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SPIN IN UNIFORM GRAVITY, HIDDEN
MOMENTUM, AND THE ANOMALOUS HALL EFFECT'

We review the recent discussions concerning the absence of the spin Hall effect in a uniform
gravitational field, pointing out differences from the anomalous spin Hall effect in ferromag-
netic systems despite a similar form of the Hamiltonian.
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1. Introduction

Spin—orbit phenomena probe how internal angular
momentum couples to background fields through
the particle’s motion, i.e. its orbital degrees of free-
dom. In condensed matter, this coupling produces,
for example, the anomalous Hall effect (AHE): a
transport current transverse to an applied electric
field in ferromagnets, described by an antisymmet-
ric conductivity O'ZHj7 analysed by Karplus and Lut-
tinger (KL) [1] and subsequently interpreted in a
Berry curvature formulation (see [2| and references
therein; see also [3,4]; excellent reviews are [5-7]). In
contrast, a recent claim of a “gravitational spin Hall
effect” (SHE) in a uniform field for Dirac wave pack-
ets asserts a polarization-dependent transverse de-
flection without any transport geometry (no driven
current) [§].

Our recent analysis [9] resolves this tension. First,
an object with spin S in a uniform gravitational field
g carries a hidden momentum ppiggen ~ S X g/c? that
modifies the relation between canonical momentum
and velocity. Second, for Dirac wave packets evolved
with the Foldy-Wouthuysen (FW) Hamiltonian in a
linear potential, the canonical transverse momentum
is conserved, while the velocity operator contains a
spin term. The “at rest” initial state with (p) = 0
in [8] is therefore not at mechanical rest; preparing
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true rest requires a spin-dependent phase in the initial
packet. With that preparation, any O(g) transverse
drift vanishes. Third, using a FW transformation (lin-
ear in g, all orders in 1/c), we showed that spin-
dependent transverse motion can appear no earlier
than O(g?) for a broad class of states. These points
together exclude a gravitational SHE at linear order
in a uniform field.

A second theme of this note is to contrast this out-
come with the K. AHE. The KL current is a linear-
response, preparation-independent transport effect in
crystals: J; = Zj 0;;E;, with an intrinsic contribu-
tion whose microscopic origin relies on Bloch peri-
odicity: the interband matrix elements of the peri-
odic part of —eE-r (KL’s H/) are essential. In a uni-
form gravitational field there is no lattice periodicity
(the natural basis is plane waves), so the KL objects
Ji (k) and H// have no counterpart and the intrinsic
Hall pathway is absent.

Below we summarise the hidden-momentum mech-
anism and its role in uniform gravity, restate and
streamline the O(g) no-go result, and we contrast el-
ements of the KL mechanism with the uniform grav-
ity situation, highlighting the missing ingredients for
Hall transport in the latter.

2. What Constitutes a Hall Effect?

A Hall effect is a transverse transport response to
a longitudinal drive, involving, among other charac-
teristics,

I This work is based on the results presented at the 2025 “New
Trends in High-Energy Physics” Conference.
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Fig. 1. Masses circulating in a frictionless pipe bent into a
rectangle. The rectangle is placed in a constant gravitational
field with field strength g near the Earth

1. Driver and linear response. A uniform field E
drives a current J; = Zj 0i;E;; the antisymmetric
part o’% = 3(0y; — 0j;) is responsible for the Hall
effect.

2. Transport coefficient. The transverse deflection
is caused by o} (or pi;), not by an initial-state-
dependent initial velocity.

These conditions are satisfied by KL’s AHE but
fail in a uniform gravitational field for neutral Dirac
packets, where neither a transverse driver nor o, are

present.

3. Spinning Particle
in a Gravitational Field

In this section, we use a simple model to show that
a spinning object gains a “hidden momentum” that
modifies the relation between velocity and momen-
tum in a gravitational field. However, the trajectory
of the object in a uniform gravitational field is not
modified by the spin.

3.1. The hidden momentum

The idea of the hidden momentum first appeared in a
1967 paper by Shockley and James [10] in the context
of electromagnetism. A concise discussion and a list
of key references up to 2012 can be found in [11]. Fol-
lowing the electromagnetism discussion in [12], we
consider a circulating mass model in a gravitational
field, as shown in Fig. 1.

In the rectangular pipe, the upper section contains
n, Mmasses moving with speed v, and momenta p,,
the lower section contains n; masses moving with
speed v; and momenta p;, and the masses acceler-
ate/decelerate in the left/right vertical sections that
connect the upper and lower pipes. Current conserva-
tion imposes a condition on the velocity n,v, = n;vy,
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whereas the total momentum reduces to a difference
between the momenta in the lower and upper section
Drot = NP —Ny Py Without relativistic effects, the re-
lation p = mv guarantees that the momentum within
the pipe adds up exactly to zero; however, when rel-
ativistic effects are accounted for, the momenta gain
an extra factor v due to gravitational and special rel-
ativity time dilation:

pr=myu, (1)
1 z 0P

y= _ ~1+ 54 2)

V- 5) e

where the origin is chosen at the center of the rect-
angular loop, and the z-direction is along the same
direction as g. With the difference in « between the
upper and lower sections, the total momentum gains
a “hidden” z-component, in the sense that does not
vanish even when there is no overall linear motion of
the system:

gh v} —v2
Phidden = Tumui | = + o2 )T

DPu = MYy Uy,

gh
= 2nymuy; - (3)

To make manifest the connection between angular
motion and hidden momentum, the result can be
rewritten in terms of the total angular momentum
of the system:

Lxg
Phidden = — 5 (4)

3.2. Trajectory in a uniform
gravitational field

It is claimed in [8] that particles carrying spin will
be deflected in a spin-dependent way in a uni-
form gravitational field. Here we take another look
at the discussion from the viewpoint of hidden
momentum.

