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THE 𝜇-DEFORMED EINSTEIN
FIELD EQUATIONS WITH 𝜇-DEPENDENT
EFFECTIVE COSMOLOGICAL CONSTANT

In this paper, we derive the 𝜇-deformed Einstein field equations from the generalized thermody-
namic functions of the 𝜇-deformed analog of Bose gas model, applying the (adapted) Verlinde’s
approach. The basic role of deformation parameter is shown: it provides the possibility to vary
the value of the cosmological constant. Due to this, we suggest an interesting treatment of the
cosmological constant (CC) problem within the framework of 𝜇-deformation. Namely, viewing
the derived 𝜇-deformed CC as an effective one and varying the parameter 𝜇 appropriately, we
gain the possibility to drastically reduce the CC, so as to get, for it, the realistic value. The
relation to dark matter is of importance.
K e yw o r d s: 𝜇-calculus, entropic force, gravity, 𝜇-Bose gas model, effective cosmological
constant, dark matter.

1. Introduction

Various deformed algebras have provided valuable in-
sights into a wide range of problems across diverse
branches of physics. Among different types of de-
formation, which are most conveniently and clearly
characterized by the deformation structure function
(DSF), see, e.g., [1], there are very popular and well-
studied deformed algebras of the exponential type
like the 𝑞-oscillators [2–4] or 𝑝, 𝑞-oscillators [5]. Un-
like, the 𝜇-deformation first introduced by Jannus-
sis [6] belongs to a very different class of noncanon-
ical Heisenberg algebras, namely, the class of ratio-
nal deformations. That implies very different proper-
ties, and non-Fibonacci nature [7] is one of them. This
extension has opened new perspectives for exploring
quantum systems with modified algebraic structures,
offering potential applications in such fields as high-
energy physics, quantum gravity, and physics of dwarf
galaxies.
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The 𝜇-deformation was developed in several as-
pects and applied to various physical problems: the
quasi-Fibonacci nature of the nonlinear 𝜇-deformed
oscillator has been established, as well as for the pro-
posed extensions or hybrid cases (𝜇; 𝑝, 𝑞) [7]; the ap-
plication to deformed versions of the non-relativistic
Bose gas model has been constructed [8,10,11]; the in-
tercepts of 𝑟-particle momentum correlation functions
in the 𝜇-Bose gas model have been derived [8,9]. Clo-
sely related deformations have been introduced and
shown as able to account for compositeness and inter-
action of particles [12]. Relevant version of deforma-
tion was successfully applied to describe the entan-
glement entropy of composite (quasi)boson systems
[13, 14]; it is worth noting the temperature depen-
dence of virial coefficients and correlation function
intercepts in the (𝜇, 𝑞)-Bose gas model [15, 16], the
condensate of the 𝜇-Bose gas as an effective model
of galactic-halos dark matter [17, 18], the halo den-
sity profile of dwarf or low surface brightness galax-
ies and their rotation curves [19]. Also, one should
mention the related research on deformed versions
of Heisenberg algebra for the position and momen-
tum operators. In particular, the three-parametric
(𝑝, 𝑞, 𝜇)-deformed Heisenberg algebra [20] was shown
to possess unusual properties, including pseudo-her-
miticity of the involved operators. The special new
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𝜇-deformed Heisenberg algebra has been derived [21]
in the context of the approach to dark matter based
on the 𝜇-deformation [19].

Now, let us go over to one of well-known approaches
to quantum gravity, namely, the induced gravity
theory. As known, it branches into the Sakharov’s
quantum-field approach [22, 23], on one hand, and
the emergent (or thermostatistical, or entropic) the-
ory on the other. In general context of quantum grav-
ity, Verlinde formulated a theory of induced gravity,
wherein gravity is understood as an emergent phe-
nomenon arising from entropic forces [24]. His ap-
proach is rooted in statistical mechanics and involves
the holographic principle, as originally proposed by
’t Hooft [25]; it is distinguished from Padmanabhan’s
thermostatistical perspective on gravity [26].

Verlinde’s framework postulates that gravitational
dynamics, as described by either Newtonian theory or
General Relativity, are not fundamental interactions
but emerge as effective macroscopic description from
an underlying statistical system. This system is gov-
erned by classical statistics and holographic principle,
where the thermodynamic quantities, such as entropy,
play a pivotal role in the emergence of spacetime ge-
ometry and gravitational forces. The entropic force,
in this view, can be interpreted as a manifestation
of the underlying microscopic degrees of freedom en-
coded in the statistical properties of the system [24].

Furthermore, Verlinde’s approach suggests that
spacetime itself may be an emergent phenomenon, de-
rived from the collective behavior of microscopic de-
grees of freedom, much like thermodynamic quantities
emerge from the microscopic states of matter. This
perspective has profound implications for the un-
derstanding of quantum gravity, providing a poten-
tial bridge between the thermodynamic description of
space-time and the quantum mechanical description
of fundamental interactions. The holographic princi-
ple further strengthens this connection, implying that
the degrees of freedom (bits of information) describ-
ing the gravitational system are encoded on a lower-
dimensional boundary, akin to the AdS/CFT corre-
spondence in string theory [54, 55]. Thus, Verlinde’s
theory opens new avenues for exploring the relation-
ship between gravity, thermodynamics, and quantum
mechanics.

In addition to classical statistics, deformed analogs
of quantum statistics can be applied in the con-
text of induced gravity [32, 33]. The corresponding

physical systems (e.g., quantum black holes) will
be described by deformed thermostatistical functions
and, by applying the Verlinde’s approach to them,
one obtains deformed analogs of the Einstein field
equations. Adopting Ubriaco’s one-parameter quan-
tum group 𝑆𝑈𝑞(2) interacting boson gas model results
in the respective 𝑞-deformed Einstein field equations
[27], the use of (𝑝, 𝑞)-deformed Fermi gas model in-
duces (𝑝, 𝑞)-deformed Einstein field equations [28,29],
and for Viswanathan–Parthasarathy–Jagannathan–
Chaichian (VPJC) 𝑞-deformed fermion gas model
there arises 𝑞-deformed Einstein field equations [30];
likewise, with 𝑞-deformed fermion gas model in two-
dimensional space yet another type of 𝑞-deformed
Einstein field equations does emerge [31].

Deformed Einstein equations for the 𝑞-deformed
boson and 𝑞-fermion gas models at the high-tem-
perature limit are studied in Ref. [34]. At last, in
Ref. [37], two versions of modified Einstein equations
were obtained basing on the GUP corrected Unruh
temperature and the Verlinde’s approach. Verlinde’s
approach has encountered an ambiguous reflections
and some criticism, see, e.g., Ref. [38–45]. On the
other hand, there is a wide range of modified en-
tropic gravities, that includes noncommutativity, un-
gravity as conformal invariant fields, asymptotically
safe gravity, Debye energy correction, surface entropic
gravity, etc. [45–49, 53].

