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IN A COMBINED ENVIRONMENT

1. Introduction

We propose a model that describes the process of bacterial chemotaxis in a combined envi-
ronment containing both an attractant and a repellent. The model is based on a system of
differential equations that considers the effects of interaction of bacteria with both the attrac-
tant and the repellent. Within this approach framework, the chemotaxis effect turns out to be
proportional to the concentration gradient of the corresponding substance (attractant or repel-
lent). The model also revolves the saturation effect, when an increase in the concentration of
the attractant or repellent reduces the bacterial response to the presence of a gradient in the
concentration distribution of those substances. The chemotaxis sensitivity function has been
used to analyze the heterogeneity of bacteria in the system. Its values are calculated at the
system boundaries and, if there is an extremum in the bacterial distribution, at the extremum
point. The dependence of the chemotazis sensitivity function on the attractant and repellent
concentrations has been analyzed. It is shown that this dependence is significantly nonlinear
and differs qualitatively from similar dependences obtained earlier for systems containing only
the attractant or the repellent.
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In theory, there is mo difference
between theory and practice. In
practice, there is.

curs, and it is quite non-trivial. In particular, bacteria
have receptors that can register certain substances to
which the bacteria are sensitive. For example, such
a substance is sugar for Escherichia coli bacteria,
and the bacteria ultimately try to occupy an area,
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Recently, researchers have been interested in certain
types of flagellated bacteria (such as Escherichia coli
or Salmonella enterica), whose motility is provided
by the rotational motions of their flagella [1-3]. Fur-
thermore, the algorithm of bacterial motion depends
on the parameters of the environment, where it oc-
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where the sugar concentration is maximum. Such a
substance (which “attracts” bacteria) is called the at-
tractant, and the corresponding phenomenon is called
the chemotazis [3-6]. There are also substances that
bacteria try to avoid. A substance that “repels” bac-
teria is called the repellent [3,4,7].

As for the mechanisms of chemotaxis, the key fact
is that bacteria, due to their relatively small size
(of an order of a few micrometers), are not able
to determine the presence of gradient in the attrac-
tant or repellent distribution and, hence, the direc-
tion in which they should move in order to enter
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the area with the highest attractant or the lowest re-
pellent concentration. Therefore, bacteria use a cer-
tain algorithm, which allows them to move (on av-
erage) in the desired direction. Namely, a bacterium
is not only able to register (using its receptors) the
amount of attractant/repellent, but also to remem-
ber how much attractant/repellent it has registered
during the motion. Technically, this mechanism is im-
plemented through the number of receptors that en-
ter the activated state as a result of the interaction
with the attractant/repellent. The receptors remain
in the activated state only temporarily. Therefore, ac-
tually, the bacterium “remembers” the amount of reg-
istered attractant/repellent for a certain time. Fur-
thermore, since the total number of receptors is lim-
ited, there is a saturation phenomenon for bacteria,
when all or almost all receptors enter the activated
state, and the number of activated receptors does
not increase further even in the presence of attrac-
tant /repellent [3, 6, 7].

The number of activated receptors (and, there-
fore, the amount of registered attractant/repellent)
affects the character of the bacterial motion. In gen-
eral, bacteria move evenly and rectilinearly. Howe-
ver, at some point, the bacterium stops and ran-
domly changes the direction of its motion. This
event is called tumbling. The tumbling frequency de-
pends on the number of activated receptors: the
more receptors are activated, the lower (for the
attractant) or higher (for the repellent) the tum-
bling frequency. Since the number of activated re-
ceptors is determined by the amount of regis-
tered attractant/repellent, the tumbling frequency
is lower/higher in those areas, where the attrac-
tant /repellent concentration is higher. More simply,
the probability of changing the direction of bacterial
motion decreases with the increase/decrease in the
attractant/repellent amount [3].

Various approaches are used to model and ana-
lyze the bacterial motion [8-14]. One of the funda-
mental approaches is based on the application of a
system of nonlinear differential equations of the diffu-
sion type, which describe the distributions of attrac-
tant /repellent and bacteria in the system [8,9,12,15—
21]. The advantage of this approach is that it makes
it possible to obtain numerical solutions and study
the influence of boundary and initial conditions on
the system, as well as consider the effects of varying
other model parameters. This possibility is important
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in the application aspect, since it allows the results
of theoretical research to be connected with avail-
able experimental data. Furthermore, in the frame-
work of this approach, an important methodological
paradigm is implemented, which makes it possible to
consider the chemotaxis phenomenon as isomorphic
to diffusion phenomena in systems with a complicated
structure (see, for example, works [22-24]) and some
biophysical systems such as a chemical synapse [25—
28]. Although this approach, like all others, has cer-
tain drawbacks (for example, it is most effective, if
the attractant/repellent concentration gradients are
small 3,29, 30]), it seems promising in many cases.

