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EFFECTS OF SLOW MODE PHASE
VELOCITY ON NON-LINEAR WAVE STRUCTURES
IN TWO-TEMPERATURE NON-ISOTHERMAL PLASMA

In a collisionless, unmagnetized and non-relativistic plasma consisting of warm adiabatic pos-
itive and negative ions, warm isothermal positrons and two-temperature non-isothermal elec-
trons, slow mode non-linear wave structures are investigated by the Sagdeev pseudopotential
method. The “dispersion relation” is derived from the basic set of normalized fluid equations
under the condition of solitary wave solutions and the slow mode phase velocity (𝑉𝑆) is then
obtained analytically. The effect of the normalized phase velocity (𝑉𝑆) on large amplitude slow
mode solitons and small amplitude slow mode double layers is comprehensively analyzed using
the profiles of the Sagdeev potential function 𝜓 (𝜑), first- (𝜑1) and second-order (𝜑2) solitary-
wave solutions and the double layer solutions 𝜑DL in a two-temperature non-isothermal electron
plasma.
K e yw o r d s: slow mode and fast mode phase velocity, non-isothermal plasma, Sagdeev pseu-
dopotential, slow mode compressive solitons and double layers.

1. Introduction
Ion-acoustic slow and fast mode solitons and double
layers in nonequilibrium plasmas have been studied in
a magnetized or unmagnetized multicomponent plas-
mas comprising positive ions, negative ions and elec-
trons by some researchers [1–18]. The temperatures
and concentrations of the two kinds of ions are fully
responsible for the development of two modes of soli-
tons and double layers. For equal ion temperatures,
Tagare [19–20] studied slow and fast mode solitons
along with their widths and amplitudes in an un-
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magnetized isothermal and non-isothermal electron
plasma containing positive and negative ions. Using
the reductive perturbation method, Mishra et al. [21]
investigated the slow and fast mode phase velocities
in a magnetized low 𝛽 – plasma consisting of warm
negative and positive ions for a single temperature
isothermal electrons. Maharaj et al. [22] studied large
amplitude slow and fast mode solitons and double
layers for cool and hot ions with cool and hot elec-
trons by the Sagdeev pseudopotential method. In a
five-component plasma, Sijo Sebastian et al. [23] also
investigated slow and fast mode solitons. Ion-acoustic
slow and fast mode solitons and double layers in
magnetized or unmagnetized plasmas with or with-
out dust particles are studied by many researchers
[24–25]. Dubinov et al. [26] investigated the slow and
fast mode solitons in their studies. Using the Sagdeev
pseudopotential method, Mushinzimana et al. [27]
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studied the ion thermal and electron superthermal ef-
fects on large amplitude slow ion-acoustic solitons, su-
persolitons and double layers in a warm positive and
negative ion plasma for Kappa-distributed electrons.

Mishra et al. [28] investigated the ion-acoustic com-
pressive and rarefactive double layers in a warm mul-
ticomponent plasma with negative ions and obtained
some interesting results. Kim and Schamel [29–30]
studied the slow ion-acoustic double layers which
move with a velocity near the ion thermal speed. Un-
der appropriate double layer conditions, Sutradhar
and Bujarbarua [31] also obtained slow ion-acoustic
double layer solutions with non-isothermal electron
distributions.

In this paper, the author investigates the large am-
plitude slow mode solitary waves and small amplitude
slow mode double layers corresponding to slow mode
phase velocities in a two-temperature non-isothermal
electron plasma consisting of warm positrons and
warm adiabatic positive and negative ions using the
Sagdeev pseudopotential method. The effects of the
normalized phase velocity (𝑉𝑆) on nonlinear wave
structures such as large amplitude slow mode com-
pressive solitons and small amplitude slow mode com-
pressive double layer profiles of the Sagdeev pseu-
dopotential function 𝜓 (𝜑) as a function of the elec-
trostatic potential 𝜑, the first- (𝜑1) and second-order
(𝜑2) solitary wave solutions as functions of 𝜂 and
the double-layer solutions (𝜑DL) as functions of 𝜂 are
comprehensively analyzed, where 𝜂 is defined by the
Galilean transformation.

2. Formulation

Considering a collisionless, unmagnetized and non-
relativistic plasmas consisting of warm positive (𝑖)
and negative (𝑗) ions, warm positrons and two-
temperature non-isothermal electrons (𝑛𝑒) and treat-
ing positive (𝑖) and negative ion (𝑗) species to be the
colder and hotter adiabatic fluids, the normalized ba-
sic equations [19] along x-axis for positive (𝑖) and neg-
ative ions (𝑗) are written in the following way:

𝜕𝑛𝑖
𝜕𝑡

+
𝜕

𝜕𝑥
(𝑛𝑖𝑢𝑖) = 0, (1)

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑖
𝜕𝑢𝑖
𝜕𝑥

+
𝜎𝑖
𝑛𝑖

𝜕𝑝𝑖
𝜕𝑥

+
𝜕𝜑

𝜕𝑥
= 0, (2)

𝜕𝑝𝑖
𝜕𝑡

+ 𝑢𝑖
𝜕𝑝𝑖
𝜕𝑥

+ 3𝑝𝑖
𝜕𝑢𝑖
𝜕𝑥

= 0, (3)

𝜕𝑛𝑗
𝜕𝑡

+
𝜕

𝜕𝑥
(𝑛𝑗𝑢𝑗) = 0, (4)

𝜕𝑢𝑗
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑗
𝜕𝑥

+
𝜎𝑗
𝑄𝑛𝑗

𝜕𝑝𝑗
𝜕𝑥

− 𝑍

𝑄

𝜕𝜑

𝜕𝑥
= 0, (5)

𝜕𝑝𝑗
𝜕𝑡

+ 𝑢𝑗
𝜕𝑝𝑗
𝜕𝑥

+ 3 𝑝𝑗
𝜕𝑢𝑗
𝜕𝑥

= 0. (6)

The Poisson equation is formulated for warm positive
(𝑖) and negative (𝑗) ions, warm positrons and two-
temperature non-isothermal electrons [32–33] in the
following normalized form:

𝜕2𝜑

𝜕𝑥2
= 𝑛𝑒 − 𝑛𝑖 + 𝑍𝑛𝑗 − 𝑛𝑝. (7)

The normalized positron density is

𝑛𝑝 = 𝜒𝑒−𝜎𝑝𝜑. (8)

The normalised electron density for two-
temperature non-isothermal electrons is

𝑛𝑒 = 1 + 𝜑− 4
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3− ..., (9)

where

𝜎𝑖 =
𝑇𝑖
𝑇eff

, 𝜎𝑗 =
𝑇𝑗
𝑇eff

, 𝜎𝑝 =
𝑇eff
𝑇𝑝

, 𝑄 =
𝑚𝑗

𝑚𝑖
,

𝑏𝑙 =
1− 𝛽𝑙√

𝜋
, 𝑏ℎ =

1− 𝛽ℎ√
𝜋

, 𝑏
(1)
𝑙 =

1− 𝛽2
𝑙√

𝜋
,

𝑏
(1)
ℎ =

1− 𝛽2
ℎ√

𝜋
, 𝛽1 =

𝑇𝑒𝑙,𝑓
𝑇𝑒ℎ,𝑓

, 𝛽𝑙 =
𝑇𝑒𝑙,𝑓
𝑇𝑒𝑙,𝑡

,

𝛽ℎ =
𝑇𝑒ℎ,𝑓
𝑇𝑒ℎ,𝑡

, 𝑇eff =
𝑇𝑒𝑙 𝑇𝑒ℎ

𝜇𝑇𝑒ℎ + 𝜈 𝑇𝑒𝑙
, 𝜇+ 𝜈 = 1.

