-
plex shapes and unique properties [7—13]. The opti-
cal properties of metallic nanostructures are deter-
mined by their plasmonic resonances, which can de-
pend significantly on their shape, composition, and
dielectric medium properties [1-3,5,14-16]. For some
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nanoparticles, such as nanoshells [17-19] and nano-
rods [20,21], the plasmonic energy can be tuned from
the near-ultraviolet to the mid-infrared region of the
spectrum. Such tunability has been used in many im-
portant applications such as chemical and biological
sensing [22-25], optical manipulation of nanoparti-
cles [26], plasmonic waveguides [27, 28], metamateri-
als [29], and biomedical applications [23].

Metallic nanoscale rings and toroids are interest-
ing highly tunable plasmonic geometries with sig-
nificant potential as a platform for chemical and
biological sensing, as well as for exploiting mag-
netic effects at optical frequencies [30-35]. The op-
tical properties of nanorings and toroidal nanopar-
ticles were calculated using the boundary element
method [36, 37|, Green’s dyadic tensor approach [38,
39], and the finite-difference time-domain (FDTD)
method [40].
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Fig. 1. Geometry of the problem

In Ref. [41] the plasmonic and optical properties
of metallic nanoscale toroids are investigated using
the plasmonic hybridisation model [42, 43|, and it is
shown that the plasmonic resonances in a nanotoroid
arise from the hybridization of primitive plasmonic
modes, which can be described as toroidal harmon-
ics. However, this approach is mathematically cum-
bersome and does not allow us to obtain expressions
for some optical characteristics (for example, the ex-
pressions for the diagonal components of the polariz-
ability tensor and field enhancement tensor). In this
respect, the equivalent spheroid approach, proposed
in [44] and developed in a series of papers [21, 45—
49], is simpler and more convenient for studying the
optical properties of metallic nanostructures of differ-
ent shapes. In this connection, the above approach is
used in this work to study the spectral characteristics
of toroidal nanoparticles.

2. Mathematical Model
2.1. Absorption and scattering

cross-sections and polarizability tensor

Let the toroidal metallic nanoparticle be in a medium
with the permittivity €,,, with the radius of the hole
Ry, the radius of the outer circle Ry, and r is the
radius of the “tube” of the torus (Fig. 1).

The initial relations for the analysis will be the for-
mulas for the absorption and scattering cross-sections

1
Caps = \/em1m< a) + 3a|) (1)
Lot 5 (2 g 1 2
Cuw = 5 (2) & (Glesl? + o). @

where w and c¢ are the frequency of the electro-
magnetic wave and the speed of the electromagnetic

608

wave, and a ()(Aw) are the diagonal components of
the polarizability tensor for the toroidal nanoparti-
cle, which are determined using the equivalent oblate
spheroid approach. The essence of this approach is
as follows. The optical characteristics of the toroidal
nanoparticle (in particular, the transverse and lon-
gitudinal components of the polarizability) coincide
with those of the equivalent oblate spheroid. In this
case, the aspect ratio of the equivalent oblate spheroid
(the effective aspect ratio) is related to the aspect ra-
tio of the toroid by a relation, which will be obtained
below. The indicated relation, in turn, follows from
the condition of the equality between the ratios of the
corresponding axial moments of inertia of the toroid
and the equivalent oblate spheroid.

Thus, the expressions for the diagonal components
of the polarizability of the toroidal metallic nanopar-
ticle have the following form

v et D (hw) — em
em + L) (e (hw) = €m)’

ay( (hw) = (3)
where V' is the volume of the toroidal nanoparticle;
L | () are the depolarization factors, which can be ex-
pressed in terms of the effective aspect ratio as follows

Qe / m
LH = i ( Qeff -1+ aI‘Ctg \/7 2),

eﬁ+]‘

5L=%U—£M (4)

and the diagonal components of the dielectric tensor

are 9
w

I () = e ~ (wﬂ““) (5)

In formula (5), w, is the plasma frequency, €* is
the contribution of the interzone transitions into the
o LI .
permittivity of the metal, and 5" are the diago
nal components of the effective relaxation rate tensor,
which will be determined further.

2.2. Effective aspect ratio
The axial moments of inertia of the equivalent oblate
spheroid

sph __ 1
b= M

(@ +b?),

where m is the mass of the spheroid, a and b are its
major and minor semiaxes.