The paper is organized as follows. First, a brief re-
view of the 𝜇-Bose thermodynamics is given. Second,
we will derive a 𝜇-deformed analog of the Einstein
equation following the logic of Verlinde’s approach
and basing on the 𝜇-deformed Bose gas model. Note
that, within the developed version of entropic grav-
ity, the 𝜇-deformed Friedmann equation can be in-
ferred and its application to cosmology can be ex-
plored. Third, the implications for the obtained ef-
fective (depending on 𝜇) extension of cosmological
constant are analyzed in detail. The work is ended
with concluding remarks. Throughout the paper, we
set the units so that 𝑐 = ~ = 1.

2. The 𝜇-Deformed Einstein
Equations Using Verlinde Approach

2.1. The thermostatics of 𝜇-Bose gas model

We start with recalling some facts, which are neces-
sary for what follows [10, 11]. In the standard Bose
gas model, the total number of particles is expressed
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as the Euler derivative of the logarithm of the grand
partition function 𝒵, i.e

𝒩 = 𝑧
𝑑

𝑑𝑧
ln𝒵, (1)

where the fugacity 𝑧 as function of the chemical po-
tential 𝜇̃ is given by 𝑧 = 𝑒𝛽𝜇̃, 𝛽 = 1

𝑘B𝑇 is the
inverse temperature involving the Boltzmann con-
stant 𝑘B. The grand canonical partition function 𝒵
is treated through its logarithm by the following ex-
pression:

ln𝒵 = −
∑︁
𝑖

ln(1− 𝑧𝑒−𝛽𝜖𝑖), (2)

with 𝜖𝑖 being

𝜖𝑖 =
|p|2

2𝑚
=

𝑝2𝑖
2𝑚

. (3)

From now on, we restrict ourselves to three-dimen-
sional space. To formulate the thermodynamic frame-
work for the 𝜇-analog of the Bose gas model, the stan-
dard expression for the total number of particles 𝒩 is
supposed to incorporate the 𝜇-dependence. Namely,
the modified definition for the total number of parti-
cles is given as

𝒩 (𝜇) = 𝑧𝒟(𝜇)
𝑧 ln𝒵 = −𝑧𝒟(𝜇)

𝑧

∑︁
𝑖

ln
(︀
1− 𝑧𝑒−𝛽𝜖𝑖

)︀
, (4)

where we use the 𝜇-derivative

𝒟(𝜇)
𝑥 𝑓(𝑥) =

1∫︁
0

𝑓 ′
𝑥(𝑡

𝜇𝑥) 𝑑𝑡, 𝑓 ′
𝑥(𝑡

𝜇𝑥) =
𝑑𝑓(𝑡𝜇𝑥)

𝑑𝑥
, (5)

which acts on the monomials as

𝒟(𝜇)
𝑥 𝑥𝑛 = [𝑛]𝜇𝑥

𝑛−1, (6)

where
[𝑛]𝜇 ≡ 𝑛

1 + 𝜇𝑛
, 0 ≤ 𝜇 ≤ 1. (7)

Then the 𝜇-deformed operator 𝒟(𝜇) is applied to the
logarithm of the grand canonical partition function
in Eq. (2), and the modified total number of particles
reads

𝒩 (𝜇) = 𝑧
∑︁
𝑖

∞∑︁
𝑛=1

𝑒−𝛽𝜖𝑖𝑛
[𝑛]𝜇
𝑛

𝑧𝑛−1 =

=
∑︁
𝑖

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

(︀
𝑒−𝛽𝜖𝑖

)︀𝑛
𝑧𝑛. (8)

For the series to converge, the following condition for
the product 𝑒−𝛽𝜖𝑖𝑧 must hold:

lim
𝑛→∞

∑︁
𝑖

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

(︀
𝑒−𝛽𝜖𝑖

)︀𝑛
𝑧𝑛< ∞ ⇒ 0 ≤ |𝑧𝑒−𝛽𝜖𝑖 | < 1.

(9)

Separate the contribution of the 𝑝𝑖 = 0, 𝑖 = 0 term
from the remaining sum. This yields:

𝒩 (𝜇) =
∑︁
𝑖

′ ∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

(︀
𝑒−𝛽𝜖𝑖

)︀𝑛
𝑧𝑛 +

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛. (10)

As is well known, for a large volume 𝑉 and a large
number of particles 𝒩 , the spectrum of single-particle
states becomes nearly continuous. Due to this, we re-
place the summation in Eq. (8) by a 3-integral over
the 3-momentum space∑︁
𝑖

→ 𝑉

(2𝜋~)3

∫︁
𝑑3𝑘. (11)

Then we obtain

𝒩 (𝜇) =
𝑉

𝜆3
𝑇

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛5/2

𝑧𝑛 +𝒩 (𝜇)
0 , 𝒩 (𝜇)

0 ≡
∞∑︁

𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛.

(12)

Here the thermal wavelength 𝜆𝑇 is defined in terms of
the particle mass 𝑚 and the temperature 𝑇 (viewed
as the thermodynamic temperature):

𝜆𝑇 =

√︃
2𝜋~2
𝑚𝑘B𝑇

. (13)

The standard Bose–Einstein function is given by the
series

𝑔ℓ(𝑧) =

∞∑︁
𝑛=1

𝑧𝑛

𝑛ℓ
. (14)

As a generalization of the latter, the 𝜇-polylogarithm
is introduced, namely,

𝑔
(𝜇)
ℓ (𝑧) =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛ℓ+1

𝑧𝑛. (15)

Then the Eq. (10) becomes

𝒩 (𝜇) =
𝑉

𝜆3
𝑇

𝑔
(𝜇)
3/2(𝑧) + 𝑔

(𝜇)
0 (𝑧), (16)
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where

𝑔
(𝜇)
3/2(𝑧) =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛5/2

𝑧𝑛, 𝑔
(𝜇)
0 (𝑧) =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛. (17)

The 𝜇-deformed ln𝒵(𝜇) is obtained by applying the
inverse of the Euler derivative, namely,

ln𝒵(𝜇) =

(︂
𝑧
𝑑

𝑑𝑧

)︂−1

𝒩 (𝜇). (18)

After inserting 𝒩 (𝜇)

(︂
𝑧
𝑑

𝑑𝑧

)︂−1
(︃
𝑉

𝜆3
𝑇

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛5/2

𝑧𝑛 +

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛

)︃
=

=
𝑉

𝜆3
𝑇

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛5/2

(︂
𝑧
𝑑

𝑑𝑧

)︂−1

𝑧𝑛 +

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

(︂
𝑧
𝑑

𝑑𝑧

)︂−1

𝑧𝑛, (19)

we get ln𝒵(𝜇) in the form

ln𝒵(𝜇) =
𝑉

𝜆3
𝑇

𝑔
(𝜇)
5/2 + 𝑔

(𝜇)
1 . (20)

The internal energy 𝒰 (𝜇) is determined through the
relation

𝒰 (𝜇) = −
(︂
𝜕

𝜕𝛽
ln𝒵(𝜇)