Here 𝑛𝑖, 𝑛𝑗 , 𝑛𝑒, 𝑛𝑝; 𝑢𝑖, 𝑢𝑗 ; 𝑝𝑖, 𝑝𝑗 ; 𝜎𝑖, 𝜎𝑗 ; 𝑍, 𝑄, 𝑥, 𝑡,
𝜑, 𝜒, 𝜎𝑝, 𝜇, 𝜈, 𝛽1, 𝛽𝑙, 𝛽ℎ; 𝑏𝑙, 𝑏ℎ, 𝑏

(1)
𝑙 , 𝑏(1)ℎ ; 𝑇𝑖, 𝑇𝑗 , 𝑇𝑝

and 𝑇eff denote the concentrations of positive ions,
negative ions, electrons and positrons; velocities of
positive and negative ions; pressures of positive and
negative ions; temperature ratios of positive (nega-
tive) ions to effective electrons; charge of ions, mass
ratio of negative (𝑚𝑗) to positive (𝑚𝑖) ions; space co-
ordinate, time, electrostatic potential, concentration
of positrons at 𝜑 = 0, temperature ratio of effective
electrons to positrons, unperturbed number density
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of low- and high-temperature electrons, temperature
ratio of free electrons at low and high temperatures,
temperature ratio of free and trapped electrons at low
temperatures, temperature ratio of free and trapped
electrons at high temperatures; non-isothermal pa-
rameters connected with 𝛽𝑙 and 𝛽ℎ; temperatures of
positive ions, negative ions, positrons and effective
temperatures of electrons; 𝑇𝑒𝑙,𝑓 and 𝑇𝑒ℎ,𝑓 are the tem-
peratures of free electrons at low and high tempera-
tures; 𝑇𝑒𝑙,𝑡 and 𝑇𝑒ℎ,𝑡 are the temperatures of trapped
electrons at low and high temperatures.

For two-temperature non-isothermal electron
plasmas

0 < 𝑏𝑙 or 𝑏ℎ <
1√
𝜋

and 0 < 𝑏
(1)
𝑙 or 𝑏(1)ℎ <

1√
𝜋
.

In the above equations, all physical quantities are
normalized in the following way:

The densities 𝑛𝑖, 𝑛𝑗 , 𝑛𝑒 and 𝑛𝑝 are normalized by
the unperturbed electron (or negative ions) density
𝑛0 [𝑛0 = 𝑛𝑖𝑜 + 𝑛𝑗𝑜 = 𝑛𝑐𝑒𝑜 + 𝑛ℎ𝑒𝑜 = 𝜇 + 𝜈 = 1],
ion pressures 𝑝𝑖 and 𝑝𝑗 are normalized by the char-
acteristic ion pressure 𝑝0(= 𝑛0𝐾B𝑇𝑗), the length
𝑥 is normalized by the characteristic Debye length
𝜆De =

(︀
𝐾B𝑇𝑗/4𝜋𝑒

2𝑛𝑗𝑜
)︀ 1

2 and the time t is normal-

ized by the plasma period 𝜔−1
𝑝𝑒 =

(︀
𝑚𝑗/4𝜋𝑒

2𝑛𝑗𝑜
)︀ 1

2

where 𝐾B is Boltzmann constant. The ion veloci-
ties 𝑢𝑖 and 𝑢𝑗 are normalized by ion-sound velocity
𝐶𝑆 = (𝐾B𝑇eff/𝑚𝛼)

1
2 where 𝑚𝛼 is the mass of ions

[𝛼 = 𝑖 for positive ions and 𝛼 = 𝑗 for negative ions]
and the electrostatic potential 𝜑 by (𝐾B𝑇eff/𝑒).

The boundary conditions are

𝑛𝑖 → 𝑛𝑖0, 𝑛𝑗 → 𝑛𝑗0, 𝑢𝑖 → 0, 𝑢𝑗 → 0,

𝑝𝑖 → 𝑝𝑖𝑜, 𝑝𝑗 → 𝑝𝑗𝑜, 𝑛𝑒 → 1, 𝑛𝑝 → 𝜒, (10)
𝜑→ 0 at |𝑥| → ∞.

The charge neutrality condition is

𝑛𝑖0 + 𝜒 = 1 + 𝑍𝑛𝑗0. (11)

Using the above boundary conditions (10) and the
Galilean transformation 𝜂 = 𝑥−𝑉 𝑡, where 𝑉 =

(︀
𝑣
𝐶𝑆

)︀
is the phase velocity of the wave i.e., the phase ve-
locity V is obtained from the velocity (𝑣) of the non-
linear structure in the inertial frame normalized with
respect to ion-sound velocity 𝐶𝑆 , it is observed that
the equations (3) and (6) are consistent with the equa-
tion of state 𝑝𝑖 = 𝑝𝑖0

(︀
𝑛𝑖

𝑛𝑖0

)︀3 and 𝑝𝑗 = 𝑝𝑗0
(︀ 𝑛𝑗

𝑛𝑗0

)︀3 in one-

dimensional motion and henceforth the author takes
𝑝𝑖0 = 1 and 𝑝𝑗0 = 1.

By using the Galilean transformation and bound-
ary conditions (10), the Eqs. (1)–(7) are trans-
formed as follows

−𝑉 𝑑𝑛𝑖
𝑑𝜂

+
𝑑

𝑑𝜂
(𝑛𝑖𝑢𝑖) = 0,

−𝑉 𝑑𝑢𝑖
𝑑𝜂

+ 𝑢𝑖
𝑑𝑢𝑖
𝑑𝜂

+
𝜎𝑖
𝑛𝑖

𝑑𝑝𝑖
𝑑𝜂

+
𝑑𝜑

𝑑𝜂
= 0,

−𝑉 𝑑𝑝𝑖
𝑑𝜂

+ 𝑢𝑖
𝑑𝑝𝑖
𝑑𝜂

+ 3𝑝𝑖
𝑑𝑢𝑖
𝑑𝜂

= 0,

−𝑉 𝑑𝑛𝑗
𝑑𝜂

+
𝑑

𝑑𝜂
(𝑛𝑗𝑢𝑗) = 0,

−𝑉 𝑑𝑢𝑗
𝑑𝜂

+ 𝑢𝑗
𝑑𝑢𝑗
𝑑𝜂

+
𝜎𝑗
𝑄𝑛𝑗

𝑑𝑝𝑗
𝑑𝜂

− 𝑍

𝑄
𝑑𝜑
𝑑𝜂 = 0,

−𝑉 𝑑𝑝𝑗
𝑑𝜂

+ 𝑢𝑗
𝑑𝑝𝑗
𝑑𝜂

+ 3𝑝𝑗
𝑑𝑢𝑗
𝑑𝜂

= 0,

𝑑2𝜑

𝑑𝜂2
= 𝑛𝑒 − 𝑛𝑖 + 𝑍𝑛𝑗 − 𝑛𝑝.

(12)

From the above equations after solving and using
the boundary conditions, one can find 𝑛2𝑖 and 𝑛2𝑗 in
terms of the electrostatic potential 𝜑.

𝑛2𝑖 =
𝑛3𝑖𝑜
6𝜎𝑖

[︃{︂
𝑉 2 +

3𝜎𝑖
𝑛𝑖𝑜

− 2𝜑

}︂
±

±

√︃{︂
𝑉 2 +

3𝜎𝑖
𝑛𝑖𝑜

− 2𝜑

}︂2
− 12𝜎𝑖𝑉 2

𝑛𝑖𝑜

]︃
, (13)

𝑛2𝑗 =
𝑄𝑛3𝑗𝑜
6𝜎𝑗

[︃{︂
𝑉 2 +

3𝜎𝑗
𝑄𝑛𝑗𝑜

+
2𝑍𝜑

𝑄

}︂
±

±

⎯⎸⎸⎷{︂𝑉 2 +
3𝜎𝑗
𝑄𝑛𝑗𝑜

+
2𝑍𝜑

𝑄

2}︂2
− 12𝜎𝑗𝑉 2

𝑄𝑛𝑗𝑜

]︃
. (14)

In this paper the author considers only the slow mode
solitary waves and double layers. The slow and fast
wave modes are distinguished based on the range of
their phase speeds with respect to ion thermal speeds
in the following way:

𝑣tc < 𝑣slow < 𝑣th < 𝑣fast < 𝑣tce <

< 𝑣el.acoust < 𝑣the, (15)

where 𝑣tc, 𝑣slow, 𝑣th, 𝑣fast, 𝑣tce, 𝑣el.acoust and 𝑣the
are thermal speeds of cold positive ions, slow mode
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ion velocity, thermal speeds of hot negative ions, fast
mode ion velocity, cold electron thermal speed, elec-
tron acoustic speed and hot electron thermal speed in
non-normalized form. For further study, the author
adopts the following inequality for the fast (𝑣𝐹 ) and
slow (𝑣𝑆) mode phase speeds in which the fast mode
phase speed lies between the thermal speeds of hotter
ion species and the colder electrons in non-normalized
form:

𝑣tc < 𝑣𝑆 < 𝑣th < 𝑣𝐹 < 𝑣tce.