. 2
I;ph = gm1a2, (6)
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In turn, the axial moments of inertia of the toroid

2
17 = =2 (RS + (Rp — 2r)?), (7)
s
3
12 = s (357 + 1), ®

where mo is the mass of the toroid.
As indicated above, the relation between the equiv-
alent aspect ratio

a
Qeff = g (9)

and the aspect ratio

_ B

9727“

can be found from the following condition

sph tor
I;E _ Iac

Izph - I;or'
Since

I;ph 1 1

7erh = 3 7292 (12)
z eff

and

Itr 2202 —-2p+1

or 3
It T 15+ 0
then, substituting the expressions (12) and (13) into
formula (11), we finally obtain

<4 20% —20+1 )1
Oefi = | ————F— — .
T = 92_'_%

(14)
2.3. Effective relaxation rate
and surface plasmonic resonances

Let us assume that the relaxation processes in the
toroidal nanoparticle are determined by three mecha-
nisms: bulk and surface electron scattering and radi-
ation damping. Therefore, the relations for the trans-
verse and longitudinal effective relaxation rates take
the following form

LD LD

Vet =~ = Vbulk + 'VSL(”) + Vrad s (15)

where the bulk relaxation rate ~ypux = const for a
specific metal, and the surface relaxation rate and
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the radiation damping rate are determined by the re-
lations [49]

1 VR
(Il VR
Y = 93L(\|)£L(”)~ (17)

In formulas (17) and (18) vr is the Fermi velocity
of electrons; £ (||) are the effective electron mean free
paths in the transverse and longitudinal directions
) qu =2r (18)

the size-dependent and frequency-dependent func-
tions have the following form

A1)y =

_ 9 L1 Wp\2
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where the volume of toroid
V =21%r? (Ry — 1)
and the size factors of the oblate spheroid
_ Qeft (202 —3) Voog — 1 I
2% — 1)
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As is well known, the condition for the exci-
tation of surface plasmonic resonances is that the
real part of the denominator of expression (3) be

equal to zero. Taking into account formula (5) in the

dissipation-free approximation (vj'ﬁ(”) — 0), the size
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Fig. 2. The frequency dependencies for the real (a) and imagi-
nary (b) parts, as well as the magnitude (c) of the longitudinal
component of the polarizability tensor of the toroidal silver
nanoparticle in Teflon: 1 — r = 5 nm, Ry = 40 nm; 2 —
r =5nm, Ro = 60 nm; 3 —r = 5 nm, Ry = 100 nm; 4 —
r =10 nm, R = 60 nm; 5 — r = 20 nm, R2 = 60 nm

dependences of the transverse and longitudinal reso-
nance frequencies have the following form

wSLp(H) (0eff) =

(24)
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In turn, the diagonal components of the electric-
field enhancement tensor are determined by the rela-
tions

G =
b2y L2
— . (25)
(I 2 TE
[ﬁun) (61 —Gm)+6m] +[ﬁl<u>2<“)]

In the following, expressions (1)—(3) and (24), (25)
taking into account formulas (4), (5), (14)—(23) will
be used to obtain the numerical results.

2.4. Results of the calculation
and their discussion

The calculations of the real and imaginary parts, as
well as the magnitudes of the diagonal components
of the polarizability tensor, as well as the absorption
and scattering cross-sections have been performed for
the toroidal nanoparticles of different sizes, made of
different metals and embedded in different dielectric
media. The diagonal components of the electric field
enhancement tensor for the toroidal, disk-shaped, and
spheroidal nanoparticles were compared. The data
required for the calculations, are given in Tables 1
and 2.

The frequency dependences of the real and imag-
inary parts, as well as the magnitudes of the lon-
gitudinal and transverse components of the polariz-
ability tensor are presented in Figs. 2 and 3. Let us
point out that, as in the case of nanoparticles of other

Table 1. Parameters of metals [21, 48]

Parameter
Metal
Ybulk>
TS/O‘O m*/mﬁ €> 101?‘:1 571
Pd 4.00 0.37 2.52 13.9
Pt 3.27 0.54 4.42 10.52
Ag 3.02 0.96 3.70 2.50
Au 3.01 0.99 9.84 3.45
Cu 2.11 1.49 12.03 3.70
Table 2. Parameters of metals [21, 48]
Matrix Air CaF'y Teflon Al2O3 TiO9
€m 1.00 1.54 2.30 3.13 4.00
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Fig. 3. The frequency dependencies for the real (a) and imag-
inary (b) parts, as well as the magnitude (c) of the transverse
component of the polarizability tensor of the toroidal silver
nanoparticle in Teflon under the same parameters as in Fig. 2

shapes [21,46-49], the functions Re a| () (fw) for the
toroidal particles are alternating function, whereas
Ima () (Aw) > 0. In addition, max {Ima } are sit-
uated in the ultraviolet region of the spectrum, while
max {Ima } are situated in the near infrared and
visible regions. The amplitudes of the maxima of the
imaginary part of the transverse component signifi-
cantly exceed the corresponding values for the longi-
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Fig. 4. The frequency dependencies for the absorption cross-
sections (a) and scattering cross-section (b) of the silver nan-
otoroid in Teflon under the same parameters as in Fig. 2

