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STRUCTURE OF HYPERNUCLEUS /Li
WITHIN MICROSCOPIC THREE-CLUSTER MODEL

The structure of bound and resonance states of the hypernucleus \Li is studied within a
three-cluster model. This nucleus is considered a three-cluster structure consisting of *He, a
deuteron, and a lambda hyperon. The chosen three-cluster configuration allows us to describe
more accurately the structure of hypernucleus § Li and the dynamics of different processes that
involve interactions of lightest nuclei and hypernuclei. The main goal of the present investi-
gations is to find resonance states in the three-cluster continuum of 3 Li and determine their
nature. A set of narrow resonance states is detected at the energy range 0< E < 2 MeV above
the three-cluster threshold *He + d + A.
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1. Introduction

The physics of hypernuclear systems has a relatively
long and intriguing history. The main stages of this
history are discussed in detail in Refs. [1, 2]. There
is a large number of experimental laboratories in the
world that are trying to obtain new information on
the structure of hypernuclei and their features. The
geography of these laboratories and the main exper-
imental methods they used to reveal the peculiari-
ties of hypernuclei are presented in detail in a re-
cently published review [3]. The main characteristics
of the light hypernuclei are collected in the specialized
database of hypernuclei [4]. This site displays the en-
ergies of bound states and dominant decay channels
of hypernuclei.

Available experimental data stimulate a large num-
ber of theoretical investigations aimed at explaining
the obtained experimental data and at predicting new
features of hypernuclear systems and their interac-
tion. Different theoretical models have been applied
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to study hypernuclear systems. Among them are the
shell models, which described the p- and sd-shells
hypernuclei [5, 6], mean-field models [7, 8], ab ini-
tio no-core shell models [9, 10], as well as nume-
rous realizations of the cluster model [11-16]. Usual-
ly, these investigations are devoted to studying the
spectra of bound states of hypernuclei. Some of these
investigations, carried out within cluster models, also
considered resonance states only in the two-cluster
continuum.

Our attention was attracted by the {Li hypernu-
cleus. An interesting feature of the §Li hypernucleus
is that the spectrum consists of four bound states, ex-
ceeding the number of bound states in the ordinary
"Li nucleus, which has only two bound states. There
is a lack of experimental and theoretical information
about resonance states in this and other hypernuclei,
which decay into two or three clusters. We wish to
fill this gap by employing a three-cluster microscopic
model. Thus, our main aim is to detect three-cluster
resonance states in the % Li.

In the present work, we study the structure of
both bound and resonance states of the % Li hyper-
nucleus. As we are mainly interested in the investiga-
tions of three-cluster resonance states, we adopted a
three-cluster model, which was formulated in Ref. [17]
and was designed to study the decay of light nu-
clei into three fragments (clusters). This method has
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been successfully applied to study the structure of
light atomic nuclei and especially resonance states
in the three-cluster continuum of these nuclei [18-
21]. Within the adopted model, the {Li hypernu-
cleus is considered as a three-cluster configuration,
4He+d+ A. The interaction of six nucleons, split into
two clusters, is modeled by a semi-realistic nucleon-
nucleon potential, and the sum of nucleon-hyperon
potentials determines the interaction of the lambda
hyperon with two clusters.

Our paper is organized as follows. In Sec. 2, we ex-
plain the key elements of our model. The main results
are presented in Sec. 3. Properties of bound states are
considered in Sec. 3.1. A detailed discussion of the
nature of resonance states is given in Sec. 3.2. We
close the paper by summarizing the obtained results
in Sec. 4.

2. Method AMHHB

We shortly present the essence of the three-cluster
microscopic model which is usually referred as the
AMHHB model, it means the model which uses the
hyperspherical harmonics basis (HHB).