The above inequality can be normalized by the ion-
sound velocity 𝐶𝑆 in the following form:√︂

3𝜎𝑖
𝑛𝑖𝑜

< 𝑉𝑆 <

√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

< 𝑉𝐹 <
𝑣tce
𝐶𝑆

. (16)

Now by basic assumptions and from normalized in-
equality (16), the present author obtains after sim-
plifying from equations (13) and (14)

𝑛𝑖 =

√︃
𝑛3𝑖0
12𝜎𝑖

[︃{︃(︂
𝑉 +

√︂
3𝜎𝑖
𝑛𝑖0

)︂2
− 2𝜑

}︃1
2

−

−

{︃(︂
𝑉 −

√︂
3𝜎𝑖
𝑛𝑖0

)︂2
− 2𝜑

}︃1
2
]︃
, (17)

𝑛𝑗

√︃
𝑄𝑛3𝑗0
12𝜎𝑗

[︃{︃(︃√︃
3𝜎𝑗
𝑄𝑛𝑗0

+ 𝑉

)︃2
+

2𝑍

𝑄
𝜑

}︃1
2

+

+

{︃(︃√︃
3𝜎𝑗
𝑄𝑛𝑗0

− 𝑉

)︃2
+

2𝑍

𝑄
𝜑

}︃1
2
]︃
. (18)

Substituting the values of 𝑛𝑒, 𝑛𝑖, 𝑛𝑗 and 𝑛𝑝 into
Eq. (12), a differential equation involving the electro-
static potential 𝜑 is obtained which can be written as
Newton’s equation in the following form:

𝑑2𝜑

𝑑𝜂2
= −𝜕𝜓

𝜕𝜑
,

where 𝜓(𝜑) is the Sagdeev potential function. Mul-
tiplying this equation by 𝑑𝜑

𝑑𝜂 and integrating with
boundary conditions (10), the energy-like equation is
obtained as

⇒ 1

2

(︂
𝑑𝜑

𝑑𝜂

)︂2
+ 𝜓 (𝜑) = 0. (19)

Here the Sagdeev potential function 𝜓 (𝜑) is given
in the following form:

𝜓(𝜑) =

[︃
−𝜑− 1

2
𝜑2 +

8

15

𝜇𝑏𝑙 + 𝜈𝑏ℎ𝛽
3
2
1

(𝜇+ 𝜈𝛽1)
3
2

𝜑
5
2 −

− 1

6

𝜇+ 𝜈𝛽2
1

(𝜇+ 𝜈𝛽1)2
𝜑3 +

16

105

𝜇𝑏
(1)
𝑙 + 𝜈𝑏

(1)
ℎ 𝛽

5
2
1

(𝜇+ 𝜈𝛽1)
5
2

𝜑
7
2 −

− 1

24

𝜇+ 𝜈𝛽3
1

(𝜇+ 𝜈𝛽1)3
𝜑4 + ...

]︃
+

+
1

6

√︃
𝑛3𝑖𝑜
3𝜎𝑖

[︃{︃(︂
𝑉 −

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
− 2𝜑

}︃3
2

−

−

{︃(︂
𝑉 +

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
− 2𝜑

}︃3
2

+

+

(︂
𝑉 +

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂3
−
(︂
𝑉 −

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂3 ]︃
−

− 1

6

√︃
𝑄3𝑛3𝑖𝑜
3𝜎𝑗

[︃{︃(︃√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

− 𝑉

)︃2
+

2𝑍𝜑

𝑄

}︃3
2

+

+

{︃(︃√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

+ 𝑉

)︃2
+

2𝑍𝜑

𝑄

}︃3
2

−

(︃√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

+ 𝑉

)︃3
−

(︃√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

− 𝑉

)︃3]︃
+

+
𝜒

𝜎𝑝
(1− 𝑒−𝜎𝑝𝜑). (20)

The restriction on 𝜑 is

− 𝑄

2𝑍

(︃√︃
3𝜎𝑗
𝑄𝑛𝑗𝑜

− 𝑉

)︃2
< Φ <

1

2

(︂
𝑉 −

√︂
3𝜎𝑖
𝑛𝑖𝑜

)︂2
. (21)

The requirements for soliton formation from
Sagdeev potential function 𝜓 (𝜑) are

𝜓(𝜑) = 0 at 𝜑 = 0 and𝜑 = 𝜑𝑚,

𝜕𝜓

𝜕𝜑
= 0 at𝜑 = 0,

𝜕2𝜓

𝜕𝜑2
≤ 0 at 𝜑 = 0,

𝜓 (𝜑) < 0 for 0 < 𝜑 < 𝜑𝑚 and 𝜑 > 𝜑𝑚,

𝜕3𝜓

𝜕𝜑3
> 0 at 𝜑 = 0
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for positive (compressive) potentials solitons.

𝜕𝜓

𝜕𝜑
> 0 at 𝜑 = 𝜑𝑚

for positive (compressive) potentials solitons.
The condition for the existence of solitary wave so-

lution is represented by the following non-linear dis-
persion relation

𝜕2𝜓

𝜕𝜑2
⃒⃒
𝜑=0

≤ 0

⇒ 𝑛𝑖0

𝑉 2 − 3𝜎𝑖

𝑛𝑖0

+

𝑍2𝑛𝑗0

𝑄

𝑉 2 − 3𝜎𝑗

𝑄𝑛𝑗0

≤ 1 + 𝜒𝜎𝑝. (22)

From (22), the linear dispersion relation is

𝑛𝑖0

𝑉 2 − 3𝜎𝑖

𝑛𝑖0

+

𝑍2𝑛𝑗0

𝑄

𝑉 2 − 3𝜎𝑗

𝑄𝑛𝑗0

= 1 + 𝜒𝜎𝑝. (23)

Equation (23) after simplification gives,

𝑉 4 − 3

[︂{︂(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗

𝑄𝑛𝑗0

)︂}︂
+
𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0
3𝑄 (1 + 𝜒𝜎𝑝)

]︂
𝑉 2 +

+
9

𝑄

[︂{︂
𝜎𝑖𝜎𝑗
𝑛𝑖0𝑛𝑗0

}︂
+

+
1

3
(1 + 𝜒𝜎𝑝)

{︂(︂
𝑛𝑖0𝜎𝑗
𝑛𝑗0

+
𝑍2𝑛𝑗0𝜎𝑖
𝑛𝑖0

)︂}︂]︂
= 0. (24)

This is a quadratic equation in 𝑉 2. The roots of this
equation are the critical values of phase speeds (𝑉crit)
of the linear wave modes. It is found that three dis-
tinct positive roots exist of which the smallest value of
𝑉crit is identified as a slow ion – acoustic mode (𝑉𝑆),
the intermediate is a fast ion – acoustic mode (𝑉𝐹 )
and the largest root is an electron- acoustic mode
(𝑉el.acoust). In this paper, the author is discussing the
large amplitude slow mode compressive solitons and
small amplitude slow mode compressive double layers
corresponding to the slow mode phase velocity (𝑉𝑆).

From Eq. (24) after simplification it is found

𝑉 2 =
3

2

{︃[︂(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗
𝑄𝑛𝑗0

)︂
+

(𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0)

3𝑄 (1 + 𝜒𝜎𝑝)

]︂
±

±

[︃{︃(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗
𝑄𝑛𝑗0

)︂
+

(𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0)

3𝑄 (1 + 𝜒𝜎𝑝)

}︃2
−

− 4

𝑄

{︂
𝜎𝑖𝜎𝑗
𝑛𝑖0𝑛𝑗0

+
1

3 (1 + 𝜒𝜎𝑝)

(︂
𝑛𝑖0𝜎𝑗
𝑛𝑗0

+
𝑍2𝑛𝑗0𝜎𝑖
𝑛𝑖0

)︂}︂]︃12}︃
.