In [8], the Dirac Hamiltonian coupled to the uni-
form gravitational field is Foldy—Wouthuysen-trans-
formed into a non-relativistic single-particle Hamilto-
nian at leading order in g. For positive energy states,
this Hamiltonian is written as

%
Hrw = Vmc® + % +
gh
+W(%py — 0yPa), (5)
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V=1- %2. (6)
By evaluating the time evolution of the expectation
value of the position operators for a Gaussian wave
packet with ((0)) = 0, (p(0)) =0, and (o,) = £1,
[8] concluded that particles with spin along the +y
direction are deflected in the z direction with the ve-
locity v, = Fgh/(4mc?). However, as shown in [9], a
look at the classical Hamilton’s equations

dx 8HFW gh
= Pe = 450y (7)

shows that the particle carries a hidden momentum,
which indicates that the deflection is due to a nonzero
initial velocity rather than a dynamical evolution of
the wave packet.

Further, we show that this spin-dependent deflec-
tion of the trajectory is unobservable in a free-fall
experiment, to the order in g to which the Hamilto-
nian (6) is valid. To illustrate our point, we consider
the trajectory of three particles: two Dirac particles
with the spin along the +y direction, and one scalar
that does not carry spin. With the three trajectories
initially parallel to each other and carrying the same
initial velocity along the z direction, a spin-dependent
deflection would cause the trajectories to deflect from
each other, as shown in Fig. 2, a; however, the con-
dition that the three trajectories are initially parallel
to each other implies

pa0) = Lo, 0

for the Dirac particles, and

for the scalar particle. Therefore, due to the cancella-
tion between the initial (total) momentum and the
hidden momentum, the subsequent motions of the
three particles are completely identical, as shown in
Fig. 2, b. While we discuss the classical trajectory for
simplicity, a complete analog of the discussion can be
obtained in quantum mechanics as in [9].

4. Comparison with Hall
Effects in Ferromagnetics

While the spin-orbit coupling in the uniform gravita-
tional field does not change the orbit, there has been
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Fig. 2. Trajectories for particles with spin oy = +1 (left),
o = 0 (middle), and oy = —1 (right) when (a) the trajectories
experience a spin-dependent deflection; () the trajectories are
independent of the spin. The initial velocity is along the z-
direction (vertical) and is chosen to be the same for all particles
for the ease of comparison

a belief since the 1950s that a similar type of cou-
pling is responsible for the anomalous Hall effect in
ferromagnetics [1]. In this section we briefly review
this mechanism and discuss the difference in the con-
sequences.

As considered in [1], the Hamiltonian for an elec-
tron in ferromagnetics with spin polarized along the
direction of the magnetization M in an external elec-
tric field E can be written as

Hr =Ho+H +H,
2

p
-y
HO om + (T‘)7 (10)
4m?2c? M, ’
H'" = —eE -7,

where U(r) is the periodic crystal potential, M is the
maximum magnetization, and e is the charge of the
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electron. Under the eigenbasis ¢ ;, gy of H = Ho+H’,
H" is found to have both a singular part H! respon-
sible for the usual conductivity effects, whose matrix
element is

<nk\7—l/1/|n/k/> = _ie(snn’E . Vk(skik:’a (11)

and a regular periodic part H{ responsible for the

anomalous Hall effect which gives the matrix element

(nk|H!|n'k') = —iebp E - J™™ (12)
where
J" (k) = / W (1) V gwpr e (r)d2 (13)

and @, k) = €* Tw,k (7). Averaging the velocity over

the Fermi distribution p then gives

A —ieEprg(el)vb(l)Ja(l), (14)
I

where a and b are vector indices, pg is the distribution
with respect to H, py = po/0e, and J, (1) = J)"™ (k).
The average velocity here then gives rise to a trans-
verse current J = Ngev = rM x E, where the coef-
ficient r depends on the material properties.

Comparing with the discussion for the spin-orbit
coupling in uniform gravitational field in Sec. 3,
we note that, different from ferromagnetics where
the lattice potential U(r) gives rise to a non-trivial
eigenbasis ¢(,, k), the eigenbasis for the Hamilto-
nian in Eq. (6) in the absence of the gravitational
field are plane waves. Therefore, the regular pe-
riodic perturbation H{ does not have a counter-
part in the uniform gravitational field. Indeed, as
already noted in [1], when the band becomes al-
most free, its contribution to the average velocity
becomes almost zero. Therefore, while these two ef-
fects look very similar, the transverse velocity in fer-
romagnetics does not occur in the uniform gravita-
tional field due to the absence of the essential lattice
potential.

5. Summary

In this note, we reviewed the recent discussion for the
hidden momentum and the trajectory of Dirac parti-
cles in the uniform gravitational field, and compared
the results obtained therein with the Hall effects in
ferromagnetics.
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Using a circulating mass model, we have shown
that a spinning object obtains a hidden momentum
in a gravitational field and this hidden momentum
modifies the relation between velocity and canonical
momentum. However, with a given trajectory, it is
not possible to tell the spin of the particle, and there-
fore, up to the linear in g approximation adopted
here, the spin Hall effect does not exist in the uni-
form gravitational field in the usual sense. While a
similar Hamiltonian leads to the anomalous spin Hall
effect in ferromagnetics, the lattice potential is cru-
cial for this phenomenon and the same conclusion
does not apply to free particles in the uniform grav-
itational field.

We used Chat GPT 5 for literature research and im-
proving text. We used Asymptote [13] to make draw-
ings. This research was funded by Natural Sciences
and Engineering Research Canada (NSERC).
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