We start with the seven-particle system (six nucle-
ons and one lambda hyperon) described by a micro-
scopic Hamiltonian. Then we reduce it to an effective
three-body problem by splitting the seven particles
into three groups (clusters). Then we assume that we
know the wave functions describing the internal struc-
ture of each cluster with acceptable precision. Based
on these assumptions, the wave function of % Li is rep-
resented as

\I/J = Z A\{[(I)l (4He, Sl) @2 (d, Sg) (I)g (A, 53)] s X

L,S

X uss (x,y)} M
where @4 (4He75’1) is the wave function of an al-
pha particle, ®5(d,S2) is the wave function of a
deuteron. As the lambda hyperon is considered a
structureless particle, then ®3 (A, S3) represents the
spin part of the lambda hyperon function. The anti-
symmetrization operator A permutes only nucleons
and, thus, makes an antisymmetric wave function
of ®Li, which is considered as a two-cluster system
4He-+d. Two Jacobi vectors x and y are used to de-
termine the relative position of the clusters in the
space. In what follows, the first vector x connects the
center of masses of *He and the deuteron. In contrast,
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the second Jacobi vector y determines the relative po-
sition of the lambda hyperon regarding the center of
mass of SLi.

To present the wave function of a three-cluster
system (1), we use the LS coupling scheme. In this
scheme, the total spin S is a vector sum of the indi-
vidual spins of clusters. As the spin of *He is equal
to zero, the total spin of % Li is the vector sum of the
deuteron spin (S3 = 1) and the spin of the lambda
hyperon (S3 = 1/2). Thus, the total spin of {Li can
be S = 1/2 or S = 3/2. Within the present model,
the total orbital momentum L is the vector sum of
the partial orbital momenta of the relative motion of
clusters (they will be introduced later), and the total
momentum J is the vector sum of the total orbital
momentum L and total spin S.

The wave function ¥g; (x,y) of the relative mo-
tion of clusters has to be determined by solving the
Schrédinger equation, which is projected onto a three-
cluster system and involves the selected nucleon-
nucleon and nucleon-hyperon potentials. Note that
the wave function vrgs(x,y) depends on six vari-
ables presented by the Jacobi vectors x and y. Thus,
we need to introduce six quantum numbers to classify
the states of a three-cluster system. By using angular
orbital momentum reduction, we represent this func-
tion as

Z/)LML (X7 y) =

=Y st (@9) (Y2 ()Y (9) ), (2)

W

where X and y are unit vectors, and A and [ are the
partial angular momenta associated with vectors x
and y, respectively. With such a reduction, we define
four quantum numbers A, [, L and M. Within the
present model, the total orbital momentum L is a
vector coupling of partial orbital momenta L = A+1.

Wave functions of inter-cluster motion ¢ ;.1 (z,y)
obey an infinite set of two-dimensional integro-
differential equations. To solve this set of equations,
we employ the hyperspherical coordinates and hy-
perspherical harmonics. There are several equivalent
sets of the hyperspherical harmonics in the litera-
ture, which involve different sets of hyperspherical
coordinates. We select the hyperspherical harmonics
in the form suggested by Zernike and Brinkman in
Ref. [22]. This form of the hyperspherical harmonics
is fairly simple and does not require bulky analytical
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and numerical calculations. To construct the Zernike—
Brinkman hyperspherical harmonics, we need to in-
troduce two hyperspherical coordinates p and 6 in-
stead of scalar coordinates z and y. The first coordi-
nate p is a hyperspherical radius

p=Vait+y? (3)

and the second coordinate 6 is a hyperspherical angle

0 = arctan <Z) (4)

With a fixed value of p, this angle determines the
relative length of the vectors x and y

x=cosf, y=psiné. (5)

One can see that the hyperradius p determines the
size of the triangle # which connects the centers of
mass of three clusters, and the hyperangle 6 deter-
mines its shape.