(25)
The minimum values of 𝑉 (= 𝑉𝑆) are

𝑉 2
crit = 𝑉 2

𝑆 =
3

2

{︃[︂(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗
𝑄𝑛𝑗0

)︂
+

(𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0)

3𝑄 (1 + 𝜒𝜎𝑝)

]︂
−

−

[︃{︂(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗
𝑄𝑛𝑗0

)︂
+

(𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0)

3𝑄 (1 + 𝜒𝜎𝑝)

}︂2
−

− 4

𝑄

{︂
𝜎𝑖𝜎𝑗
𝑛𝑖0𝑛𝑗0

+
1

3
(1 + 𝜒𝜎𝑝)

(︂
𝑛𝑖0𝜎𝑗
𝑛𝑗0

+
𝑍2𝑛𝑗0𝜎𝑖
𝑛𝑖0

)︂}︂]︃12}︃
(26)

and
𝑉 2
crit = 𝑉 2

𝐹 =

=
3

2

{︃[︂(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗
𝑄𝑛𝑗0

)︂
+

(𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0)

3𝑄 (1 + 𝜒𝜎𝑝)

]︂
+

+

[︃{︃(︂
𝜎𝑖
𝑛𝑖0

+
𝜎𝑗
𝑄𝑛𝑗0

)︂
+

(︀
𝑄𝑛𝑖0 + 𝑍2𝑛𝑗0

)︀
3𝑄 (1 + 𝜒𝜎𝑝)

}︃2
−

− 4

𝑄

{︂
𝜎𝑖𝜎𝑗
𝑛𝑖0𝑛𝑗0

+
1

3
(1 + 𝜒𝜎𝑝)

(︂
𝑛𝑖0𝜎𝑗
𝑛𝑗0

+
𝑍2𝑛𝑗0𝜎𝑖
𝑛𝑖0

)︂}︂]︃12}︃
.

(27)

Equation (26) gives the slow mode phase velocity (𝑉𝑆)
and it is the minimum velocity. Now from Eq. (26)
by Taylor series expansion to the zeroth order, it is
found approximately as

𝑉 2
𝑆 ≈ 3𝜎𝑖

𝑛𝑖𝑜
+

𝑍2𝑛𝑗𝑜
𝑄 (1 + 𝜒𝜎𝑝)

+ ...,

which shows 𝑉𝑆 >
√︁

3𝜎𝑖

𝑛𝑖𝑜
.

Equation (27) gives the fast mode phase velocity
(𝑉𝐹 ) which is known as the intermediate root and
after Taylor series expansion from that equation to
the zeroth order, it is also found approximately from
(27) as

𝑉 2
𝐹 ≈ 3𝜎𝑗

𝑄𝑛𝑗𝑜
+

𝑛𝑖𝑜
(1 + 𝜒𝜎𝑝)

+
3𝜎𝑖
𝑛𝑖𝑜

+
𝑍2𝑛𝑗𝑜

𝑄 (1 + 𝜒𝜎𝑝)
+ ...,

which shows 𝑉𝐹 >
√︁

3𝜎𝑗

𝑄𝑛𝑗𝑜
.

Again from analytical expressions (26) and (27), it
is found that 𝑉𝐹 > 𝑉𝑆 .

Thus, the relation between 𝑉𝑆 and 𝑉𝐹 is finally
obtained as

√︁
3𝜎𝑖

𝑛𝑖𝑜
< 𝑉𝑆 <

√︁
3𝜎𝑗

𝑄𝑛𝑗𝑜
< 𝑉𝐹 .
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3. Solitary Wave Solutions

In order to study the solitary wave solutions, the au-
thor discusses the nature of the energy equation for
different orders of the electrostatic potential 𝜑. By
Taylor series expansion of 𝜓(𝜑) in powers of 𝜑 from
Eq. (19), it is found that

𝑑2𝜑

𝑑𝜂2
= 𝐴1𝜑−𝐴2𝜑

3
2 +𝐴3𝜑

2 −𝐴4𝜑
5
2 +

+𝐴5𝜑
3 − ... = −𝜕𝜓

𝜕𝜑
, (28)

where

𝐴1 =

[︃
1− 𝑛𝑖0

{︂
𝑉 2 − 3𝜎𝑖

𝑛𝑖0

}︂−1

−

−𝑍2𝑛𝑗0

{︂
𝑄𝑉 2 − 3𝜎𝑗

𝑛𝑗0

}︂−1

+ 𝜒𝜎𝑝

]︃
,

𝐴2 =
4

3

(︁
𝜇𝑏𝑙 + 𝜈𝑏ℎ𝛽

3
2
2

)︁
(𝜇+ 𝜈𝛽2)

3
2

,

𝐴3 =
1

2

[︃
𝜇+ 𝜈𝛽2

2

(𝜇+ 𝜈𝛽2)
2 − 𝑛

3
2
𝑖0

2
√
3𝜎𝑖

{︃(︂
𝑉 −

√︂
3𝜎𝑖
𝑛𝑖0

)︂−3

−

−
(︂
𝑉 +

√︂
3𝜎𝑖
𝑛𝑖0

)︂−3
}︃
+

𝑍3𝑛
3
2
𝑗0

2𝑄
√︀
3𝑄𝜎𝑗

{︃(︃
𝑉 −

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−3

−

−

(︃
𝑉 +

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−3}︃
− 𝜒𝜎2

𝑝

]︃
,

𝐴4 =
8

15

(︁
𝜇𝑏

(1)
𝑙 + 𝜈𝑏

(1)
ℎ 𝛽

5
2
2

)︁
(𝜇+ 𝜈𝛽2)

5
2

,

𝐴5 =
1

2

[︃
1

3

𝜇+ 𝜈𝛽3
2

(𝜇+ 𝜈𝛽2)
3 − 𝑛

3
2
𝑖0

2
√
3𝜎𝑖

{︃(︂
𝑉 −

√︂
3𝜎𝑖
𝑛𝑖0

)︂−5

−

−
(︂
𝑉 +

√︂
3𝜎𝑖
𝑛𝑖0

)︂−5
}︃
+

𝑍4𝑛
3
2
𝑗0

2𝑄2
√︀
3𝑄𝜎𝑗

{︃(︃
𝑉 +

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−5

−

−

(︃
𝑉 −

√︃
3𝜎𝑗
𝑄𝑛𝑗0

)︃−5}︃
+
𝜒𝜎3

𝑝

3

]︃
. (29)

Taking terms up to 𝜑
3
2 , the Eq. (28) can be written as

𝑑2𝜑

𝑑𝜂2
= 𝐴1𝜑−𝐴2𝜑

3
2 . (30)

The first-order solitary wave solution (𝜑1) [34–35] is

𝜑1 =

(︂
5𝐴1

4𝐴2

)︂2
Sech4

(︃√︂
𝐴1

16
𝜂

)︃
(31)

and the first-order width (𝜑1) is

𝜑1 =
4√
𝐴1

, (32)

where 𝐴1 > 0.
Similarly, taking terms up to 𝜑2, the Eq. (28) can

be written as

𝑑2𝜑

𝑑𝜂2
= 𝐴1𝜑−𝐴2𝜑

3
2 +𝐴3𝜑

2. (33)

The second-order solitary wave solution (𝜑2) [34–
35] is

𝜑2 =

[︃
3𝐴2

5𝐴3
±

√︃(︂
3𝐴2

5𝐴3

)︂2
− 3𝐴1

2𝐴3
×

×Sech

(︃
1

2

√︃
𝐴1 −

9𝐴2
2

25𝐴3
𝜂

)︃]︃2
. (34)

And the second-order width (𝜑2) is

𝜑2 =
2√︁

𝐴1 − 9𝐴2
2

25𝐴3

, (35)

where 𝐴1 − 9𝐴2
2

25𝐴3
> 0.

Finally, after substitution of the appropriate value
of 𝑉𝑆 for slow mode phase velocity in place of V in
Eqs (31) and (34), the large amplitude slow mode
compressive solitary wave solutions of first (𝜑1) and
second (𝜑2) order in two-temperature non-isothermal
electron plasmas are obtained.

