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PAIR DISTRIBUTION FUNCTION OF A CELL
FLUID MODEL WITH CURIE-WEISS INTERACTION

In this paper we present results for the pair distribution function for the cell fluid model with
Curie—Weiss interaction. As a supplementary result, one- and two-particle densities are calcu-
lated. The results confirm that the cell fluid model with Curie—Weiss interaction is essentially

a mean-field fluid.
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1. Introduction

Various models of many-particle systems interacting
via soft potentials have been studied in the literature.
Examples include the penetrable spheres model [1-5],
the Gaussian core model [6-10], and the generalized
exponential model of index 4 (GEM-4) [11,12]. When
treating such systems within lattice-gas frameworks,
it is natural to consider lattice gases with multiple
cell occupancies [13, 14].

In this paper, we study the cell fluid model in-
troduced in [15, 16], which represents a multiple-
occupancy model, and derive an exact expression for
its pair distribution function in the case of Curie—
Weiss interaction. In the course of the analysis, we
also obtain the one- and two-particle densities. The
results confirm that the cell fluid model with Curie—
Weiss interaction is essentially a mean-field fluid.
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2. Model

An open system of point particles is considered in
volume V C R3? in three-dimensional space. The to-
tal volume V is partitioned into N, non-overlapping
congruent cubic cells Ay, I € {1,..., N, }, each of vol-
ume v, such that V is the union of all A;:

N'u

Vo= JA, AnA =0 if 1£T, (1)
=1

V = uN,. (2)

The interaction energy between particles in configu-
ration vy = {ry,...,ry}, where r; is the spatial co-
ordinate of the i-th particle and N is the number of
particles in the configuration -y, is defined as follows

1
W, (o) =5 > O, (ri,ry),
r;,r;cy

where @y, is given by the Curie-Weiss interaction

N,
J v

Py, (ri,r;) = —Fl +J3 Y Ta, (ri)la, (r)). (3)
v =1

The first term in ®p, describes a global Curie-Weiss
(mean-field-like) attraction for any pair of particles
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in the system. The strength of this attraction is con-
trolled by an energy parameter J; > 0. The second
term in @y, describes a local repulsion between two
particles contained within the same cell A; and is
characterized by the parameter J; > 0. Here, Ia,(r)
is the indicator function of a cell Ay,

Ia,(r) = {(1):

We refer the reader to Refs. [15-17] for a more rig-
orous definition of the model. The phase diagrams in
both the temperature-density and pressure-tempera-
ture planes are presented in [18].

Let us briefly introduce the notation used in this
paper, and summarize the known results for the
model.

The grand partition function is expressed as follows

rec Al,
I‘¢ Al. (4)

s N
==Y %/.../exp[—BWNU('yN)} dr1 ...dry, (5)
N=O" Ty oy

where ( is the activity

_ exp(Bp)
Y CA
B = (ksT)™' is the inverse temperature, kg the

Boltzmann constant, T the temperature, u the chemi-
cal potential, A = (278h%/m)*/? the de Broglie ther-
mal wavelength, A& the reduced Planck constant, m
the mass of a particle. In the grand partition func-
tion (5), the integration goes over all configurations
with N particles and then the summation goes over
all positive integer values of N.

We use the following standard dimensionless vari-
ables: the reduced temperature T* = kgT/J;, the
reduced pressure P* = Puv/Jy, the reduced chemi-
cal potential p* = p/Jy, the reduced particle density

= Ny = g{,\”, with P being the pressure, and
(N) the average umber of particles in the system,
where the brackets denote a grand-canonical ensem-
ble average. The particle density p = ( )
throughout the paper.

For stability of the interaction the following condi-
tion must hold J, > J;. For this reason, we introduce
the notation a = Jo/J; and set @ = 1.2 in the cur-
rent work.