In new coordinates, the wave function (1) can be
presented as

S

=

-y ¥ ﬁ{[cbl (“He, 1) @5 (d, S5) @5 (A, S)] 4

L,S K\l

% Re (p) Ve () | (6)

where K is the hypermomentum, and Y, (2) stands
for the product

Ve (2) = X2 (0) {Ys R) Vi ()} 1as, (7)

and represents a hyperspherical harmonic for a three-
cluster channel

¢={K,\1 L} 8)

The hyperspherical harmonic Y. () is a function of
five angular variables Q = {0,X,¥}. The definition of
all components of the hyperspherical harmonic Y, (Q2)
can be found, for example, in Ref. [17]. Being a com-
plete basis, the hyperspherical harmonics account for
any shape of the three-cluster triangle and its orien-
tation. Thus, they account for all possible modes of
relative motion of the three interacting clusters.

The final step toward the numerical investigation
of the three-cluster system is in our hands. To sim-
plify solving a set of integro-differential equations for
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hyperradial wave functions R, (p), we expand them
over the full set of oscillator functions ®,,, r (p,b)

Re(p) =3 Cn,c®n, i (p,1). (9)

Np,C

As a result, a set of integro-differential equations is
reduced to a system of linear algebraic equations

S~ [ el i, @) = Blny,cliiy, @] Cre =0, (10)

Np,C

where (n,, c|ﬁ|ﬁp, ¢) is the matrix elements of the
three-cluster Hamiltonian, and (n,, c|n,, ¢) is the ma-
trix elements of the norm kernel. The oscillator func-
tion @, i (p,b) (or more precisely, the radial part of
the wave function of the six-dimensional oscillator) is

(bnp,K (pv b) = (_1)’ﬂp an,K X

1
x % exp {—2r2} LnKp+3(r2),

_ 2I' (n, + 1)
— /b S k=b3 P
r=p/b, No,.x \/T(n, + K +3)’

and b is an oscillator length.

System of Egs. (10) can be solved numerically by
imposing restrictions on the number of hyperradial
excitations n, and the number N, of hyperspherical
channels c¢1, ca,...,cn,, . The diagonalization proce-
dure is used to determine energies and wave functions
of the bound states. However, the proper boundary
conditions have to be implemented to calculate el-
ements of the scattering S-matrix and correspond-
ing functions of the continuous spectrum. Boundary
conditions for wave functions of two- and three-body
decays of a compound three-cluster system are thor-
oughly discussed in Refs [17, 23].

To analyze wave functions of many-channel system,
obtained by solving the set of equations (10), it is
expedient to combine those oscillator wave functions
(11), which belong to the oscillator shell with the to-
tal number of oscillator quanta Nos = 2n, + K. It is
then convenient to numerate the oscillator shells by
quantum number Ny, (= 0,1,2,...), which we deter-
mine as

(11)

Nos = 2’)’Lp + K= 2J\]sh + Kmin7

where K, = L for normal parity states m =
(—1)L and K, = L + 1 for abnormal parity states
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7= (-1)F*1. In what follows, we will study the
weights W, (Ngn) of oscillator wave functions of a
fixed oscillator shell Ny, in the wave function of
bound or continuous spectrum states. The weights
Wan(Ngp) are determined as

| (12)

Wen (Ns ) = Z

npaKeNsh

|Cnp,c

and indicate whether the system under consideration
is compact (the oscillator shells with small values of
Ny dominate) or relatively dispersed (the oscillator
shells with large values of Ny, dominate).

3. Results and Discussions

For a detailed investigation of bound and resonance
states of {Li, we selected the Hasegawa—Nagata po-
tential (HNP) [24, 25] and a nucleon-hyperon poten-
tial [26], which is usually called the YNG-NF po-
tential. The oscillator length b, which is the only
free parameter of our model and which determines
the distribution of nucleons inside clusters *He and
d, is chosen to minimize the energy of the three-
cluster threshold *He+d+ A and for the HNP, equals
b = 1.357 fm. With this value of b, the bound state en-
ergy of SLi accounted for from the two-cluster thresh-
old *He+d is E(17) = —1.431 MeV, which is close to
the experimental value E(11) = —1.474 MeV.

Note that with the chosen three-cluster configura-
tion *He+d+ A, we have three two-cluster subsystems
‘He +d, d+ A and *He + A. They are of importance
for the present calculations. We rely on the results of
Ref. [27], where the interaction of a deuteron with an
alpha particle was considered, and on the results of
Ref. [28], where the interaction of a lambda hyperon
with a deuteron and an alpha particle was investi-
gated in detail.