)︂
𝑧,𝑉

. (21)

With the usual 𝛽-derivative, we obtain the expression
for the 𝜇-deformed internal energy

− 𝜕

𝜕𝛽

(︂
𝑉

𝜆3
𝑇

𝑔
(𝜇)
5/2 + 𝑔

(𝜇)
1

)︂
𝑧,𝑉

⇒ 𝒰 (𝜇) = −𝜇̃𝒩 (𝜇). (22)

The equation of state then reads

(𝑃𝑉 )𝜇
𝑘B𝑇

= ln𝒵(𝜇) =
𝑉

𝜆3
𝑇

𝑔
(𝜇)
5/2(𝑧) + 𝑔

(𝜇)
1 (𝑧). (23)

The Helmholtz free energy of the model results as

ℋ(𝜇) = 𝜇̃𝒩 (𝜇) − (𝑃𝑉 )𝜇. (24)

The 𝜇-deformed entropy can be obtained from the
relation 𝒮(𝜇) = 1

𝑇U

(︀
𝒰 (𝜇) −ℋ(𝜇)

)︀
(with 𝑇U viewed as

the Unruh temperature [55]) to yield

𝒮(𝜇) =
1

𝑇U

(︂
−2𝜇̃

𝑉

𝜆3
𝑇

𝑔
(𝜇)
3/2(𝑧)− 2𝜇̃𝑔

(𝜇)
0 (𝑧) + 𝐸

𝑉

𝜆3
𝑇

×

× 𝑔
(𝜇)
5/2(𝑧) + 𝐸𝑔

(𝜇)
1 (𝑧)

)︂
. (25)

In the 𝜇-deformed extension of Verlinde’s emergent
gravity, we use the identification 𝐸 = 𝑘B𝑇 rather
than 1

2𝑘B𝑇 , assuming each 𝜇-boson encodes two fun-
damental bits of information. Physically, 𝜇-bosons
may be viewed as composite Bose-like particles built
of correlated or entangled pairs of elementary con-
stituents (of either Fermi or Bose type, see [12–
16] for the former one). Consequently, each 𝜇-boson
carries twice the energy of a single bit in stan-
dard equipartition, leading to the total energy 𝐸 =
= 𝑁𝑘B𝑇 and preserving thermodynamic consistency
when 𝜇-deformation modifies the entropy-energy re-
lation along with the emergent gravitational cou-
pling. Explicitly rewriting the expression for the ther-
mal wavelength and chemical potential in terms of
𝐸 = 𝑘B𝑇 ,

𝜆3
𝑇 =

(︂
2𝜋~2

𝑚𝐸

)︂3/2
,

𝜇̃

𝐸
= ln 𝑧, (26)

we get the general expression for 𝜇-deformed entropy
as function of 𝐸:

𝒮(𝜇) =
1

𝑇𝑈

(︂
−2𝑉

(︁ 𝑚

2𝜋~2
)︁3/2

𝑔
(𝜇)
3/2(𝑧)𝐸

5/2 ln 𝑧 − 2𝐸×

× 𝑔
(𝜇)
0 (𝑧) ln 𝑧 + 𝑉

(︁ 𝑚

2𝜋~2
)︁3/2

𝑔
(𝜇)
5/2(𝑧)𝐸

5/2 + 𝐸𝑔
(𝜇)
1 (𝑧)

)︂
.

(27)

This is of principal importance for what follows.

2.2. Derivation of the 𝜇-deformed
Einstein equations using Verlinde approach

In Verlinde’s approach to entropic gravity, the sys-
tem approaches to statistical equilibrium, when the
entropic force stemming from the changes in entropy,
becomes balanced with the forces that contribute to
an increase in the entropy. Accordingly, the formula-
tion suggests that gravity itself can be understood as
an emergent force arising from the entropic dynamics
of underlying microscopic degrees of freedom, rather
than a fundamental interaction. At equilibrium, the
total entropy 𝒮 of the system remains constant, and
it reaches an extreme value. This is a direct conse-
quence of the second law of thermodynamics, which
states that entropy tends to increase until a maxi-
mum is reached under the given constraints. In what
follows, the entropy 𝒮(𝜇)(𝐸, 𝑥𝜈) satisfies:

𝑑

𝑑𝑥𝜈
𝒮(𝜇)(𝐸, 𝑥𝜈) = 0. (28)
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From Verlinde’s perspective, the system’s equilibrium
is not only a condition of the force balance, but also
a reflection of the deeper thermodynamic nature of
gravity

𝜕𝒮(𝜇)

𝜕𝐸

𝜕𝐸

𝜕𝑥𝜈
+

𝜕𝒮(𝜇)

𝜕𝑥𝜈
= 0, (29)

where the components represent the energy gradient
and an entropic force

𝜕𝐸

𝜕𝑥𝜈
= −ℱ𝜈 ,

𝜕𝒮
𝜕𝑥𝜈

= ∇𝜈𝒮. (30)

From the derivative of 𝒮(𝜇), we have

𝜕𝒮(𝜇)

𝜕𝐸
=

1

𝑇𝑈

(︂
5𝑉

2
𝑔
(𝜇)
5/2(𝑧)

(︂
𝑚𝐸

2𝜋~2

)︂3/2
− 5𝑉 𝑔

(𝜇)
3/2(𝑧)×

×
(︂
𝑚𝐸

2𝜋~2

)︂3/2
ln 𝑧 + 𝑔

(𝜇)
1 (𝑧)− 2𝑔

(𝜇)
0 (𝑧) ln 𝑧

)︂
. (31)

For simplicity, let us use the notation

𝐺1(𝜇; 𝑧) =
5

2

𝑉

𝜆3
𝑇

(︁
𝑔
(𝜇)
5/2(𝑧)− 2 ln 𝑧𝑔

(𝜇)
3/2(𝑧)

)︁
, (32)

𝐺2(𝜇; 𝑧) = 𝑔
(𝜇)
1 (𝑧)− 2𝑔

(𝜇)
0 (𝑧) ln 𝑧. (33)

The formula for the derivative then takes the form

𝜕𝒮(𝜇)

𝜕𝐸
=

1

𝑇U

(︁
𝐺1(𝜇; 𝑧) +𝐺2(𝜇; 𝑧)

)︁
. (34)

By inserting formulae (34) and (30) in Eq. (29), we
obtain the relation

(𝐺1(𝜇; 𝑧) +𝐺2(𝜇; 𝑧))ℱ𝜈 = 𝑇U∇𝜈𝒮. (35)

Here the entropic force ℱ𝜈 = −𝑚𝑒𝜙∇𝜈𝜙 and 𝜙 is a
GR generalization of Newton’s potential:

𝜙 =
1

2
log(−𝜉𝜈𝜉𝜈). (36)

The change of entropy through the holographic screen
resulting from a displacement of particle (bit) by one
thermal wavelength 𝜆𝑇 along some normal direction
n to the screen determined by 𝑛𝜈(𝜈 = 0, 1, 2, 3) reads