The exact asymptotic expressions for the grand
partition function were obtained in [15, 16]. Here, we
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is also used

present the result in the form given in Ref. [17]:
=~ CNU eXp[N1)E(T*7 ,LL*, gmax)L (6)

which is asymptotically exact in the limit N, — oo.
Here ¥max is a function of both 7% and p* and is
found from the condition of the global maximum of
the quantity E, which, in turn, is defined as follows:

2
E(T*, u*;y) = —%T* +1In Ko(T™, 1*5y),

where Ko(T™, u*;y) is the 0-th member of the follow-
ing family of special functions

o] nj *T*3/2
Kj(T* p%5y) =y ——— .
n=0
7
<o+ 72) =g } @
for 5 = 0,1,2,..., and v* = wv/A3, X =

= (27h? /mJy)"/?. The quantity cy, does not play an
important role in the thermodynamic limit; therefore,
we do not provide its explicit expression here.

For detailed investigation of the conditions neces-
sary for the global maximum of E and the derivation
of relations for §ma.x, we refer interested readers to
Refs. [15-18]. In this paper, we employ the method-
ology developed and the results derived in those works
to study structural properties of the model, in par-
ticular one- and two-particle densities, and the pair
distribution function.

3. Pair Distribution Function

The n-particle distribution function is defined via the
n-particle densities as follows (for reference, see Sec-
tion 2.6 in [19])
(M (pq, ..., T
i) = LX) ®)
[T P (rs)
i=1

g(n) (r1

where the n-particle density defined in the grand
canonical ensemble is

S
(N —n)!

N=n

X /exp [—BWn, (vn)] drpyy ... dry. (9)

[~

p(n) (rla --~7rn) =
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In this work, our goal is to calculate the pair distri-
bution function ¢ (ry,ry)

p(r1,12)
p (r1)pM (r2)
Therefore, we first need to calculate the one- and two-
particle densities.

9P (r1,12) =

3.1. One-particle density
Let us first calculate p*). By definition

TIEERD Dh
= (N-1)

x/exp [-8Wn, (r1,...,rN)]dry...dry. (10)
Applying the method described in [16], we obtain the
following result

Kl(T*a,u‘*7ymax) P*(T*aﬂ*)

(1) g g
P (rl) UKO(T*a,u*; gmax) v ’

(11)

where we used the following equality [17, Eq. (42)]

* Kl(T*a;u’*;gmax)
KO(T*a ,U/*;gmax)

Therefore, for the considered cell fluid model with
Curie-Weiss interaction we obtained the result known
for homogeneous systems: the single-particle den-
sity is equal to the average particle density, see [19,
Eq. (2.6.5)]:

P(l)(rl) =p

(12)

(13)

In the present theory, the average value of the cell-
occupation number n can be calculated using the
probability measure Q- .« (n) [16]:

1 ( 3/2\"
= — v*T* /) X
Ko(T*, pt*; Jmax)n!

Q7+ 1+ (n)

X exp |:<ymax + ;:() n— 2;;* ng:l’ n e NO,

so that

oo

() = > nQr- - (n),

n=0

where ((...))g denotes averaging with respect to the
probability measure Qr- ,+(n). Hence, we can write
the following equalities:

op(r) = (m)g = p". (14)
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3.2. Two-particle density

Let us now calculate the two-particle density, de-
fined as

> QN
(2) — =1 E . B
P T2) N2 (N —2)! %

X /exp [—BWn, (r1,r2,...,rN)]drs...dry.

To deal with this expression, we again follow the
methodology developed in [16]. However, it is impor-
tant to note that the result for p® (ry,ry) varies de-
pending on whether r; and ry belong to the same cell
or to different cells.

When r; and ro belong to different cells, the result
for p® (ry,r5) is as follows

Ky (T 13 Gnax) ]
pP(r1,12) = i *u*.y_ =) |
’UK()(T y 7ymax)

v?

(15)

From this expression and Eq. (11) the result for
g (r1,r2) immediately follows
if ﬂAl(rl,rQ c Al),

9(2) (ri,rp) =1, (16)

that is, when r; and rs belong to different cells, the
pair distribution function g(® (r1,ry) always equals 1,
i.e. is equal to the ideal-gas value.