After the oscillator length b and the nucleon-
nucleon (NN) and nucleon-hyperon (NA) potentials
were selected, we need to fix another two input pa-
rameters: the number of channels or number of hyper-
spherical harmonics, and the number of hyper-radial
excitations. We have to restrict ourselves to a finite
set of hyperspherical harmonics, which is determined
by the maximal value of the hyperspherical momen-
tum Kax. To describe the positive parity states, we
use all hyperspherical harmonics with the hypermo-
mentum K < Kp.x = 12, and the negative parity
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states are represented by the hyperspherical harmon-
ics with K < Kpax = 11. These numbers of hyper-
spherical harmonics allow us to describe a large num-
ber of scenarios of the three-cluster decay. We also
have to restrict ourselves to the number of hyper-
radial excitations n, < 100. This number of hyper-
radial excitations allows us to reach the asymptotic
region, where all clusters are well separated, and the
inter-cluster interaction induced by the NN or/and
N A potentials becomes negligibly small.

3.1. Bound states

The spectrum of § Li bound states, which is obtained
with the HNP and YNG potentials, is shown in Ta-
ble 1. The energy of bound states is reckoned from
the three-cluster threshold “He +d + A. The energies
of the deeply bound 1/2%, 3/2% and 5/2%, obtained
with our model, are very close to the experimen-
tal values. However, our model generates the weakly
bound 1/27 state, which is approximately 2.1 MeV
underbound. The mass root-mean-square radii R,,
indicate that the deeply bound states are compact
states, with 2.0 < R,, < 2.2 fm, while the weakly
bound state is a very dispersed state with a large
value of R,,, = 4.5 fm.

To understand the structure of bound states, we
consider the correlation functions D (z,y), which are
determined as

D (z,y) = (xy)* Y [¥assz (@, 9)]"

ML

Note that the correlation function determines the
most probable geometry (relative position) of three
interacting clusters. In Fig. 1, we display a correla-
tion function for the ground state of {Li. The main
peak of the correlation function corresponds to the

Table 1. Spectrum of RLi calculated
with the HNP and YNG potentials

AM HHB Exp.
J‘Tr

E, MeV Ry, fm E, MeV
1/2% ~7.060 2.183 ~7.094
3/2% ~6.587 2.208 ~6.402
5/2F —4.856 2.036 -5.043
1/2% -1.113 4.524 -3.217

He +d + A 0.0 - 0.0
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three-cluster configuration where the distance be-
tween the deuteron and alpha particle is approxi-
mately 2.9 fm and the lambda particle is located close
to the center of mass of 5Li at a distance of 1.7 fm.

It is worthwhile noticing that the 3/27 ground
state of the ordinary nucleus "Li, determined with
the three-cluster configuration *He + d + n and
with the same input parameters, has a lower bound
state energy (—11.24 MeV concerning the three-cluster
threshold, while the bound state energy of 7Li is
—~7.06 MeV) and it should be more compact than
7Li. However, the most probable distance between
a deuteron and an alpha particle is * = 3.45 fm,
and the distance between a neutron and SLi is
y = 2.05 fm. Such distances reflect that the ground
state of "Li is mainly the two-cluster configuration
3H+“He, where the valence neutron is very close to
the deuteron. (See Ref. [29] for details of such cal-
culations.). Besides, the Pauli principle plays an im-
portant role in the formation of the bound states
of "Li. The antisymmetrization over all nucleons cre-
ates the Pauli forbidden states, which are not obser-
ved in Z\Li.