In this article, a model is proposed in which a sys-
tem with bacteria contains both an attractant and
a repellent, and the bacteria can react with both of
them. That is, such a combined environment contains
components that have opposite effects on the behav-
ior of bacteria. As will be shown below, this circum-
stance manifests itself through quite interesting, non-
linear effects that are not reduced to a simple “su-
perposition” of the interactions of bacteria with the
attractant and the repellent.

2. Initial Equations of the Model

Let us consider a one-dimensional spatially limited
system of size L, with the spatial coordinate 0 < x <
< L. The concentrations of bacteria, attractant, and
repellent are denoted as b(z), a(x), and r(z), respec-
tively. Since the stationary case is considered, those
quantities depend only on the spatial coordinate and
do not depend on time.

In the general case, the distributions of the attrac-
tant, a(x), and the repellent, r(z), are determined
from stationary diffusion equations. It is easy to show
that; in the one-dimensional case where the attrac-
tant and repellent concentrations are fixed at the sys-
tem boundaries, the corresponding dependences are
linear in the coordinate x. As for the concentration of
bacteria, a similar diffusion-type equation is used to
determine their distribution, but this equation should
invo the presence of the chemotaxis effect. In the
framework of the applied model approach (see, for
example, works [8-12, 15-21]), the chemotaxis effect
is taken into account through the corresponding term
in the expression for the bacterial flow. Since, in our
case, a combined environment with both an attrac-
tant and a repellent is considered, there are two such
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terms. Namely, we assume that the flow of bacteria is
determined by the following relationship [3, 17]:

jo(x) = —=DVb(x)+

b(x)Va(z) . blz)Vr(z)
TR e ra@)? e+ @) @

where D is the diffusion coefficient of bacteria, and k,,
ag, k-, and ro are model parameters. The first term in
expression (1) describes the diffusion motion of bacte-
ria, whereas the second and third terms describe the
effect of chemotaxis due to the presence of attrac-
tant and repellent, respectively, in the system. We
have considered that these contributions are propor-
tional to the attractant /repellent concentration or the
number of bacteria, and they decrease as the attrac-
tant /repellent concentration increase due to the satu-
ration effect (a more detailed discussion of the specific
form of the term describing the effect of chemotaxis
can be found, for example, in work [3| and the refer-
ences therein).

The basic equation for determining the distribution
of bacteria taking axis into account can be obtained
by setting the bacterial flux to zero (see, for example,
works [8,15-18]),

d . b@)se o b(a)
dz = "l ta@? ot r(@)? ®

After simple transformations, we obtain the following
relationship:

)= e (5 (-~ waw) @

where C is an integration constant. Formula (3) de-
scribes the dependence of the bacterial concentration
in the system on the attractant and repellent concen-
trations.

3. Dimensionless Dependences

To determine the features of the bacterial distribution
in the system, it is necessary to specify the bound-
ary conditions for the distributions of attractant, re-
pellent, and bacteria themselves. Namely, we assume
that the mode of attractant/repellent input into the
system is regulated by fixing the attractant /repellent
concentration at the system boundaries. From a prac-
tical point of view, such a mechanism is the most con-
venient and easiest to implement in an experiment [3].
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Let us assume that the zero attractant and repel-
lent concentrations are maintained at the left bound-
ary (at z = 0), i.e., a(0) = 0 and r(0) = 0. The con-
stant concentration A of attractant and B of repellent
are maintained at the right boundary (at z = L), i.e.,
a(L) = A and r(L) = R. Then the spatial distribu-
tions of attractant and repellent concentrations are
determined as follows:

at) = 27 (4)
r(z) = % (5)

The constant C in Eq. (3) is found from the condition
that the concentration of bacteria in the system is
constant and equal to B, i.e., fOL b(z)dx = B:

C = b (6)

. .
1 (ke __ka
[ (b (e — g o

For the further quantitative analysis, it is pertinent
to make dimensionless all the above-mentioned rela-
. . . ka _ ke
tionships by putting x = Lz, a = D 8 = Do
and denoting Ay = % and Ry = TE. Also, instead
of the dependence b(x), we change to the dimension-
Lb(z)

less function m(z) = . Then, for the dependence
m(z), we obtain the following formula:

B _ «
€xp (1+R0z 1+Aoz)

[0
1+ A z) dz

m(z) =

(7)

1
B
ofexp <1+Roz -

In fact, dependence (7) determines the spatial dis-
tribution of bacteria in the system. This distribution
depends on the parameters Ay and Ry, which are the
values of the attractant and repellent concentration
gradients, respectively.