∇𝜈𝒮 = −2𝜋
𝑚

~
𝑛𝜈 . (37)

In Verlinde’s emergent gravity framework, the deriva-
tion of Einstein’s field equations is performed in ther-
modynamic terms by employing the holographic prin-
ciple, the Unruh effect, and the Bekenstein entropy

bound, all of which can be naturally interpreted
within the AdS/CFT correspondence. Hence, the ac-
celerating observer may be regarded as intrinsically
coupled to the framework of induced gravity, since
the Unruh temperature perceived by such an observer
constitutes a macroscopic manifestation of the same
underlying microscopic degrees of freedom whose col-
lective dynamics gives rise to the emergent gravita-
tional field. Then (on equating the thermodynamic
temperature to the Unruh temperature), we obtain
the relation that involves the 𝜇-deformed tempera-
ture of the form:

𝑇U = (𝐺1(𝜇; 𝑧) +𝐺2(𝜇; 𝑧))𝑒
𝜙∇𝜈𝜙

~
2𝜋

𝑛𝜈 . (38)

With a screen located on a closed surface 𝒮 at a “con-
stant redshift” the Komar mass can be written as

ℳ =
1

2

∫︁
𝒮

𝑇U𝑑𝒩 . (39)

The infinitesimal change of the number of bits can be
written, according to Bekenstein idea [32], as

𝑑𝒩 =
𝑑𝒜
𝐺~

. (40)

By using Eq. (40) and Eq. (38) in Eq. (39), we obtain
the total mass

ℳ =
1

4𝜋𝐺

∫︁
𝒮

𝒢𝑉 (𝜇; 𝑧)𝑒
𝜙∇𝜈𝜙𝑛𝜈 𝑑𝒜, (41)

where

𝒢𝑉 (𝜇; 𝑧) ≡ 𝐺1(𝜇; 𝑧) +𝐺2(𝜇; 𝑧). (42)

Next, from the Stokes’ theorem, the Killing equation,
and the relation ∇𝜈∇𝜈𝜉𝜇 = −ℛ𝜇

𝜈 𝜉
𝜈 , we obtain the

desired 𝜇-dependent total mass in the form

ℳ =
1

4𝜋𝐺

∫︁
𝑉

𝒢𝑉 (𝜇; 𝑧)𝑛
𝜈𝜉𝜇 ℛ𝜇𝜈 𝑑𝑉. (43)

On the other hand, there is an alternative expression
for the Komar mass in terms of energy-momentum
tensor:

ℳ = 2

∫︁
𝑉

(︂
𝒯𝜇𝜈 − 1

2
𝑔𝜇𝜈𝒯 +

Λ

8𝜋𝐺
𝑔𝜇𝜈

)︂
𝑛𝜈𝜉𝜇 𝑑𝑉. (44)
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In this framework, the 𝜇-deformed mass refers to the
thermodynamic energy of a 𝜇-Bose gas distributed
across the holographic volume. The Komar mass, by
contrast, is an 𝜇-deformed emergent gravitational
quantity that inherits deformation effects from the
underlying thermodynamic system via the AdS/CFT
correspondence. Then from Eqs. (44), (43), we infer

2

∫︁
𝑉

(︂
𝒯𝜇𝜈 − 1

2
𝑔𝜇𝜈𝒯 +

Λ

8𝜋𝐺
𝑔𝜇𝜈

)︂
𝑛𝜈𝜉𝜇 𝑑𝑉 =

=
𝒢𝑉 (𝜇; 𝑧)

4𝜋𝐺

∫︁
𝑉

ℛ𝜇𝜈𝑛
𝜈𝜉𝜇 𝑑𝑉. (45)

From this we obtain the 𝜇-deformed Einstein equa-
tions describing 𝜇-induced gravity acting on deformed
matter fields

2

(︂
𝒯𝜇𝜈 − 1

2
𝑔𝜇𝜈𝒯 +

Λ

8𝜋𝐺
𝑔𝜇𝜈

)︂
=

𝒢𝑉 (𝜇; 𝑧)

4𝜋𝐺
ℛ𝜇𝜈 . (46)

At last, taking the trace of Eq. (46), yields the desired
𝜇-deformed Einstein equation

ℛ𝜇𝜈 − 1

2
𝑔𝜇𝜈ℛ+

Λ

𝒢𝑉 (𝜇; 𝑧)
𝑔𝜇𝜈 =

8𝜋𝐺

𝒢𝑉 (𝜇; 𝑧)
𝒯𝜇𝜈 . (47)

As seen in this equation, the modified (or effective
Λeff ≡ Λ

𝒢𝑉 (𝜇;𝑧) ) cosmological constant (ECC) has ap-
peared, along with modified gravitational constant.

In the both deformed (𝜇 > 0) and undeformed
(𝜇 = 0) situations, the ECC and also the gravitational
constant (GC) in the resulting 𝜇-deformed Einstein
Eqs. depend on the variable fugacity 𝑧 of underlying
inducing system. To get rid of 𝑧, natural way is to
fix 𝑧 as 𝑧 = 1 (or some value very close to 1). That
implies dealing with Bose-like condensate. Now, the
crucial point is that the 𝜇 = 0 (i.e. pure Bose gas)
case, for fixed 𝑧 = 1, results in vanishing CC and
GC, what is clearly unphysical. Thus, pure Bose gas
cannot serve as underlying (or inducing) system while
the (𝜇-)deformed extension will be of principal impor-
tance, as will be seen from the treatment below.

3. Analysis of the Effective
Cosmological Constant

We study the behavior of effective cosmological con-
stant, with more spectacular plotting of the fac-
tor 𝒢𝑉 (𝜇; 𝑧) ≡ 𝐺1(𝜇; 𝑧) + 𝐺2(𝜇; 𝑧). The functions
𝐺1(𝜇; 𝑧) and 𝐺2(𝜇; 𝑧) defined by (32)–(33) involve

slow convergent 𝜇-polylogarithmic series 𝑔
(𝜇)
𝑠 (𝑧) =

=
∑︀∞

𝑛=1(1 + 𝜇𝑛)−1 𝑧𝑛

𝑛𝑠 , for 𝑠 = 0, 1, 3
2 ,

5
2 , see e.g.

[11] for a definition and some uses. In view of cal-
culation nontriviality of the 𝑔

(𝜇)
𝑠 (𝑧) series at 𝑧 close

to 1, and small 𝜇, we applied Riemann sum approx-
imation to appropriate terms of 𝐺2(𝜇; 𝑧) described
below, as well as Euler–Maclaurin formula [60] when
treating 𝐺1(𝜇; 𝑧). Besides, we use the expansion of
polylogarithm Li𝑠(𝑧) in (ln 𝑧)𝑛

Li𝑠(𝑧) = Γ(1− 𝑠)

(︂
ln

1

𝑧

)︂𝑠−1

+

∞∑︁
𝑛=0

𝜁(𝑠− 𝑛)
(ln 𝑧)𝑛

𝑛!
,

𝑠 ̸= 1, 2, 3, ..., | ln 𝑧| < 2𝜋, 𝑛 = 1, 2, ...