When r; and rs belong to the same cell, the result
for p® (ry,ry) is as follows (cf. Ref. [19], Eq. (2.6.4))

p (r1,rs) = % > n(n = 1)Qr- - (n) =
n=0
_ W”U%WQ, (17)

Therefore, for g (r1,rs) one gets

w, if 3A;(ry, 12 € A). (18)
<”>Q

Based on Eqgs (16) and (18), the general expression
for ¢ (ry,rs) takes the form

9@ (r1,r2) =

]-7 if ﬂAl(rler € Al)a

(2) — 1
g (1'171'2) Q, if ElAl(rl,I'Q S Al)( 9)

()%
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Fig. 1. Pair distribution function g(2) versus z at two tem-
peratures. Curve I: T* = 0.4, the temperature higher than
Tr; curve 2: T* = 0.2, the temperature lower than 77. The

c

critical temperature is T ~ 0.25. In curve 2, the bold solid
sections correspond to the stable phases, whereas the dashed
sections correspond to the metastable and unstable regions

In what follows, we will mostly focus on ¢ (ry, ry)
with r; and ry in the same cell. The first thing to note
is that given r; and rs belong to the same cell, the
two-particle density does not otherwise depend on the
position of the particles, thus we can simply write p(®)
for simplicity. The same consequently applies to g().

Before proceeding with numerical and graphical re-
sults for the pair distribution function ¢(?), let us
rewrite it in a few alternative representations.

If expressed in terms of K;, the quantities p@ and
g? take on the following forms

(2) _ KQ(T*v /l*; l,_/max) - Kl (T*7 U*;gmax)

_ . (20

P U2KO (T*a ,U/*; zjmax) ( )

and

9(2) = [K2(T*a :U/*; gmax) - Kl (T*v N*a gmax)] X
KO(T*a M*y gmax) (21)

Kl (T*, /~L*; gmax)2 ’

respectively.

We can also represent the results for the pair dis-
tribution function in the form of parametric equa-
tions. Applying the idea taken from [18], we introduce

a new function
ES

I

Zmax = Ymax T

=3 (22)
666

and express the chemical potential as a function of
two variables (T, Zimax)

Kl (T*7 Zmax)

/1'* = T*Zmax - — ’ (23)
Ko(T*; Zmax)

where the special functions K j are written as
o

_ . nJ (U*T*3/2)"

KJ(T ;Zmax) = Z T X
n=0

X exp (Emaxn _ n2>. (24)
2T+

Now, the two-particle density and the pair distribu-
tion function take on the following forms

) _ XZ(T*; Zmax) - kl(T*; zmax)
'U2KO(T*§ Zmaux)
[Ra(T% Zmax) = B (T Za) | Ko (T 2]
Kl (T*7 ZmaX)Q

p? , (25)

9(2) -

(26)

At any given temperature T, Eqgs (26) and (23) can
be formally considered as a parametric equation for
the pair distribution function ¢(® as a function of u*,
with Z,ax as the parameter.

Similarly, if Eq. (12) is rewritten as

Kl (T*7 Zmax)

p*(T*;Emax) - = —
Ko(T*, Zmax)

then Eqgs (26) and (27) constitute a parametric equa-
tion for the pair distribution function ¢(® as a func-
tion of p*, at any given 7™ and with Zy.x as the
parameter.

At this point, we are in a position to illustrate
the obtained results for the pair distribution function
graphically. In Fig. 1 the pair distribution function is
shown as a function of Z for two different values of
temperature: T* = 0.40, which is above the range
of critical temperatures, and T* = 0.20, which is be-
low the range of critical temperatures. The values of
critical temperatures are summarized in Table. For
the subcritical temperature T = 0.20, the solid bold
portions of the curve correspond to the stable states,
while the dashed ones correspond to the metastable
or unstable states.