4. Features of Bacterial Distribution

Even after the normalization, expression (7) contains
some phenomenological parameters, so, its general
analysis is of little interest. Let us consider a simpli-
fied, but at the same time important from a practical
point of view, the case where the attractant and the
repellent perform the actions of the same type, but
differently directed. In particular, we will work in the
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approximation o = 8 and Ag ~ Ry. Then formula
(7) can be written in the form

m(z) = M. (8)
g’eXp(f(z))dz
Here, we use the function
Az
f(z) = m (9)

and denote A = a(Ag— Ryp) and k = Ag = Ry. Taking
Eq. (8) into account, it is easy to understand that the
extremum of the function f(z), which is determined
by Eq. (9, coincides with the extremum of the func-
tion m(z) determined by Eq. (8). The function f(z)
has an extremum at the point z = % (the maximum if
A > 0, and the minimum if A < 0). However, for the
argument z, there is the restriction 0 < z < 1. Hence,
the extremum of the bacterial distribution in the sys-
tem occurs only if k£ > 1. Therefore, depending on the
values of the parameters A and k, the following types
of bacterial distribution in the system are possible:

1) if A > 0 and k < 1, the bacterial concentration
in the system monotonically increases as z increases
from 0 to 1;

2) if A > 0 and k > 1, the bacterial concentration
in the system increases to a maximum located at z =
= %, and then it begins to decrease; in this case, the
bacterial concentration at z = 1 is higher than that
at z = 0;

3) if A < 0 and k < 1, the bacterial concentration
in the system monotonically decreases as z increases
from 0 to 1;

4) if A < 0 and k > 1, the bacterial concentration
in the system decreases to a minimum located at z =
= %, and then it begins to increase; in this case, the
concentration of bacteria at z = 1 is lower than that
at z =0.

The characteristic distributions of bacteria in the
system are illustrated in Fig. 1.

It is important that the parameters A\ and k are
determined by the maximum attractant and repel-
lent concentrations at the right boundary z = 1. The
maximum attractant and repellent concentrations are
relatively easy to be controlled in the experiment, so,
we consider A and k as the control parameters of the
system. The values of these parameters qualitatively
affect the bacterial distribution.
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5. Chemotaxis Sensitivity Function

To analyze the character of the influence of bound-
ary conditions on the features of the bacterial distri-
bution in the system, it is convenient to use such a
quantity as the chemotazis sensitivity function [3,15—
21]. In general, this function is defined for a certain
spatial region S as the deviation of the average bacte-
rial concentration over the region S from the average
bacterial concentration over the system St,;, normal-
ized by the average bacterial concentration over the

system:

F(S) + [4b(r)do — Stlot s, b(r)do
- Stlot fstot b(r)do -

_ St Jsbr)do

S Jfg, blr)do

(10)

where [ b(r)do is the integral of the bacterial concen-
tration over the region S (for which the chemotaxis
sensitivity function is defined), and |, 5., b(r)do is the
integral over the entire system.

If the region for which the chemotaxis sensitivity
function is defined is localized in a vicinity of the
point r, and the region measure S — 0, then the ex-
pression for the chemotaxis sensitivity function trans-
forms to the following form:

Swtb(r)
F(r) = 2t
(x) .., b(x)do
With regard for relationship (8) and the obvious fact