(48)

as well as its integer order 𝑠 counterpart, see e.g. [58]
or [60, 61].

3.1. Treatment of the function 𝐺1(𝜇; 𝑧)

We introduce the auxiliary notation Ξ𝑇 ≡ 𝑉
𝜆3
𝑇

here. Going over from the fugacity 𝑧 = 𝑒𝛽𝜇̃ to new
reduced variable

𝜆 = 𝜆(𝑧, 𝜇) = − 1

𝜇
ln 𝑧 ≈ 1− 𝑧

𝜇
, (49)

for 𝑧 close to 1, we arrive at the desired ‘small 𝜇’
approximation

𝐺1(𝜇; 𝑧) =
5

2
Ξ𝑇

{︂
𝜁

(︂
5

2

)︂
+ 𝜁

(︂
3

2

)︂
(𝜆− 1)𝜇−

− 2
√
𝜋

[︂(︂
4

3
𝜆− 1

)︂
𝜆

1
2 + (2𝜆− 1) Merfc(

√
𝜆)

]︂
𝜇

3
2 −

− 1

2
𝜁

(︂
1

2

)︂
(3𝜆− 2)𝜆𝜇2 +

1

3!
𝜁

(︂
−1

2

)︂
(5𝜆− 3)𝜆2𝜇3

}︂
+

+𝜆
′
𝑂
(︀
𝜇2𝜆′2)︀, (50)

where 𝜇 → 0, 𝜆 ≪ 2𝜋
𝜇 , 𝜆′ ≡ 𝜆+1 and Mills’ ratio for

the complementary error function

erfc(𝑥) ≡ 1− erf(𝑥) ≡ 2√
𝜋

∞∫︁
𝑥

𝑒−𝑡2𝑑𝑡, (51)

defined [60, 61] as

Merfc(𝑥) =

∫︀∞
𝑥

𝑒−𝑡2𝑑𝑡

𝑒−𝑥2 ≡
√
𝜋

2
𝑒𝑥

2

erfc(𝑥), (52)
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and 𝜁(𝑥) is Riemann zeta function. The original fu-
gacity variable 𝑧 is recovered as

𝑧 = 𝑧(𝜆, 𝜇) = 𝑒−𝜇𝜆. (53)

To explore the behavior of 𝐺1(𝜇; 𝑧) and total 𝒢𝑉 (𝜇; 𝑧)
we set Ξ𝑇 = 1 unless the contrary is specified. For
convenience and as evidence for continuous or diver-
gent behavior at 𝑧 → 1, we also give the explicit
expressions for 𝐺1,2(𝜇; 𝑧) when 𝜇 = 0, in terms of
𝜆̃ ≡ − ln(𝑧), | ln 𝑧| < 2𝜋:

𝐺1(0; 𝑧) =
5

2

(︂
𝜁

(︂
5

2

)︂
+ 𝜁

(︂
3

2

)︂
𝜆̃− 8

3

√
𝜋 𝜆̃3/2 − 1

2
𝜆̃2 ×

×
∞∑︁
𝑟=0

(−1)

[︀
𝑟+1
2

]︀
𝜁
(︀
𝑟 + 1/2

)︀
𝑟 + 1/2

(2𝑟 + 3)!!

(𝑟 + 2)!

(︂
− 𝜆̃

4𝜋

)︂𝑟)︂
, (54)

where [ 𝑟+1
2 ] denotes the largest integer not exceeding

𝑟+1
2 , and 𝑛!! = 𝑛(𝑛 − 2)(𝑛 − 4) · ... is double fac-

torial. Remark that, as seen from (50), (54), in the
close vicinity to 𝑧 = 1, where function 𝐺2(0; 𝑧) is log-
arithmically divergent, the impact from 𝐺1(𝜇; 𝑧) ≈
≈ 𝐺1(0; 1) =

5
2𝜁(

5
2 ) for small 𝜇 is finite (proportional

to Ξ𝑇 ). The precision of approximate formula (50)
and of expansion (54), compared to numerical evalua-
tion from the definitions, is demonstrated in Fig. 1, a.

3.2. Treatment of the function 𝐺2(𝜇; 𝑧)

Note that it is the function 𝐺2 that makes much larger
contribution into the sum, if 1−𝛿 < 𝑧 < 1 and 𝜇 → 0.
For 𝐺2, to derive analogous approximate formula, we
first invoke approximation of integer 𝜇−1 (which is
reasonable due to smallness of 𝜇), that reads

𝑔
(𝜇)
0 (𝑧) = 𝜇−1𝑒𝜆(𝑧,𝜇)

(︃
Li1(𝑧)−

𝑀∑︁
𝑛=1

𝑧𝑛

𝑛

)︃
−𝑂(1), (55)

𝑔
(𝜇)
1 (𝑧) = Li1(𝑧)− 𝜇 𝑔

(𝜇)
0 (𝑧), (56)

for arbitrary continuous 𝜇, 0 < 𝜇 < 1, with integer
part 𝑀 ≡ [𝜇−1] of its inverse ratio. Then, to calculate
the sum

∑︀𝑀
𝑛=1

𝑧𝑛

𝑛 explicitly (and approximately) we
apply the quadrature midpoint rule, namely

𝑀∑︁
𝑛=1

1− 𝑧𝑛

𝑛
=

(𝑀+1/2)𝜇∫︁
𝜇/2

1− 𝑒−𝜆𝑥

𝑥
𝑑𝑥 − 𝑂𝜆(𝜇

2) =

= Ein

(︂
𝜆+

1

2
𝜇𝜆

)︂
−Ein

(︂
1

2
𝜇𝜆

)︂
−2𝑂

(︂
𝜇+

𝜇2𝜆3

72

)︂
, (57)

a

b

c
Fig. 1. Dependence of 𝐺1 on 𝑧 (a) and the difference 𝐺2−ln 1

𝜇

on −𝜆 =
ln(𝑧)
𝜇

(b). The bottom plots show a discrepancy
between the approximation and numerical evaluation for 𝐺2.
Pane (a): solid curves 1 and 3 show the behaviour of nu-
merically evaluated 𝐺1 basing on the summation of defining
𝑧𝑛-series, resp. for 𝜇 = 0.05 and 𝜇 = 0; dashed 2 and dotted 4
curves are obtained via 𝜇3-approximation (50) and (ln 𝑧)𝑛 ex-
pansion (54), resp. for 𝜇 = 0.05 and 𝜇 = 0. Pane (c): dashed
curve corresponds to linear-in-𝜇 approximation, see (59) and
footnote 1, whilst solid one is evaluated via summing series (for
both cases 𝜇 = 0.001)
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with [59, 60] modified exponential integral

Ein(𝑥) =

𝑥∫︁
0

1− 𝑒−𝑡

𝑡
𝑑𝑡. (58)

After some analysis we obtain 1

𝐺2(𝜇; 𝑧) = ln

(︂
1

𝜇

)︂
+
[︀
(2𝜆− 1) 𝑒𝜆 𝐸1(𝜆)− ln(𝜆)

]︀
+

+ 𝑒𝜆+2

(︂
𝑂(𝜇) +

[︂
12 +

(︂
𝛿𝑧

𝜇

)︂2]︂
𝑂(𝛿𝑧)

)︂
, (59)

with 𝜇 → +0, 𝛿𝑧 → +0 and

𝜆 ≡ 𝜆(𝑧, 𝜇) =
| ln 𝑧|
𝜇

=
𝛿𝑧

𝜇

(︂
1 +

𝛿𝑧

2
+ ...