4. Double Layers

A double layer is a non-linear wave structure formed
sometimes for a short duration of time in plasma. In
this study, the author investigates the small ampli-
tude slow mode compressive double layers. The slow
mode compressive double layers are found from such
values of the slow mode phase velocities (𝑉𝑆) which
exceed the upper limiting values of the slow mode
solitons.
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The boundary conditions for double layers are
𝜓 (𝜑) = 0 for 𝜑 = 0 & 𝜑𝑑𝑙;

𝜕𝜓(𝜑)
𝜕𝜑 = 0 for 𝜑 = 0

& 𝜑𝑑𝑙 and 𝜕2𝜓
𝜕𝜑2

⃒⃒
𝜑=0, 𝜑𝑑𝑙

< 0, 𝜑𝑑𝑙 > 0.
For small amplitude double layer solutions, after

expanding 𝜓 (𝜑) in power series in 𝜑 up to 𝜑2, the
energy Eq. (19) reduces to the form

𝑑2𝜑

𝑑𝜂2
= 𝐴1𝜑−𝐴2𝜑

3
2 +𝐴3𝜑

2 = −𝜕𝜓
𝜕𝜑

, (36)

where

𝜓 (𝜑) = −1

2
𝐴1𝜑

2 +
2

5
𝐴2𝜑

5
2 − 1

3
𝐴3𝜑

3. (37)

After applying the boundary conditions, Eq. (37)
is obtained by integrating Eq. (36). Here 𝐴1, 𝐴2, 𝐴3

are defined previously in Eq. (29).
Now by applying the boundary conditions of double

layers on Eqs (36) and (37), the values of 𝐴1 and 𝐴2

in terms of 𝐴3 are obtained as 𝐴1 = 2
3𝜑𝑑𝑙𝐴3 and

𝐴2 = 5
3

√
𝜑𝑑𝑙𝐴3.

Substituting these values of 𝐴1 and 𝐴2 in Eqs (37)
and (36), the following equations are obtained finally
as:
𝜓 (𝜑) = −1

3
𝐴3𝜑

2
(︁√︀

𝜑−
√︀
𝜑𝑑𝑙

)︁2
, (38)

𝜕𝜓 (𝜑)

𝜕𝜑
= −1

3
𝐴3𝜑

(︁√︀
𝜑−

√︀
𝜑𝑑𝑙

)︁(︁
3
√︀
𝜑− 2

√︀
𝜑𝑑𝑙

)︁
, (39)

𝜑DL =
1

4
𝜑𝑑𝑙

[︃
1− tanh

(︃√︂
𝐴3𝜑𝑑𝑙
24

𝜂

)︃]︃2
, (40)

“where 𝐴3 > 0.”
The stable structure of double layer solution is

found for 𝐴3 > 0 and this gives the physically ac-
ceptable values of the double layers which also satisfy
the necessary boundary conditions.

The profiles of Sagdeev potential function 𝜓 (𝜑) as
a function of 𝜑 and the double layer solutions 𝜑DL as
functions of 𝜂 for small amplitude slow mode com-
pressive double layers are obtained after substituting
the appropriate values of slow mode phase velocity
𝑉𝑆 in place of 𝑉 .

5. Results and Discussions

In this paper, the author discusses the large ampli-
tude slow mode compressive solitons and small am-
plitude compressive slow mode double layers in two-
temperature non-isothermal electron plasmas con-
taining warm adiabatic negative ions, warm adiabatic

positive ions and warm isothermal positrons. Under
different variations of the slow mode phase velocities
(𝑉𝑆), the author has tried to show the formation of
fully non-linear slow mode compressive solitons from
Sagdeev potential function 𝜓(𝜑) as a function of 𝜑,
slow mode compressive first (𝜑1) and second (𝜑2) or-
der solitary wave solutions as functions of 𝜂, small
amplitude slow mode compressive double layer pro-
files from Sagdeev potential function 𝜓(𝜑) as a func-
tion of 𝜑 and their corresponding double layer solu-
tions 𝜑DL as functions of 𝜂. All these are obtained
with respect to the slow mode phase speed and the
range of this slow mode phase speed follows the in-
equality 𝑣tc < 𝑣slow < 𝑣th where 𝑣tc, 𝑣th and 𝑣slow
are, respectively the non-normalized thermal speed
of the colder positive ions, hotter negative ions and
slow mode phase speed. Actually the phase speed of
slow mode solitons depends on the choice of normal-
ization and plasma parameters. The arbitrary param-
eters used in this problem satisfy the boundary con-
ditions, charge neutrality conditions and the condi-
tions of solitary wave solutions. In this problem, the
different slow mode phase speeds (𝑉𝑆) are taken for
showing the effects of the slow mode solitons such
that they always satisfy the normalized phase speed

inequality
√︁

3𝜎𝑖

𝑛𝑖𝑜
< 𝑉𝑆 <

√︁
3𝜎𝑗

𝑄𝑛𝑗𝑜
< 𝑉𝐹 . Again the

slow mode compressive double layers are found from
such values of the slow mode phase velocities (𝑉𝑆)
which exceed the upper limiting values of the slow
mode solitons.

It is found in this plasma model that slow ion-
acoustic solitons appear from the value of the slow
mode phase velocity 𝑉𝑆 = 0.93 to 1.20 under some
restrictions. It means that at some fixed values of
𝑛𝑗𝑜, 𝜎𝑖, 𝜎𝑗 and 𝑄, slow ion-acoustic solitons occur
for some values of 𝑉 (= 𝑉𝑆) which exceed the crit-
ical values 𝑉crit. Slow ion-acoustic solitons cease to
exist for such a value of 𝑉 (= 𝑉𝑆) which either lies on
𝑉 (= 𝑉𝑆) = 1.21 or above it such that for 𝑉𝑆 ≥ 1.21,
the Sagdeev potential function 𝜓(𝜑) no longer has
a positive root. Moreover, for fully non-linear stan-
dard slow mode solitons, it is observed in this plasma
model that the temperature of negative ions (𝜎𝑗) is
greater than that of positive ions (𝜎𝑖).

Fig. 1, a shows the Sagdeev potential function 𝜓(𝜑)
as a function of 𝜑 for 𝑉 (= 𝑉𝑆) = 0.93, 0.94 and 0.96
denoted respectively by the curves 𝑐8, 𝑐9 and 𝑐10 when
𝑛𝑗𝑜 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

100 ,
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a b

c d

e

Fig. 1. Sagdeev potential function 𝜓(𝜑) as a function
of 𝜑 for slow mode compressive soliton in a two-tem-
perature non-isothermal electron plasma under variation
of 𝑉 (= 𝑉𝑆) for 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0,
𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15,
𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51:
𝜎𝑖 = 1

100
, 𝜎𝑗 = 1

30
when 𝑉 (= 𝑉𝑆) = 0.93, 0.94, 0.96

(a), 𝑉 (= 𝑉𝑆) = 0.95, 0.97 (b); 𝜎𝑖 = 1
30

, 𝜎𝑗 = 1
20

when 𝑉 (= 𝑉𝑆) = 1.01, 1.058426, 1.106725, 1.152678 (c),
when 𝑉 (= 𝑉𝑆) = 1.16, 1.17, 1.18, 1.19, 1.20 (d), when
𝑉 (= 𝑉𝑆) = 1.21, 1.22, 1.23, 1.245638 (e)
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𝜎𝑗 = 1
30 , 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝑄 = 1.9, 𝛽1 = 0.25,

𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24,
𝑏
(1)
ℎ = 0.51, 𝑍 = 1. The amplitudes of slow mode

solitons increase for higher values of 𝑉 (= 𝑉𝑆).
Fig. 1, b shows the Sagdeev potential function 𝜓 (𝜑)

as a function of 𝜑 for 𝑉 (= 𝑉𝑆) = 0.95, 0.97 denoted
respectively by the curves 𝑑4 and 𝑑5 when 𝑛𝑗0 = 0.05,
𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

100 , 𝜎𝑗 = 1
30 ,

𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24,
𝑏
(1)
ℎ = 0.51. In this case, the amplitude of the curve
𝑑5 is larger than the amplitude of the curve 𝑑4 for
these plasma parameters.

In Fig. 1, c, the Sagdeev potential function 𝜓 (𝜑) as
a function of 𝜑 for large amplitude slow mode solitons
is obtained for 𝑉 (= 𝑉𝑆) = 1.01, 1.058426, 1.106725
and 1.152678 denoted respectively by the curves 𝑎9,
𝑎10, 𝑎11 and 𝑎12 when 𝑛𝑗𝑜 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 , 𝜒 = 0.17, 𝜎𝑝 = 0.41,

𝑄 = 1.9, 𝛽1 = 0.25, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15,
𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51, 𝑍 = 1. It is also ob-
served from this figure that the amplitudes are larger
for higher values of 𝑉 (= 𝑉𝑆).