(11)

that fol m(z)dz = 1, we obtain the following formula

Se——

0.9 4

T T T T 1
0 0.2 0.4 0.6 0.8 1
z

Fig. 1. Characteristic distributions of bacteria in the system
with various parameters: A = 1 and k& = 0.9 (solid curve),
A =1 and k = 3 (dotted curve), A = —1 and k = 0.9 (dashed
curve), A = —1 and k = 3 (dash-dotted curve)
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Fig. 2. Chemotaxis sensitivity function F'(p) at the left system
boundary (z = 0) for various A = 1 (solid curve), 0.5 (dashed
curve), —0.5 (dotted curve), and —1 (dash-dotted curve)
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Fig. 8. Chemotaxis sensitivity function F(p) at the right
system boundary (z = 1) for various A = 1 (solid curve),
0.5 (dashed curve), —0.5 (dotted curve), and —1 (dash-dotted
curve)

for the chemotaxis sensitivity function at the point z
in our specific case:

exp(f(2))

F(z)=m(z) - 1=+
{exp(f(z)dz)

-~ (12)

On the one hand, this formula is trivial. However, it
should be borne in mind that it is the dependence
on the coordinate that is trivial. At the same time,
the chemotaxis sensitivity function depends on the
boundary conditions and, among other things, on the
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parameters A and k. This dependence is not trivial in
the general case [3,15-21].

Let us consider the issue of the chemotaxis sensi-
tivity function dependence on the parameters A and k
at the system boundaries and at those spatial points,
where the bacterial concentration takes the highest
and lowest values, if any. For convenience, let us put
k = 107 and analyze the dependence of F'(z) on the
parameter p. Figure 2 demonstrates the values that
the chemotaxis sensitivity function takes on the left
boundary of the system depending on the value of
the parameter p for various values of the parameter
A. The dependences are monotonic: with the increase
of the parameter p, the value of the chemotaxis sen-
sitivity function F(p) monotonically increases from
negative values to zero if A > 0, or monotonically
decreases from positive values to zero if A < 0. The
value of the parameter A affects the “amplitude” of
the extreme value of the chemotaxis sensitivity func-
tion at p — —oo, which is equal, as can be easily
shown, to

Flp= o) = —

VS (13)

The chemotaxis sensitivity function behaves almost
analogously at the right system boundary (with a
change from the increase to the decrease, and vice
versa when the sign of the parameter A changes) when
the parameter p grows. Namely, when p increases to
zero, the chemotaxis sensitivity function monotoni-
cally decreases if A > 0, and monotonically increases
if A <0, as shown in Fig. 3.

At the same time, at the right boundary,

Aexp()
If p > 0, the corresponding dependences have an ex-
tremum. The situation is illustrated in Fig. 4.

As was also indicated, for the values k > 1 (and,
hence, for p > 0), the distribution of bacteria has an
extremum at the point z = + = 1077 (this is a max-
imum at A > 0 and a minimum at A < 0). In Fig. 5,
the dependences F'(p) at the point z = 1077 are
shown for positive p-values. One can see that these
dependences are monotonic (decreasing at A > 0 and
increasing at A < 0), with a characteristic plateau in
the center, where the change of the parameter p value
has little effect on the change of the chemotaxis sen-
sitivity function value. These dependences are qual-
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-0.04+—4

Fig. 4. Chemotaxis sensitivity function F'(p) at the right sys-
tem boundary (z = 1) for p > 0 and various A = 1 (solid curve),
0.5 (dashed curve), —0.5 (dotted curve), and —1 (dash-dotted
curve)

itatively different from similar dome-shaped depen-
dences obtained earlier for the chemotaxis sensitivity
function of the systems containing only an attractant
or a repellent [3,15-21].

Figure 6 illustrates how the chemotaxis sensitiv-
ity function changes when the parameter p varies at
the left boundary, at the point of maximum bacterial
concentration, and at the right boundary, provided
that A = 1; only non-negative values of the param-
eter p are considered because the non-negativity of
this parameter is a condition for the existence of an
extremum in the bacterial distribution.

Similar dependences, but for A = —1, are shown in
Fig. 7. Of course, in this case, we deal with a mini-
mum rather than a maximum in the distribution of
bacteria.

In both cases, the behavior of the dependencies is
quite predictable: as the parameter p increases, the
inhomogeneity in the bacterial distribution decreases;
as a result, the values of the chemotaxis sensitivity
function at the system boundaries and at the ex-
tremum point tend to zero. This conclusion is also
confirmed by the plots presented in Fig. 8 illustrating
the chemotaxis sensitivity function values at the sys-
tem boundaries in the absence of internal extremum
at A = 1 and negative p-values, and Fig. 9 illustrating
the same dependences, but at A = —1.