)︂
, (60)

where 𝛿𝑧 ≡ 1 − 𝑧 and 𝐸1(𝜆) denotes exponential
integral [59, 60]

𝐸1(𝑥) =

∞∫︁
𝑥

𝑒−𝑡

𝑡
𝑑𝑡, | arg(𝑥)| < 𝜋. (61)

Since, for the extremely small (but positive) values
of 𝜇, the function 𝐺1(𝜇; 𝑧) ∼ const, when 𝑧 is close
to 1, the prevailing behavior of 𝐺1(𝜇; 𝑧) +𝐺2(𝜇; 𝑧) is
determined by the first meaningful terms of 𝐺2. The
respective dependence on 𝜆 is shown in Fig. 1, b. The
validity of the approximation (59) close to 𝑧 = 1 is
demonstrated in Fig. 1, c.

The extremum condition for 𝜆

(1 + 2𝜆)𝐸1(𝜆) = 2𝑒−𝜆 (62)

can be solved either analytically or numerically. The
first method involves known power series expansion
for 𝐸1(𝜆), see e.g. [59],

𝐸1(𝜆) = −𝛾 − ln(𝜆)−
∞∑︁

𝑛=1

(−1)𝑛𝜆𝑛

𝑛𝑛!
, (63)

where 𝛾 = 0.577215... is the Euler constant, imply-
ing smallness of 𝜆, and leads for 𝑛 ≤ 2 to quadratic
equation

7.25𝜆2 −
(︀
1 + 4 ln 2− 2𝛾

)︀
𝜆+

(︀
1 + 𝛾 − 2 ln 2

)︀
= 0,

1 More detailed treatment based on inverse-integer repre-
sentation for 𝜇 yields formula with linear-in-𝜇 correction:
𝐺2(𝜇; 𝑧) = ln 1

𝜇
+

[︀
(2𝜆− 1) 𝑒𝜆 𝐸1(𝜆)− ln(𝜆)

]︀
− 1

2
(𝜆− 1)𝜇+

+ 𝑒𝜆𝑂(𝜇2𝜆′4).

with 𝜆 ≈ 0.2597... . The second method provides
more precise solution 𝜆 = 𝜆(0) = 0.2589..., found by
means of Wolfram Mathematica software. So respec-
tive fugacity 𝑧0 ≈ 1−0.26𝜇. Corresponding maximum
value of 𝐺2(𝜇; 𝑧) immediately follows from (59):

𝐺̄2 = ln

(︂
1

𝜇

)︂
+ lim

𝜇→0

[︂
𝐺2

(︁
𝜇, 𝑧(𝜆(0), 𝜇)

)︁
− ln

(︂
1

𝜇

)︂]︂
=

= 0.7159 ...+ ln

(︂
1

𝜇

)︂
. (64)

Remark. From the definition of parameter 𝜆 =
= 𝜆(𝑧, 𝜇), see (49), and the known one for fugacity
𝑧 = 𝑒𝛽𝜇̃ we directly obtain relation between chemical
potential 𝜇̃ and deformation parameter 𝜇:

𝜇̃ ≡ 𝛽−1 ln 𝑧 = −𝜇
𝜆(𝑧, 𝜇)

𝛽
. (65)

So, for the case when 𝐺2(𝜇; 𝑧) is prevailing over
𝐺1(𝜇; 𝑧) in the neighbourhood of 𝑧 = 1, we estimate
chemical potential for maximum point of 𝐺1 + 𝐺2

(where 𝜆(𝑧0, 𝜇) ≡ 𝜆(0)) as

𝜇̃0 = −𝜆(0)𝜇𝑘B𝑇 ≈ −0.26𝜇× 𝑘B𝑇 (66)

with 𝜇 being small enough.
Explicit expression for 𝐺2(𝜇; 𝑧) at 𝜇 = 0 and

| ln 𝑧| < 2𝜋 is given as

𝐺2(0; 𝑧) = − ln |ln 𝑧|+ 2− 1

2
𝜆̃+

1

6
𝜆̃2 1𝐹1(2; 4;−𝜆̃)

1𝐹1(1; 2;−𝜆̃)
−

−
∞∑︁

𝑚=2

𝐵𝑚
𝜆̃𝑚

𝑚𝑚!
, 𝜆̃ ≡ − ln(𝑧). (67)

Here 1𝐹1(...) is Kummer hypergeometric function and
𝐵𝑚 are Bernoulli numbers, see e.g. [59] for their def-
initions.

3.3. The sum 𝐺1 + 𝐺2 at 𝑧 close to unity

Let us also observe certain “universality” in depen-
dence of 𝐺1(𝜇; 𝑧) + 𝐺2(𝜇; 𝑧) on 𝑧: in the neighbor-
hood of 𝑧 = 1 at small 𝜇 it manifests itself through
just combined variable 𝜆(𝑧, 𝜇) (as seen from (50) and
(59)). Using this fact and the above approximations
for 𝐺1(𝜇; 𝑧) and 𝐺2(𝜇; 𝑧) we establish the following.

Statement. The narrow, convex upwards, maxi-
mum 𝒢𝑉 (𝜇) exists for arbitrarily small 𝜇, 0 < 𝜇 < 𝛿,
and is continuously tending to infinity (+∞) when 𝜇
tends to zero, 𝜇 → +0. At the same time, the respec-
tive fugacity, given by

𝑧0 ≃ 1− 𝜇𝜆(0) ≈ 1− 𝜇

4
, (68)
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continuously tends from the left to unity (𝛿𝑧0 ≡ 1−
− 𝑧0 ≃ 𝜇

4 → +0). The height of the maximum, at
small 𝜇, is given with ‘order of 𝜇’ error by

𝒢𝑉 (𝜇) ≈ 0.7159...+
5

2
𝜁

(︂
5

2

)︂
Ξ𝑇 + ln

(︂
1

𝜇

)︂
(69)

and is logarithmically increasing with 1
𝜇 .