Fig. 1, d shows the fully nonlinear large ampli-
tude slow mode solitons from Sagdeev potential func-
tion 𝜓 (𝜑) as a function of 𝜑 for 𝑉 (= 𝑉𝑆) = 1.16,
1.17, 1.18, 1.19 and 1.20 denoted respectively by
the curves 𝑏5, 𝑏6, 𝑏7, 𝑏8 and 𝑏9 when 𝑛𝑗𝑜 = 0.05,
𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 ,

𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝑄 = 1.9, 𝛽1 = 0.25, 𝜇 = 0.15,
𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51,
𝑍 = 1. Once the upper limit V(= 𝑉𝑆) = 1.20 cor-
responding to 𝑛𝑗0 = 0.05 has been exceeded, slow
ion-acoustic solitons are no longer possible such as
for 𝑉 (= 𝑉𝑆) = 1.21 shown in Fig. 1, e, the Sagdeev
potential function 𝜓 (𝜑) becomes complex valued long
before a positive root of 𝜓 (𝜑) can be attained.

In Fig. 1, e, the Sagdeev potential function 𝜓 (𝜑)
as a function of 𝜑 for 𝑉 (= 𝑉𝑆) = 1.21, 1.22, 1.23 and
1.245638 denoted respectively by the curves 𝑐4, 𝑐5,
𝑐6 and 𝑐7 is shown for the non-streaming ions when
𝑛𝑗𝑜 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 , 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝑄 = 1.9, 𝛽1 = 0.25,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 =

= 0.24, 𝑏(1)ℎ = 0.51, 𝑍 = 1. It is found from this figure
that the slow mode soliton formation disappears for
these values of 𝑉 (= 𝑉𝑆), since the concentrations are

complex after crossing the said values of 𝑉 (= 𝑉𝑆) =
= 1.20 for this plasma model.

In connection with this plasma model, the other
important topic is the slow mode compressive solitary
wave solutions of first (𝜑1) and second (𝜑2) orders as
a function of 𝜂 which are mentioned in Figs. 2 to 3.

Fig. 2, a represents the first-order (𝜑1) slow mode
compressive solitary wave solutions as a function of
𝜂 under the variation of 𝑉 (= 𝑉𝑆) for 𝑛𝑗0 = 0.05,
𝑛𝑖0 = = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85,
𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51, 𝜎𝑖 =
= 1

30 , 𝜎𝑗 = 1
20 when 𝑉 (= 𝑉𝑆) = 1.058426, 1.106725,

1.152678 and 1.16 denoted respectively by the curves
𝑔1, 𝑔2, 𝑔3 and 𝑔4. The first-order slow mode soli-
ton attains larger values as V gradually increases. In
this figure, the author is only showing the effect of
𝑉 (= 𝑉𝑆) on the first-order slow mode compressive
solitary wave solutions.

Similarly Fig. 2, b shows the second-order (𝜑2) slow
mode compressive solitary wave solutions as a func-
tion of 𝜂 under the variation of 𝑉 (= 𝑉𝑆) for 𝑛𝑗0 =
= 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝑄 = 1.9,
𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15,
𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51,
𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 when 𝑉 (= 𝑉𝑆) = 1.058426,

1.106725, 1.152678 and 1.16 denoted respectively by
the curves 𝑔5, 𝑔6, 𝑔7 and 𝑔8. In this plasma model,
it is seen in this figure that the highest and low-
est values of the second-order solitary wave solu-
tion profiles are observed when 𝑉 (= 𝑉𝑆) = 1.16 and
𝑉 (= 𝑉𝑆) = 1.058426 at which the slow mode solitons
exist perfectly.

In Fig. 3, a, the first-order (𝜑1) slow mode com-
pressive solitary wave solutions as a function of 𝜂 are
shown under variation of 𝑉 (= 𝑉𝑆) for 𝑛𝑗0 = 0.05,
𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85,
𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 when 𝑉 (= 𝑉𝑆) = 1.17, 1.18, 1.19 and 1.20
denoted respectively by the curves ℎ1, ℎ2, ℎ3 and
ℎ4. As the values of 𝑉 (= 𝑉𝑆) increase, the peak of the
first-order slow mode solitary wave solution (𝜑1) pro-
file increases gradually, reaching its maximum when
𝑉 (= 𝑉𝑆) attains the value 1.20 at which slow mode
soliton exists and it is also mentioned in this plasma
model that the slow mode solitons will no longer be
observed when 𝑉 (= 𝑉𝑆) > 1.20.
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a

b
Fig. 2. First-order slow mode solitary wave profiles 𝜑1 as func-
tions of 𝜂 for two-temperature non-isothermal electron plasma
with varying 𝑉 (= 𝑉𝑆) for 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24,

𝑏
(1)
ℎ = 0.51, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
when 𝑉 (= 𝑉𝑆) = 1.058426,

1.106725, 1.152678, 1.16 (a). Second-order slow mode soli-
tary wave solutions 𝜑2 as functions of 𝜂 for two-temperature
non-isothermal electron plasma under variation of 𝑉 (= 𝑉𝑆) for
𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15,
𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
when

𝑉 (= 𝑉𝑆) = 1.058426, 1.106725, 1.152678, 1.16 (b)

Fig. 3, b shows the second-order (𝜑2) slow mode
compressive solitary wave solutions as functions of
𝜂 under variation of 𝑉 (= 𝑉𝑆) for 𝑛𝑗0 = 0.05,

a

b
Fig. 3. First order slow mode solitary wave solutions (𝜑1) as
functions of 𝜂 with varying 𝑉 (= 𝑉𝑆) in two-temperature non-
isothermal electron plasma for 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ =

= 0.51, 𝜎𝑖 = 1
30

, 𝜎𝑗 = 1
20

when 𝑉 (= 𝑉𝑆) = 1.17, 1.18, 1.19,
1.20 (a). Second order slow mode ion-acoustic solitary wave
solutions (𝜑2) as functions of 𝜂 under variation of 𝑉 (= 𝑉𝑆) in
a two-temperature non-isothermal electron plasma for 𝑛𝑗0 =

= 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15,
𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
when

𝑉 (= 𝑉𝑆) = 1.17, 1.18, 1.19, 1.20 (b)
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𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85,
𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑏(1)𝑙 = 0.24, 𝑏(1)ℎ = 0.51, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 when 𝑉 (= 𝑉𝑆) = 1.17, 1.18, 1.19 and 1.20
denoted respectively by the curves ℎ5, ℎ6, ℎ7 and
ℎ8. The second-order slow mode compressive solitary
wave solutions (𝜑2) increase gradually for larger val-
ues of 𝑉 (= 𝑉𝑆), provided that slow mode solitary
wave solutions must exist for those larger values. The
highest value of the slow mode soliton solution pro-
file is achieved for highest value of 𝑉 (= 𝑉𝑆) = 1.20
and for 𝑉 (= 𝑉𝑆) > 1.20, the second-order slow mode
soliton profile is not observed in this plasma model.

The author now considers the small amplitude slow
mode compressive double layers in two-temperature
non-isothermal electron plasmas. The compressive
double layers occur when the slow mode phase veloc-
ity 𝑉 (= 𝑉𝑆) of the nonlinear wave structure exceeds
the upper limiting values of soliton velocity beyond
which the number density of the cool ions (𝑛𝑖) be-
comes complex-valued. A theoretical examination for
different values of soliton velocity (𝑉 ) at some values
of the concerned plasma parameters, shows that the
double layer occurs at some values of 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆)
with amplitude 𝜑 = 𝜑𝑑𝑙. This indicates the end of the
soliton velocity range before the sonic point with lim-
iting electrostatic potential 𝜑 = 𝜑𝑙𝑝 is reached where
𝜑𝑑𝑙 < 𝜑𝑙𝑝 and concentrations of ions must be real-
valued at 𝜑 = 𝜑𝑙𝑝 which defines the existence region of
double layers. After crossing 𝜑 = 𝜑𝑙𝑝, the concentra-
tions of ions are no longer real-valued and the double
layers do not exist in those regions for this reason.