The correlation function for the 5/2% excited state
of 1 Li is shown in Fig. 2. Comparing correlation func-
tions for 5/2% and 1/2% states, we see that in the
5/2% excited state, the lambda hyperon is rather far
from °Li compared to the 1/2% states. Besides, the
distance between the deuteron and the alpha parti-
cle, forming °Li, is much smaller in the 5/2% state
than in the 1/2% state. The peak of the correlation
function for the 5/27 state is located at z = 1.27 fm
and y = 2.95 fm. It means that in this state, the
distance between the deuteron and the alpha par-
ticle is almost two times smaller than in the 1/27F
ground state. For comparison, the distance between
the lambda hyperon and SLi is approximately two
times smaller.

Additional information about the peculiarities of
the bound states of {Li can be obtained by analyzing
the weights of different oscillator shells in the wave
functions of the bound states. The definition of such
quantities can be found in Refs. [19-21]. In Fig. 3,
the weights of different oscillator shells Wy, are dis-
played for the 1/2% ground and first excited 5/27F
states. The largest contribution of the lowest oscilla-
tor shell Ny, = 0 to the wave functions of interest
indicates that the lambda hyperon with a large prob-
ability (>50%) can be found inside the nucleus SLi.
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Fig. 1. Correlation function of the RLi ground state as a func-
tion of distances  and y. The length of vector x determines
the distance between the deuteron and alpha particle, and the
length of vector y determines the distance between the lambda
hyperon and the °Li

x(d+*He) (fm)

(%)

Y(A+°Li) (fm)

Fig. 2. Correlation function of the 5/271 excited state in /7\Li

In Fig. 4, we compare the structure of wave func-
tions of the ground states of "Li and §Li. Recall that
the 3/2  state is the ground state of "Li and the 1/2%
state represents the ground state. One can see that
the lowest shell Ng,=0 gives zero contribution to the
wave function of the “Li ground state. This shell de-
scribes the condensate of three clusters *He, d, n, and
thus it is a forbidden shell for “Li due to the Pauli
principle.
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Fig. 3. Weights of different oscillator shells to the wave func-
tions of 1/2% and 5/27 states in ;Li
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Fig. 4. Decomposition of wave functions of the 7Li and ZLi
ground states over oscillator shells

Table 2. Parameters of resonance
states found in three-cluster continuum of RLi

J7 E, MeV I', MeV T/E
5/2% 0.290 0.00104 3.6x10~7
1/2— 1.545 0.264 0.171
3/2- 1.043 0.279 0.267
3/2- 1.551 0.249 0.161
1/2+ 1.520 0.547 0.360
3/2% 1.604 0.696 0.434
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3.2. Resonance states

In Table 2, we collect information on resonance states
of T1Li determined in the three-cluster continuum
4He 4+ d + A. The energies of resonance states are
found in the energy range from 0.2 to 2 MeV. It seems
that the state 3/27 generates the largest kinematical
and Coulomb barrier, which resides in two resonance
states with relatively small total widths I'. The ra-
tio T'/E is used to distinguish very narrow, narrow
and relatively wide resonance states (see, for exam-
ple, Ref. [20,21]). It indicates that the 5/2~ resonance
state with the energy E = 0.290 MeV is the narrow-

10
= 3/2°, E=1.045,T =0.279
8r = (/27 E=1.520,T =0.547
6
<
BV!
4}
2

Fig. 5. Weights of the wave function of different oscillator
shell in the wave functions of the 3/2~ and 3/2% resonance
states

6000

5000
4000

g
B 3000

2000

0 |ll!l|| I | | ! J |||H
5 10 15 20 25 30

0 35

Nsh

Fig. 6. Weights of different oscillator shells in the wave func-
tion of the super narrow 5/2% resonance state
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est resonance state (with the total width of 1.0 keV)
in the three-cluster continuum of {Li and the 3/2%"
resonance state with the energy £ = 1.604 MeV is
the widest resonance state.

To understand the nature of resonance states, it
is expedient to analyze resonance wave functions. In
Fig. 5, the weights of different oscillator shells in
wave functions of the narrowest 3/2~ states are com-
pared with the weights of the widest 3/2% resonance
state. The wave function of a narrow resonance state
has a large contribution of the oscillator shells with
small values of Ng, namely, 0 < Ny, < 10. It is nec-
essary to recall that oscillator wave functions of these
shells describe the most compact three-cluster con-
figurations. The wave function of a rather wide reso-
nance state is spread over a large number of oscilla-
tor shells.