tudinal component. Moreover, increasing the aspect
ratio (the curves in the sequence 1 — 2 — 3 and
5 — 4 — 2) leads to the “blue” shift of max {Ima }
and the “red” shift of max {Ima }, and hence an in-
crease in the splitting of the surface plasmonic res-
onance frequency. It should be pointed out that of
all types of nanoparticles with the axial symmetry,
the optical (plasmonic) properties of which were in-
vestigated in our previous works — cylinder, sphe-
rocylinder, disk, biconus, and bipyramid [21, 46—
49], the splitting of resonance frequencies is great-
est for the toroidal particles. This is due to the in-
fluence of the size factor, namely the behavior of
the depolarization factors with increasing aspect ra-
tio (L1 — 0, £ — 1). Thus, for the greatest aspect
ratio in the considered cases (curves 3 in Figs. 2, b

and 3, b), the splitting of the resonant frequencies is
Awsp = w!p — wslp > 5 eV.

The described behavior of the frequency depen-
dences of the longitudinal and transverse polarizabil-
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Fig. 5. The frequency dependencies for the absorption cross-
section (a) and scattering cross-section (b) of the toroidal
nanoparticles of different metals in Teflon (r = 10 nm, Ry =
= 60 nm)

ity correlates with the behavior of the corresponding
curves for the absorption and scattering cross-sections
(Fig. 4). The maxima of the indicated curves are also
located in different spectral ranges, and the ampli-
tudes of the maxima corresponding to transverse sur-
face plasmonic resonances, significantly exceed those
corresponding to longitudinal resonances up to the
complete disappearance of the latter in the Cyc, (fuw)
curves.

The frequency dependences of the absorption and
scattering cross-sections of toroidal nanoparticles of
different metals are shown in Fig. 5. Let us point
out that the behavior of the second maxima of the

absorption and scattering cross-sections (at the fre-

quency wﬂp) for nanoparticles of other metals is sim-

ilar to that observed for silver toroidal nanoparti-
cles. In turn, max {Cups} and max {Cyc.} at the fre-
quency wj;) for particles of considered metals are sit-
uated in the near-infrared and visible parts of the
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Fig. 6. The dependencies of the absorption cross-section (a)
and scattering cross-section (b) of toroidal Ag nanoparticles
(r =10 nm, Ry = 60 nm) at the frequencies of the transverse
SPR (curve 1) and longitudinal SPR (curve 2) on the permit-
tivity of the surrounding medium. The points correspond to
the permittivities of the dielectrics given in Table 2

spectrum, which differs significantly from the cases of
other nanoparticles, which have axial symmetry. The
reason for this shift of the maxima is also the influ-
ence of the size factor, namely, the small value of the
depolarization factor £, which leads to a significant
“red” shift of wj;) for toroidal nanoparticles of the con-
sidered composition.

The dependences of the absorption and scatter-
ing cross-sections on the permittivity of the dielectric
medium surrounding the silver toroidal nanoparticle,
calculated at the frequencies of the transverse and
longitudinal surface plasmonic resonances, are shown
in Fig. 6. The general trend is for Cyps and Cyen to
decrease at the frequency wj;a and to increase at the

frequency w!p as the permittivity increases. Never-

theless, for the permittivities of the dielectrics used in
practice, Cabs(sca) (@5p) > Cabs(sca) (wﬂp). It should

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 7
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Fig. 7. Comparison of the frequency dependencies of the
transverse (a) and longitudinal (b) components of the elec-
tric fields enhancement tensor for Ag nanoparticles in Teflon,
having different shapes: 1 — oblate spheroid; 2 — disk; 3 —
toroid, with the same longitudinal and transverse dimensions
(a; = 10 nm, b = 60 nm)

also be pointed out that the indicated results con-
firm the strong dependence of the optical response of
nanoparticles of different shapes on the properties of
the surrounding dielectric medium.

The curves of the frequency dependencies of the
diagonal components of the electric field enhance-
ment tensor for toroidal, disk-shaped, and spheroidal
nanoparticles with the same longitudinal (the disk
height, the doubled minor semiaxis of the oblate
spheroid, and the radius of the toroid tube) and trans-
verse (the diameter of the disk base, the doubled ma-
jor semiaxis of the spheroid, and the outer radius of
the toroid) sizes are presented in Fig. 7. Let us point
out that 4, > ¥, and ¢ < 1 for all nanoparti-
cle shapes under consideration. In addition, the am-
plitude of the maximum of the transverse compo-
nent of the enhancement tensor grows in the order
of nanoparticle shapes “oblate spheroid — disk —

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 7

— toroid”, and max{¥,} itself for the toroidal
nanoparticle is reached at the frequencies lower than
those for the disk and oblate spheroid.