The profiles of small amplitude slow mode com-
pressive double layers obtained from the Sagdeev po-
tential function 𝜓 (𝜑) as a function of 𝜑 and its corre-
sponding double layer solutions 𝜑DL as functions of 𝜂
under variation of the phase velocity 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆)
in two-temperature non-isothermal electron plasmas
containing warm positrons, warm negative and pos-
itive ions for this model plasmas are shown respec-
tively in Fig. 4 to Fig. 8.

In Fig. 4, a, the small amplitude slow mode com-
pressive double layers obtained from the Sagdeev po-
tential function 𝜓 (𝜑) as a function of 𝜑 are shown
under variation of 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗0 = 0.05,
𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 and

𝑄 = 1.9 when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.65, 1.7, 1.75 and
1.8 denoted respectively by the curves 𝑠1, 𝑠2, 𝑠3 and
𝑠4. In this figure, the double layers are considered in

a

b
Fig. 4. Sagdeev potential function 𝜓 (𝜑) as a function of 𝜑
for small amplitude slow mode double layers with varying 𝑉 =

= 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗𝑜 = 0.05, 𝑛𝑖𝑜 = 0.88, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15,
𝑏ℎ = 0.4, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
: when 𝑉 =

= 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.65, 1.7, 1.75, 1.8 (a), when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) =

= 1.85, 1.9, 1.95, 2.0 (b)

an existence domain where the concentration of pos-
itive ions (𝑛𝑖) is real-valued so that the slow mode
compressive double layers are observed. It is also ob-
served that the amplitudes of the slow mode double
layers corresponding to the curves 𝑠1, 𝑠2, 𝑠3 and 𝑠4
decrease for higher values of 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆). In this
case, the nonlinearity weakens and the potential dif-
ference across the double layer decreases, leading to
reduced amplitude of the electrostatic potential.
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a
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Fig. 5. Sagdeev potential function 𝜓 (𝜑) as a function of 𝜑 for
small amplitude slow mode double layers under the variation of
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗𝑜 = 0.06, 𝑛𝑖𝑜 = 0.89, 𝑄 = 1.9, 𝜒 = 0.17,
𝜎𝑝 = 0.41, 𝛽1 = 0.25, 𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15,
𝑏ℎ = 0.4, 𝑢𝑖0 = 0, 𝑢𝑗0 = 0, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
: when 𝑉 =

= 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.3, 1.31 (a), when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.35,
1.45, 1.5, 1.65 (b)

Fig. 4, b shows the small amplitude slow mode com-
pressive double layers obtained from the Sagdeev po-
tential function 𝜓 (𝜑) as a function of 𝜑 with varying
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 and 𝑄 = 1.9 with

𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.85, 1.90, 1.95 and 2.0 denoted
respectively by the curves 𝑠5, 𝑠6, 𝑠7 and 𝑠8. The slow

Fig. 6. Small amplitude slow mode double layer solutions
(𝜑DL) as functions of 𝜂 with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗𝑜 =

= 0.05, 𝑛𝑖𝑜 = 0.88, 𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25,
𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.45, 1.5,

1.55, 1.6

mode compressive double layers are observed for the
above values of 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) where the positive ion
density (𝑛𝑖) will not be complex valued. Again the
amplitudes of the respective double layers decrease
for higher values of 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆).

Fig. 5, a represents the small amplitude slow mode
compressive double layers obtained from the Sagdeev
potential function 𝜓 (𝜑) as a function of 𝜑 with vary-
ing 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for another concentration of neg-
ative ions 𝑛𝑗0 = 0.06 which is slightly greater than
the previous value 𝑛𝑗0 = 0.05, for 𝑢𝑖0 = 0, 𝑢𝑗0 = 0,
𝑛𝑖𝑜 = 0.89, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝜇 = 0.15, 𝜈 = 0.85,
𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 , 𝛽1 = 0.25,

𝑍 = 1 and 𝑄 = 1.9 with 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.3 and
1.31 denoted respectively by the curves 𝑏5 and 𝑏6.

Fig. 5, b shows the small amplitude slow mode com-
pressive double layers obtained from the Sagdeev po-
tential function 𝜓 (𝜑) as a function of 𝜑 with vary-
ing 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for another concentration of neg-
ative ion 𝑛𝑗0 = 0.06 which is slightly greater than
the previous value 𝑛𝑗0 = 0.05 for 𝑢𝑖0 = 0, 𝑢𝑗0 = 0,
𝑛𝑖𝑜 = 0.89, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝜇 = 0.15, 𝜈 = 0.85,
𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 , 𝛽1 = 0.25,

𝑍 = 1 and 𝑄 = 1.9 with 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.35, 1.45,
1.50 and 1.65 denoted respectively by the curves 𝑏7,
𝑏8, 𝑏9 and 𝑏10.
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In Fig. 6, the small amplitude slow mode com-
pressive double layer solutions 𝜑DL as functions of
𝜂 are shown with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝜒 = 0.17, 𝜎𝑝 = 0.41,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 , 𝛽1 = 0.25, 𝑍 = 1 and 𝑄 = 1.9 when
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.45, 1.5, 1.55 and 1.6 denoted
respectively by the curves 𝑚1, 𝑚2, 𝑚3 and 𝑚4. As
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) gradually increases, the respective
curves intersect the 𝜑DL-axis at higher values than
the previous ones and it attains the maximum value
when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) equals 1.6.

Fig. 7, a shows the small amplitude slow mode com-
pressive double layer solutions 𝜑DL as functions of 𝜂
with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑢𝑖0 = 0, 𝑢𝑗0 = 0,
𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝜒 = 0.17, 𝜎𝑝 = 0.41,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 , 𝛽1 = 0.25, 𝑍 = 1 and 𝑄 = 1.9 when
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.65, 1.7, 1.75 and 1.8 denoted
respectively by the curves 𝑚5, 𝑚6, 𝑚7 and 𝑚8. The
curve𝑚8 for 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.8 intersects the 𝜑DL-
axis at higher values than the defined curves 𝑚5 at
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.65, 𝑚6 at 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.7
and 𝑚7 at 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.75. As 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆)
increases from 1.65 to 1.8, double layer amplitude
decreases.

In Fig. 7, b, the small amplitude slow mode com-
pressive double layer solutions 𝜑DL as functions of 𝜂
are shown with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝜒 = 0.17, 𝜎𝑝 = 0.41,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 , 𝛽1 = 0.25, 𝑍 = 1 and 𝑄 = 1.9 when
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.85, 1.9, 1.95 and 2.0 denoted
respectively by the curves 𝑛1, 𝑛2, 𝑛3 and 𝑛4. It is
further noted that the amplitudes of the double lay-
ers decrease when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) is increasing from
1.85 to 2.0.

In Fig. 8, a, the small amplitude slow mode com-
pressive double layer solutions 𝜑DL as functions of 𝜂
are shown with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝜒 = 0.17, 𝜎𝑝 = 0.41,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 , 𝛽1 = 0.25, 𝑍 = 1 and 𝑄 = 1.9 when
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.29 and 1.3 denoted respectively
by the curves 𝑒7 and 𝑒8. The curve 𝑒8 intersects the
𝜑DL-axis at larger values from the origin than the
curve 𝑒7.

Fig. 8, b shows the small amplitude slow mode com-
pressive double layer solutions 𝜑DL as functions of 𝜂

a

b
Fig. 7. Small amplitude slow mode double layer solutions
(𝜑DL) as functions of 𝜂 with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗𝑜 =

= 0.05, 𝑛𝑖𝑜 = 0.88, 𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25,
𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
: when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.65, 1.7,

1.75, 1.8 (a), when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.85, 1.9, 1.95, 2.0 (b)

with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑢𝑖0 = 0, 𝑢𝑗0 = 0,
𝑛𝑗0 = 0.05, 𝑛𝑖0 = 0.88, 𝜒 = 0.17, 𝜎𝑝 = 0.41,
𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝜎𝑖 = 1

30 ,
𝜎𝑗 = 1

20 , 𝛽1 = 0.25, 𝑍 = 1 and 𝑄 = 1.9 when
𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.35 and 1.4 denoted respec-
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a

b
Fig. 8. Small amplitude slow mode double layer solutions
(𝜑DL) as functions of 𝜂 with varying 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) for 𝑛𝑗𝑜 =

= 0.05, 𝑛𝑖𝑜 = 0.88, 𝑄 = 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41, 𝛽1 = 0.25,
𝑍 = 1, 𝜇 = 0.15, 𝜈 = 0.85, 𝑏𝑙 = 0.15, 𝑏ℎ = 0.4, 𝑢𝑖0 = 0,
𝑢𝑗0 = 0, 𝜎𝑖 = 1

30
, 𝜎𝑗 = 1

20
: when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.29, 1.3

(a), when 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.35, 1.4 (b)

tively by the curves 𝑒9 and 𝑒10. The curve 𝑒10 in
this figure intersects the 𝜑DL-axis at higher values
than the curve 𝑒9.