Corollary. Taking the expression for cosmologi-
cal constant involved in 𝜇-deformed Einstein equa-
tion (47) as
Λ𝜇 = Λeff(𝜇; 𝑧) =

1

𝐺1(𝜇; 𝑧) +𝐺2(𝜇; 𝑧)
𝑙−2
P , (70)

where 𝑙P is the Planck length, we find the appropri-
ate value 𝜇 = 𝜇* of deformation parameter to fit the
presently known value of cosmological constant

Λex = 3

(︂
𝐻0

𝑐

)︂2
ΩΛ = 1.466× 10−52𝑚−2 =

= 3.827× 10−123⏟  ⏞  
Λ

(P)
ex

𝑙−2
P , (71)

where “ex” means observable. In view of extraordi-
nary smallness of Λ(P)

ex we expect to achieve the proper
value (71) of the effective cosmological constant (70)
at the minimum point on the curve Λ𝜇(𝑧). So, to ob-
tain this proper value for Λ𝜇, we put

Λ𝜇(𝑧0) =
1

𝒢𝑉 (𝜇; 𝑧0)
𝑙−2
P = Λ(P)

ex 𝑙−2
P

that is equivalent, see (69), to

𝒢𝑉 (𝜇; 𝑧0) ≈ 0.72 +
5

2
𝜁

(︂
5

2

)︂
+ ln

(︂
1

𝜇

)︂
𝜇=𝜇*

=
1

Λ
(P)
ex

.(72)

This yields the corresponding value of deformation
parameter 𝜇*, which provides the above value (71) in
the extremum,

𝜇* ≈ 𝑒−1/Λ(P)
ex +0.72+5/2 𝜁(5/2) ∼ 𝑒−2.61×10122. (73)

In fact, the extremum at 𝑧 = 𝑧0 is so close to 𝑧 = 1
point on the 𝜇 = 𝜇* curve that it is inessential what
fugacity from the [𝑧0, 1]-interval is taken, resulting in
almost equal values Λeff(𝜇; 𝑧) ≈ Λex, up to very high
precision 2. The fugacity 𝑧0 for this extremum stems
from (59):

𝑧0 = 𝑒−𝜇𝜆(0)

≈ 1− 𝜆(0)𝜇, (74)

2 Let us observe, using (50) and (59), that the factor 𝒢𝑉 (𝜇*; 𝑧)

taken at 𝑧 = 1 is lesser than 𝒢𝑉 (𝜇*; 𝑧0) ∼ 10122 in the
extremum just by Δ𝒢𝑉 (𝜇*) ≈ 0.7159...− 𝛾 ≈ 0.14 ≪ 10122.
So, due to (70), the effective cosmological constant remains
almost unchanged.

Fig. 2. “Full-range” behavior of 𝐺1(𝜇; 𝑧) + 𝐺2(𝜇; 𝑧) given
by solid curves 1–4, along with the small 𝜇 approximation
based on (50) and (59), presented by dashed curves 5–7. For
curve 1 – 𝜇 = 0, for curves 2 and 5 – 𝜇 = 0.001, for curves 3
and 6 – 𝜇 = 0.01, and for curves 4, 7 – 𝜇 = 0.1

that for the fitting curve (𝜇 = 𝜇*) yields numerically

1− 𝑧0 ≈ 𝜆(0) · 𝜇* ∼ exp
(︀
−2.61× 10122

)︀
. (75)

The respective chemical potential 𝜇̃ stems from (66):

𝜇̃0 = −𝜆(0)𝜇·𝑘B𝑇
⃒⃒
𝜇=𝜇*∼ − exp

(︀
−2.61× 10122

)︀
·𝑘B𝑇.
(76)

Besides, from (75), (76) we observe

1− 𝑧0 ≈ − 𝜇̃0

𝑘B𝑇
. (77)

Remark. Let us estimate the ratio 𝐺2(𝜇; 𝑧)/𝐺1(𝜇; 𝑧)
for the deformation parameter value 𝜇 = 𝜇* in some
𝜀𝜇-neighborhood of the maximum. That is, we have
(𝜆(0) − 𝜀)𝜇* < 1 − 𝑧 < (𝜆(0) + 𝜀)𝜇*. In addition, as-
sume 𝜀 < 1/8. Then, making typical estimates we
obtain:

𝐺1(𝜇
*; 𝑧) =

=
5

2

{︂
𝜁

(︂
5

2

)︂
−𝜁

(︂
3

2

)︂
(1−𝜆(0)+𝜀)𝑂(𝜇*)+2𝜋𝑂(𝜇*3/2)

}︂
,

𝐺2(𝜇
*; 𝑧) = 𝐺2(𝜇

*; 𝑧0)± 18𝑂(𝜀) + 12𝑒3𝑂(𝜇*),

where 𝜁
(︀
3
2

)︀
= 2.61238 ..., 𝜁

(︀
5
2

)︀
= 1.34149 ... . Eva-

luating the ratio within given neighborhood,

𝐺2(𝜇
*; 𝑧)

𝐺1(𝜇*; 𝑧)
=

2

5
𝜁−1

(︂
5

2

)︂{︂
𝐺̄2 ± 18𝑂(𝜀) + 𝜁

(︂
3

2

)︂
×

× 2.05×

𝑂(𝜇*1/2)⏞  ⏟  
𝐺̄2𝑒

−𝐺̄2𝑂(1)

}︂
≈ 2

5
𝜁−1

(︂
5

2

)︂
𝐺̄2 ±

± 8𝑂(𝜀) = 7.79× 10121 ± 1 ≫ 1, (78)
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a

b
Fig. 3. Dependence of 𝐺1(𝜇; 𝑧) + 𝐺2(𝜇; 𝑧) on 𝛿𝑧 ≡ 𝑧 − 1

measured in the units of largest value 𝜇4, close to 𝑧 = 1 for
𝜇 ∼ 10−120 (a). Dependence of 𝐺1(𝜇; 𝑧) + 𝐺2(𝜇; 𝑧) on 𝛿𝑧,
shifted by | ln (𝜇0) | ≈ 2.30×109, for the extremely small 𝜇-
scale given by 𝜇0 = 10−109 , however, with focus on the ex-
tremum position (b). This figure roughly corresponds to the
box in the up panel

we confirm 3 the mentioned possibility to neglect
𝐺1(𝜇; 𝑧) at Ξ𝑇 ∼ 1.

Now, let us demonstrate our treatment of 𝒢𝑉 (𝜇; 𝑧)
by a few illustrative plots, especially for extremely
small 𝜇. The typical picture of 𝐺1(𝜇; 𝑧) + 𝐺2(𝜇; 𝑧)
dependence on 𝑧 for a few values of 𝜇 is shown in
Fig. 2. In addition, the behavior of small-𝜇 approxi-
mation beyond its validity region (i.e., | ln 𝑧| ≪ 1), is
given for comparison. The detailed dependencies from
the box in Fig. 2, i.e., for much more decreased 𝜇,
with 𝑧 approaching unity, are visualized by the mag-
nified graphs in Fig. 3, a, and Fig. 3, b (extremely
large magnification).