The structure of the wave function of the very (su-
per) narrow 5/2% resonance is shown in Fig. 6. The
weights of oscillator shells in the wave function of the
resonance state have much larger amplitudes. Such
enormous amplitudes have been observed for the
long-lived Hoyle state in '2C [19] and for Hoyle-ana-
logue states in some light nuclei [21]. It is necessary
to note that 126 channels participate in the forma-
tion of the 5/2% continuous spectrum states. And
only one channel dominates in the decay (or forma-
tion) of the super-narrow 5/2% resonance state. This
channel has quantum numbers: ¢ = {K =2,1; =0,
lo=2,L=2,5= 1/2}.

4. Conclusions

We have studied the structure of the {Li hypernu-
cleus by employing a three-cluster microscopic model,
which allows us to study not only bound states, but
three-cluster resonance states. We have calculated en-
ergies and wave functions of bound states of 7 Li, and
revealed those channels that give the maximal con-
tribution to the wave function of these states. We
also calculated the mass root-mean-square radii of the
bound states, which indicate that the hypernucleus
7 Li is more compact than the ordinary "Li nucleus. It
is shown that the present model fairly good describes
the bound states of {Li. It was also demonstrated
that all but one bound states of § Li are very compact
states with small values of the mass root-mean-square
radius. Correlation functions revealed the most prob-
able relative position (distribution) of clusters in co-
ordinate space. Besides, the weights of the functions
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of a fixed oscillator shell in the wave functions of the
bound states of } Li unambiguously demonstrate that
the lambda hyperon can be located inside the nucleus
61i with significant probability.

The microscopic model we employed involves hy-
perspherical harmonics to numerate channels of a
three-cluster system and to implement proper bound-
ary conditions for the three-cluster continuum. This
model allowed us to find a set of narrow and fairly
wide resonance states in the three-cluster continuum
of 1 Li. Analysis of resonance wave functions reveals
that the narrow resonance states are very compact
three-cluster configurations with small distances be-
tween interacting clusters.

These results can be considered a prediction of
the existence of narrow resonance states in hyper-
nucleus {Li and can be used for planning of future
experiments.
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CTPYKTVPA TIIEPAJPA 7 Li B PAMKAX
MIKPOCKOIITYHOI TPUKJIACTEPHOI MOJIEJII

3B’a3aHi Ta PE30HAHCHI CTaHU Trinepsiapa Z\Li JTOCJIi XK Y FOTHCsI
B paMKax TpuksacrepHol mojesni. lle sgapo posrisgaeTbest gk
TPHKJIACTEPHA CTPYKTYpa, IO cKiagaerbes 3 *He, nmeitrpona
Ta JaMoga-rinepona. O6paHa TpUKIacTepHa KOHMDIrypaiis J10-
3BOJISI€ HAM TOYHIIIIe OIIUCATH CTPYKTYPYy Tinepsaiapa Z\Li Ta qU-
HaMIKy PI3HHX IIPOIECIB, sIKi BKJIIOYAIOTH B3a€MO/III0 Hailjer-
mux sinep Ta rinepsinep. ['osroBHOIO METOIO JaHUX HOCIIIIZKEHD €
3HAXOJI2KEHHSI PE30HAHCHUX CTaHIB Yy TPUKJIACTEPHOMY KOHTH-
HyyMi RLi Ta BU3HA4YEHHs IXHBOI IpUpoau. Y Aiamna3oHi eHepriit
Ha 2 MeB Bume Tpuxiacreproro mopory cucremu *He +d + A
BUSIBJIEHO HU3KY BY3bKHX PE30HAHCHUX CTaHIiB.

Katwwoei caoea: KiacrepHa MOJEIb, PE30HAHCHI CTaHH,
TPUKJIACTEPHA MOJIENb, Tillepsiipa.
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