In Fig. 2, the pair distribution function is shown as
a function of § for the same temperatures 7% = 0.4

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 8
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Fig. 2. Pair distribution function ¢g(2) versus 7 at two tem-
peratures. Curve 1: T* = 0.4, the temperature is higher than
Tr; curve 2: T* = 0.2, the temperature lower than T;7. The
critical temperature is T ~ 0.25. In curve 2, the bold solid
sections correspond to the stable phases, whereas the dashed
sections correspond to the metastable and unstable regions

Critical point coordinates for the first

four critical points of the cell fluid model

with Curie—Weiss interaction. The numerical
calculations were performed for a = 1.2 and v* = 5.0

n Tr pe b Ze

1 0.254567 0.513896 0.209380 2.84119
2 0.261881 1.50557 0.585097 7.98327
3 0.265254 2.50303 0.891843 12.7985
4 0.267242 3.50191 1.16893 17.4779

and T* = 0.2. The notation and legend is the same
as in Fig. 1.

In Fig. 3, a the pair distribution function is shown
as a function of density p* for the same two tem-
peratures, supercritical T* = 0.40 and subcritical
T* = 0.20. We see that ¢ is a strictly increas-
ing function of p* at a constant temperature. From
the plot for the subcritical temperature, we can also
conclude that the pair distribution function takes on
higher values at each consecutive phase compared
to the preceding one. Additionally, in Fig. 3, b, we
display the pair distribution function for a very low
temperature T* = 0.1. In such conditions, the stable
phase intervals in p* are very narrow and almost in-
visible in the scale of the plot. Thus, the presented
curve goes through different two-phase regions and
corresponds to metastable and unstable states.
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Fig. 8. Pair distribution function ¢() versus p* at different
temperatures. a — curve I: T* = 0.4 — temperature is higher
than T7; curve 2: T* = 0.2 — temperature is lower than T}.
b—T* = 0.1 — temperature is much lower than TF. The critical
temperature is T ~ 0.25. For subcritical temperatures, the
bold solid sections correspond to the stable phases, whereas
the dashed sections correspond to the metastable and unstable
regions. In panel (b), the stable regions are too small to be

noticeable in the plot

The dependence of the pair distribution function on
the chemical potential p* is illustrated in Fig. 4. The
behavior is exemplified for two temperatures T* =
= 0.40 and T* = 0.20.

The spatial dependency of g(z)(rl, ro) for the cell
fluid model with Curie-Weiss interaction can be pre-
sented as a step function. While r; and ry are located
within one cell, g(®) takes on a value that is dependent
of the temperature and chemical potential (or of den-
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Fig. 4. Pair distribution function ¢g(?) versus p* at two dif-
ferent temperatures. Curve 1: T* = 0.4, the temperature is
higher than T7; curve 2: T* = 0.2, the temperature is lower
than T}. The critical temperature is T ~ 0.25. In curve 2,
the bold solid sections correspond to the stable phases, whereas
the dashed sections correspond to the metastable and unstable
regions

sity). However, as soon as the coordinates of two par-
ticles belong to different cells, ¢ becomes unity. In
Figure 5, a such step dependency is illustrated for
different values of temperature and density. The tem-
peratures and densities are selected to correspond to
Phase I, Phase I, Phase III, and to a supercritical re-
gion over the critical point for the Phase I — Phase II
coexistence. Since the value for Phase I is hardly vis-
ible in the scale of the plot, Figure 5, b shows ¢(® in
Phase I in a better scale, along with the low-density
limit (A.2), see Appendix A for details. For Phase I,
T* = 0.2 and p* = 0.1 are selected as a representative
state. For other states, the following values were se-
lected: T* = 0.2 and p* = 1.0 for Phase II, T* = 0.2
and p* = 2.0 for Phase III, and, finally, 7" = 0.5 and
p* = 0.5 for the supercritical state.

Based on the obtained results, we see that the pair
distribution function takes on its ideal-gas value as
soon as the two particles are not located within the
same cell. If two particles are indeed located within
the same cell, then the value of ¢(2 becomes less than
1, which indicates that the probability of finding two
particles at separation r within a cell is smaller than
would be in the case of an ideal gas. However, the pair
distribution function does not otherwise depend on r,
and therefore, no structure is observed even within a
cell. Therefore, the cell fluid model with Curie-Weiss
interaction is essentially a mean-field fluid.
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Fig. 5. Pair distribution function g(?)(ry,r2) as a function
of the separation r = |r; — r2|. The quantity r* denotes the

distance from the point with coordinate r1 to the boundary of
the cubic cell containing ry, in the direction of ry. Phase I:
T* = 0.2, p* = 0.1; phase II: T* = 0.2, p* = 1.0; phase III:
Ty = 0.2, p* = 2.0; supercritical: T* = 0.5, p* = 0.5. At
r>r*, g =1 (a). Phase I T* = 0.2, p* = 0.1; low-density
limit: g  exp(—a/T*), with T* = 0.2, a = 1.2 (b)