To summarize, the truly deformed case of 𝜇 > 0,
unlike the 𝜇 = 0 (pure Bose gas) case, can produce
realistic value of CC, due to very existence of (extra-
tiny) minimum for CC at definite 𝑧0 very close to 1,
or due to (very close to the minimum) finite nonzero
value, when we set 𝑧 = 1 exactly.

4. Discussion and Conclusions

In this paper, we have derived the 𝜇-deformed ex-
tension of Einstein (gravitational) field equations and
studied, in detail, the dependence of its term which
involves the effective (i.e., 𝜇-dependent) cosmologi-
cal constant as a function of the deformation pa-
rameter 𝜇 and fugacity 𝑧. In effect, we have shown
that, by varying the deformation parameter 𝜇 to-
ward its extremely small values, it is possible to
find the appropriate value 𝜇* of 𝜇 that allows us
to achieve the “realistic value” of the maximum of
the function 𝒢𝑉 (𝜇; 𝑧) ≡ 𝐺1(𝑧, 𝜇) + 𝐺2(𝑧, 𝜇) which
(through its inverse) provides the necessary observ-
able value Λ/𝒢𝑉 (𝜇

*; 𝑧0) ∼ 3.8 × 10−123𝑙−2
P of the ef-

fective cosmological constant Λ/𝒢𝑉 (𝜇; 𝑧). Certain im-
portant points are to be emphasized.

First of all, we stress the very fact of existence
of the extremum of the ECC within the 𝜇-deformed
Bose-gas model based approach to realizing induced
gravity. Clearly this is in contrast to the usage of
conventional (undeformed) Bose gas model. Indeed,
within the latter there is no extremum in the cor-
responding combination Λ/𝒢𝑉 (0; 𝑧0) of usual 𝜇 = 0

3 Strictly speaking we have to compare also the increments:
the one for 𝐺2(𝜇; 𝑧) in 𝜇-neighbourhood of 𝑧 = 1 is of the
order of 1, whilst 𝐺1(𝜇; 𝑧) ≈ const up to 𝑂(𝜇). So, this
should not cause noticeable 𝑧0’s shift.
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polylogarithms, when 𝑧 → 1 and thus no way to get
the value of CC different from zero.

Second, when analyzing the behavior of ECC, we
adopted, without special justification, that the ratio
is 𝑉/𝜆3

𝑇 = 1. This value of the ratio is well-known
marker that indicates the existence of truely quan-
tum effects [62] and also relates to Bose-like conden-
sate. Let us consider this issue in more details, coming
unexpectedly to the two distinct possible situations
(and interpretation) of the system which underlies the
induced (entropic) gravity. These two cases of induc-
ing system correspond to principally different scales,
namely (A) the scale (size) of dwarf galaxies and (B)
the scale of observable Universe.

(A) In this case, the ratio 𝑉/𝜆3
𝑇 is of the order

of unity due to the fact that both the scale of dwarf
galaxies and the thermal wavelength scale of the dark
matter particles are few kpc (see, e.g., [19]) if the 𝜇-
deformed fuzzy dark matter (DM) model is adopted,
with the mass of (Bose-like condensate) ultralight DM
particles being 𝑚 = 10−22 eV.

(B) In this case, the ratio 𝑉/𝜆3
𝑇 is of the order of

unity due to the fact that both the scale of observ-
able Universe and the thermal wavelength scale are
of the order ∼2.8 × 107 kpc if the particles, form-
ing [64] Bose-like condensate DM, are adopted to
be “massive gravitons” (it is reasonable to term this
pre-gravitons in view of their role in generating in-
duced gravity) with mass 𝑚 = 10−36–10−33 eV, see
[63]. Note that, in the context of DM of dwarf galax-
ies, the Bose condensate of massive gravitons was con-
sidered in [64]. In our treatment, we deal with con-
densate of massive pre-gravitons, i.e. viewed as the
system which induces real gravity along with effec-
tive cosmological constant. In connection with this
picture of inducing CC, it is worth to mention the
work of R. Garattini and M. Faizal in which it was
shown that the appearance of cosmological constant is
strictly related with just the deformation of General-
ized Uncertainty Principle being behind the deformed
Wheeler–DeWitt equation, see [65].

The real physical nature of the parameter 𝜇 of
𝜇-deformed inducing system, like that of dark mat-
ter, is unknown. However the significance or meaning
of its use can be justified: the deformation enables to
take into account (possible) compositeness of parti-
cles and/or their interactions – natural reasons to deal
with quantum system strongly deviating from ideal
Bose gas. This reason is quite similar to the usage of

the deformed Bose gas model in another context –
for (successful) modelling the properties of quantum
correlations of pions occurring in heavy-ion collisions
at RHIC, see Ref. [16] and also the paragraph af-
ter Eq. (25). However, explicit physical content of 𝜇
in the both two cases, of ultralight dark matter (as
Bose-like condensate) i.e. the galactic one, and the
observed Universe case, may be different since the
particles (and their constituents) do differ – ultralight
“bosons” versus “pre-gravitons”.

Let us stress that our approach to “explain” the is-
sue of observable value of CC grounds on two pillars:
deformation and (macroscopic) quantumness of un-
derlying or inducing system. It is also worth to note
the following: the fact that the issue of CC in our
treatment turns out to be related with the concept
of DM is quite alike the joint treatment of DM and
dark energy, appearing in another contexts in some
papers, see e.g. [66, 67].

As our final remark let us mention that the analysis
of 𝜇-deformed Friedmann equations stemming from
the 𝜇-deformed Einstein equations derived and stud-
ied herein, will be published in a separate paper.
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the National Academy of Sciences of Ukraine by its
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𝜇-ДЕФОРМОВАНI РIВНЯННЯ
ГРАВIТАЦIЙНОГО ПОЛЯ АЙНШТАЙНА
IЗ ЗАЛЕЖНОЮ ВIД 𝜇 ЕФЕКТИВНОЮ
КОСМОЛОГIЧНОЮ СТАЛОЮ

Застосовуючи адаптований пiдхiд Верлiнде до узагаль-
нених термодинамiчних функцiй 𝜇-деформованого анало-
га моделi бозе-газу, ми отримали 𝜇-деформованi рiвняння
Айнштайна. Показана основна роль параметра деформа-
цiї, що забезпечує можливiсть варiювати значення космо-
логiчної сталої. Завдяки цьому запропоновано цiкаве тра-
ктування проблеми космологiчної сталої (КС) у рамках 𝜇-
деформацiйного пiдходу. А саме: розглядаючи виведену 𝜇-
деформовану КС як ефективну та вiдповiдно змiнюючи па-
раметр 𝜇, ми отримали можливiсть радикально зменшити
КС, з тим щоб наблизити її до реалiстичного значення. Та-
кож обговорюється зв’язок iз темною матерiєю.

Ключ о в i с л о в а: ентропiйна сила, гравiтацiя, 𝜇-модель
бозе-газу, ефективна космологiчна стала, темна матерiя.
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