3. Conclusions

The expressions for the frequency dependences of the
diagonal components of the polarizability tensor and
field enhancement tensor, together with the absorp-
tion and scattering cross-sections, are obtained in the
framework of the equivalent spheroid approach.

It is shown that the maxima of the imaginary
part of the longitudinal polarizability are located in
the near-ultraviolet region of the spectrum, while
the maxima of the imaginary part of the transverse
polarizability are located in the near-infrared and
visible regions. Thus, the toroidal nanoparticles are
characterized by an anomalously large splitting of
the plasmonic resonance, which allows them to oc-
cupy a special position among other axisymmetric
particles.

It is demonstrated that the maxima of the ab-
sorption and scattering cross-sections at the frequen-
cies of the longitudinal surface plasmonic resonance
have much smaller amplitude than the maxima corre-
sponding to the transverse resonance. This, in turn,
means that these maxima do not appear on some scat-
tering cross-section curves.

It was found that the small value of the transverse
depolarization factor results in the shift of the cor-
responding maxima of the absorption and scattering
cross-sections of the toroidal nanoparticles of different
plasmonic metals toward the near-infrared and visi-
ble regions of the spectrum compared to the particles
of other shapes.

The decrease and increase of the absorption and
scattering cross-sections at the frequencies of the
transverse/longitudinal surface plasmonic resonance
with increasing permittivity of the surrounding di-
electric confirms the sensitivity of the optical re-
sponses of toroidal nanoparticles to changes in the
matrix properties.

The results of the calculations of the transverse
and longitudinal components of the electric field en-
hancement tensor for the nanoscale toroids, disks,
and oblate spheroids with the same transverse and
longitudinal dimensions indicate the absence of field
enhancement in the longitudinal direction for the par-
ticles of the considered shapes and the presence of
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significant enhancement in the transverse direction,
which increases in the sequence of shapes “oblate
spheroid — disk — toroid”.
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A.B. Kopomyh

OIITUYHUI BIAI'YK METAJIEBUX
HAHOYACTHHOK TOPOITAJIBHOI ®OPMU

Y poboTi HOCIiAKEHO ONTUYHI BJIACTUBOCTI METAJIEBUX HAHO-
YaCTUHOK TOPOIAJIBLHOI (DOPMH, IO MICTSATHCS B JIi€JIE€KTPH-
9HOMYy cepefoBuii. Jlsi oTpuMaHHS JACTOTHUX 3AJIE?KHOCTEH
nepepis3iB NOrJIMHAHHS W PO3CIAHHS, a TAKOXK JiaroHaJbHUX
KOMIIOHEHT TEH30PIB MOJISIPU30BHOCTI ¥ MiJCHJICHHS €JIEKTPHU-
YHUX IIOJIIB, BUKOPUCTAHO ITiJXi/] €KBIBAJIEHTHOI'O CILJIIOCHYTOI'O
cdepoina. AHaJIZYOTbCS YUCEIbHI Pe3yJIbTaTh JjIs BiAOBIi -
HUX YaCTOTHHUX 3ajeKHOcTel. Bcranosseno daxT anoMaabHO
BEJIMKOTO PO3IIEIJIEHHSI MAaKCUMYMIB Iepepi3iB MOryIMHAHHSA I
PO3CisIHHHA, IO BUJIJISE TOPOITajbHI YACTUHKH 3 yCBOI'O KJIACY
aKClaJIbHO-CUMETPUYHUX HAHOYACTUHOK. Y 0Ge3UCUIIATUBHOMY
HaOJIM>KEeHH] BU3HAYEHO PO3MIpHI 3aJI€?KHOCTI ITOIEPEYHOI Ta
[O3/I0OBXKHBOI YaCTOT IOBEPXHEBOI'O IIA3MOHHOI'O PE30HAHCY.
Busdeno BB TopoinaabHOl (bopmu il MaTepiajgy HAHOYACTH-
HOK, & TaKOXK MaTepia/ly HaBKOJIUIITHBOTO CEPEIOBUINA Ha TXHIN
OITHYHUN BiJryK.

Karwwosi

repepi3 MOIVIMHAHHS, TEH30D IOJIAPU30BHOCTI, Nie/IeKTPUIHHI
TEH30p, MiaxiZ eKBiBaJIeHTHOro cdepoina, MOBEPXHEBUIl IIa-

cAno08a: TopoI,uaana MeTaJieBa HaHOYaCTUHKA,

3MOHHUI pEe30HAHC.
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