One feature we should notice here is that the pair
distribution function ¢(®(ry,ry) experiences a dis-
continuity at the cell boundary. This is similar to
the behavior of the pair distribution function for the
penetrable spheres model [2], where this quantity
has a discontinuity at » = o, o being the diameter
of a sphere. It is worth noting that this discontinu-
ity is an artifact of spatial coarse-graining in both
models.

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 8
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4. Conclusions

In this paper, we obtain exact expressions for the
pair distribution function g(® (ry,rs) of the cell fluid
model with Curie-Weiss interaction. Based on the ob-
tained analytical result, dependences of ¢ on par-
ticle separation, density, and chemical potential are
illustrated graphically. From the spacial dependency,
we conclude that the pair distribution function takes
on its ideal-gas value whenever the two particles oc-
cupy different cells. Only when both particles reside
in the same cell does ¢g(? fall below unity, reflect-
ing a reduced likelihood of finding two particles at
separation r compared with an ideal gas. Apart
from this, the function exhibits no dependence on
the interparticle separation r, and thus no intra-cell
structure emerges. Consequently, the cell fluid with
Curie-Weiss interaction is essentially a mean-field
fluid. From the density dependence, we see that the
pair distribution function takes on higher values at
each consecutive phase compared to the preceding
one, which is expected as the phases are character-
ized by higher densities.

This work was supported by the National Research
Foundation of Ukraine under the project No. 2025.03/
0201.

APPENDIX A:
Low-density limit of the pair distribution function

isotropic system the pair distribution function
g@ (r1,re) is a function only of the separation r = |r1 — ra|,
and the low-density limit is equal to the Boltzmann factor e(r)
of a pair interaction potential v(r), see e.g., Section 2.6 in [19]:

lin%) g (r) = e(r) = exp(—Bu(r)).
p—

For an

Let us assume that in the case of the cell model studied in this
paper, the following holds as well

plig})gu)(rl,m) =e(r1,r2) (A1)

where the Boltzmann factor for the Curie-Weiss interaction
defined in Eq. (3) is
e(r1,r2) =exp [-BPn, (r1,r2)].

If r1 and r2 are in different cells, then

_ B\ B*
e(ri,r2) = exp (N ) = exp (N )

where 8* = 1/T*. In the limit of N, — oo

/8*
e(fri,ro)~1+ — = 1.
(r1,r2) A

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 8

If r1 and ro are in the same cell, then

e(r1,r2) = exp (i}h - BJQ) = exp (f; - 5*a)-

In the limit of N, — oo,
e(ri,r2) = exp(—B%a).
Therefore,
3%9(2)(1"171‘2) =

exp[lﬁ\,—z — B*al, if AA(r1,r2 € Ay),

exp[%}, if B (r1,12 € Ay),

which in the thermodynamic limit N, — oo becomes

lim (2) ri,ro) = exp[iﬂ*a}v if HA[(I‘l,I’Q € Al)v A2
Nt (rr2) =15 it 30 (rnrs € A, D)

As can be seen from this Appendix, the Curie-Weiss term
contributes only at O (ﬁ) and therefore disappears from g(2)
v

and other related quantities in the thermodynamic limit.
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IMAPHA ®YHKIIIS PO3IOALTY JI/1d KOMIPKOBOI
MOJIEJII TIJTUHY 31 BBAEMO/IIEIO KIOPI-BEVICA

PosrisnyTo nmapay yHKIHO po3mogiay y KOMIpKOBiit Mozesi
mwmmHy 3i B3aemoniero Kropi—Beiica. Orpumano omgHo- i1 1BO-
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