6. Conclusions

In this paper, the author studies the large ampli-
tude slow mode compressive solitons and small am-
plitude slow mode compressive double layers in two-
temperature non-isothermal electron plasmas con-
taining warm adiabatic positive and negative ions and

warm isothermal positrons using the Sagdeev pseu-
dopotential method. This model is applicable to the
plasma sheet boundary layer of the Earth’s magneto-
sphere and auroral plasmas. In this model, the slow
mode is found when the thermal speeds of positive
and negative ion species are different. For the plasma
composition (Ar+, SF−

6 ), the present author inves-
tigates the large amplitude slow mode compressive
solitons and small amplitude slow mode compressive
double layers using the Sagdeev pseudopotential func-
tion 𝜓 (𝜑), first-order (𝜑1) as well as second-order (𝜑2)
solitary wave solutions supported by the allowed slow
mode phase velocities (𝑉𝑆) which satisfy the inequal-
ity
√︁

3𝜎𝑖

𝑛𝑖𝑜
<𝑉𝑆 <

√︁
3𝜎𝑗

𝑄𝑛𝑗𝑜
for the arbitrarily chosen set

of parameters. It is important to point out that there
also exists upper values of 𝑉 (= 𝑉𝑆) for solitons where
the ion number density should not become complex
valued but the larger value of 𝑉 (> 𝑉𝑆) compared
with the upper limit of the soliton value of 𝑉 (= 𝑉𝑆),
lead to the formation of double layers. The small am-
plitude slow mode double layer profiles obtained from
the Sagdeev potential function 𝜓 (𝜑) and double layer
solutions 𝜑DL under the variation of the different val-
ues of 𝑉𝑆 show the different characteristics of these
nonlinear wave structures.

In this paper, some important observations are
made for slow mode structures:

1. When ion densities are real and 𝑄 > 1, 𝜎𝑗 > 𝜎𝑖,
large amplitude slow mode compressive solitons are
observed for the inequality

√︁
3𝜎𝑖

𝑛𝑖𝑜
< 𝑉𝑆 <

√︁
3𝜎𝑗

𝑄𝑛𝑗𝑜
.

2. Large amplitude compressive slow mode solitons
are observed from 𝑉 (= 𝑉𝑆) = 0.93 to 0.97 when
𝑛𝑗𝑜 = 0.05, 𝜎𝑖 = 1

100 , 𝜎𝑗 = 1
30 (𝜎𝑗 > 𝜎𝑖), 𝑄 = 1.9,

𝜒 = 0.17 and from 𝑉 (= 𝑉𝑆) = 1.01 to 1.20 when
𝑛𝑗𝑜 = 0.05, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 (𝜎𝑗 > 𝜎𝑖), 𝑄 = 1.9,

𝜒 = 0.17. The values of 𝑉 (= 𝑉𝑆) differ due to the
changes in the temperatures of positive and nega-
tive ions.

3. The existence domain of large amplitude slow
mode compressive solitons is found for 0.93 ≤ 𝑉𝑆 ≤
≤ 0.97 when 𝑛𝑗𝑜 = 0.05, 𝜎𝑖 = 1

100 , 𝜎𝑗 = 1
30 (𝜎𝑗 > 𝜎𝑖),

𝑄 = 1.9 and it will be again found for 1.01 ≤ 𝑉𝑆 ≤
≤ 1.20 when 𝑛𝑗𝑜 = 0.05, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 (𝜎𝑗 > 𝜎𝑖),

𝑄 = 1.9. The same large amplitude slow mode com-
pressive solitons is not found for 𝑉𝑆 ≥ 1.21 when
𝑛𝑗𝑜 = 0.05, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 (𝜎𝑗 > 𝜎𝑖), 𝑄 = 1.9 and

this is possible due to the change of the temperature
of positive and negative ions.

518 ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 6



Effects of Slow Mode Phase Velocity on Non-Linear Wave Structures

4. Small amplitude slow mode compressive double
layers are found from 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.3 to 1.65
when 𝑛𝑗𝑜 = 0.06, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 (𝜎𝑗 > 𝜎𝑖), 𝑄 =

= 1.9, 𝜒 = 0.17, 𝜎𝑝 = 0.41 and again the same is
found from 𝑉 = 𝑉𝑑𝑙 (> 𝑉𝑆) = 1.65 to 2.0 when 𝑛𝑗𝑜 =
= 0.05, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 (𝜎𝑗 > 𝜎𝑖), 𝑄 = 1.9, 𝜒 =

= 0.17, 𝜎𝑝 = 0.41
5. No solitons are found for 𝑉 > 𝑉𝑑𝑙 where 𝑉 is the

soliton velocity and 𝑉𝑑𝑙 is the double layer velocity
for 𝑛𝑗𝑜 = 0.05, 𝜎𝑖 = 1

30 , 𝜎𝑗 = 1
20 (𝜎𝑗 > 𝜎𝑖), 𝑄 = 1.9,

𝜒 = 0.17, 𝜎𝑝 = 0.41. This indicates that the solitons
velocity range is terminated by the occurrence of the
double layers.

The slow mode nonlinear wave structure help
in understanding the complex dynamics of plasmas
in astrophysical systems or laboratory experiments.
The study of slow mode solitons and double layers
helps interpret observations in space plasmas, plasma
technology, fusion research and laboratory experi-
ments. Slow mode solitons and double layers are asso-
ciated with stability and energy transport processes,
wave propagation and particle acceleration occurring
both in fundamental plasma physics and practical
applications.

Future work of the author is to investigate the
large amplitude compressive slow mode double lay-
ers in magnetized plasmas with two-temperature non-
isothermal electrons.

The author is grateful to the referee and editor for
their valuable suggestions for improving this work and
would like to thank Dr. S.N. Paul for his helpful sug-
gestions and discussions in the preparation of this pa-
per to its present form.
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С.Чаттопадхай

ВПЛИВ ФАЗОВОЇ ШВИДКОСТI ПОВIЛЬНОЇ
МОДИ НА НЕЛIНIЙНI ХВИЛЬОВI СТРУКТУРИ
У ДВОТЕМПЕРАТУРНIЙ НЕIЗОТЕРМIЧНIЙ ПЛАЗМI

У беззiткненнєвiй, ненамагнiченiй нерелятивiстичнiй пла-
змi, що складається з теплих адiабатичних позитивних i
негативних iонiв, теплих iзотермiчних позитронiв i двотем-
пературних неiзотермiчних електронiв, методом псевдопо-
тенцiалу Сагдєєва дослiджено нелiнiйнi хвильовi структури
повiльної моди. “Дисперсiйне спiввiдношення” виводиться з
базового набору нормалiзованих рiвнянь для рiдини у при-
пущеннi, що розв’язки мають вигляд поодинокої хвилi, а
потiм аналiтично визначається фазова швидкiсть повiльно-
го режиму (𝑉𝑆). Вплив нормалiзованої фазової швидкостi
(𝑉𝑆) на солiтони повiльної моди великої амплiтуди й по-
двiйнi шари повiльної моди малої амплiтуди всебiчно про-
аналiзовано за допомогою профiлiв потенцiальної функцiї
Сагдєєва 𝜓 (𝜑), розв’язкiв поодинокої хвилi першого (𝜑1) i
другого (𝜑2) порядку та розв’язкiв подвiйного шару 𝜑DL у
двотемпературнiй неiзотермiчнiй електроннiй плазмi.

Ключ о в i с л о в а: фазова швидкiсть у повiльному й швид-
кому режимах, неiзотермiчна плазма, псевдопотенцiал Са-
гдєєва, стискальнi солiтони повiльного режиму та подвiйнi
шари.
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