The fact that with the growth of the parameter p,
the non-uniformity in the bacterial distribution de-
creases (with a possibility to have an extremum at
positive p-values) has a non-trivial explanation. This
occurs, because larger p-values mean an increase in

ISSN 2071-0194. Ukr. J. Phys. 2025. Vol. 70, No. 12
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Fig. 5. Chemotaxis sensitivity function F(p) at the internal
extremum point (z = 107P) for p > 0 and various A = 1 (solid
curve), 0.5 (dashed curve), —0.5 (dotted curve), and —1 (dash-
dotted curve)
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Fig. 6. Chemotaxis sensitivity function F'(p) at the left boun-
dary (solid curve), the right boundary (dotted curve), and the
point of maximum bacterial concentration (dashed curve). A\ =
=landp>0
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Fig. 7. Chemotaxis sensitivity function F(p) at the left boun-
dary (solid curve), the right boundary (dotted curve), and the
point of minimum bacterial concentration (dashed curve). A =
=—landp>0
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Fig. 8. Chemotaxis sensitivity function F(p) at the left

boundary (solid curve) and the right boundary (dashed curve).
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Fig. 9. Chemotaxis sensitivity function F(p) at the left

boundary (solid curve) and the right boundary (dashed curve).
A=—-landp<O0

the attractant and repellent concentrations at the
right system boundary (due to the relationship k =
= 10?). According to Eqs. (4) and (5), this means
that the gradients of the attractant and repellent dis-
tribution also increase. By formula (1), the terms de-
scribing the chemotaxis effect are proportional to the
concentration gradient of the attractant or the re-
pellent. However, since those terms contain the at-
tractant /repellent concentration in the denominator,
the growth in the total concentration of those sub-
stances reduces the chemotaxis effect. Therefore, ac-
tually, we have two oppositely directed effects. Fur-
thermore, the presence of both the attractant and the
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repellent in the system also neutralizes their cummu-
lative effect and does it in a nonlinear manner.

6. Conclusions

The model proposed in this paper can explain the
peculiarities of the bacterial distribution in a system
with a combined environment (in the presence of both
the attractant and the repellent). The model involves
the chemotaxis effects made by the attractant and the
repellent, which have opposite directions, but their
cummulative effect is not reduced to a simple super-
position. To characterize the nonhomogeneity of the
bacterial distribution in the system, the chemotaxis
sensitivity function is applied, which is calculated at
the system boundaries and, if there is an extremum
point in the bacterial distribution, at this point. The
change in the attractant and repellent concentrations
at the right system boundary, where the attractant
and repellent are introduced into the system, nonlin-
early affects the chemotaxis sensitivity function. In
this case, several competing effects take place. First,
an increase in the gradient of the attractant or re-
pellent concentration enhances the chemotaxis effect,
but also causes an increase in the total amount of the
attractant or repellent in the system, which brings
the bacterial receptors into a saturation state and
weakens the effect obtained from the larger concentra-
tion gradient of the corresponding substance. Second,
the simultaneous presence of both the attractant and
the repellent in the system partially compensates the
combined effect of those substances. As a result, the
behavior of the chemotaxis sensitivity function for a
system with a combined environment (with the at-
tractant and the repellent) differs substantially from
that in the case of a system with only the attractant
or the repellent.
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MOJEJIb XEMOTAKCHUCY
B KOMBIHOBAHOMY CEPE/JIOBUIIII

Y cTaTTi HPOIOHYETHCH MOJEJb, siIKa OIHCYE IPOIEC XEMOTa-
Kcucy 6Gakrepiil y KOMOIHOBAHOMY CEPEOBHII, sIKE MiCTUTH
OJTHOYACHO SIK aTPAKTAaHT, TaK i peneseHT. Mojeb 'PYyHTYETbCs
Ha cucremi audepeHIiiHuX PiBHAHD, SIKi BPaXOBYIOTh edeKTH
Bizg B3aemozil OaxTepiil fIK 3 aTPAKTAHTOM, TaK i pemeseHToM. Y
paMKax I[bOro IiXoy edEeKT BiJl XEMOTAKCHUCY ITPOIOPIIHHUIA
10 TpaJii€eHTa KOHIEHTpail BiANOBIAHOI peuoBUHM (aTpakTaH-
Ty 9M pelesenTy ). TakoxK Moze/b BpaxoBy€e HasBHICTb eeKTy
HaCHYEHH:, KOJIU 301IbIIeHHsI KOHIIEHTPallil aTpaKTaHTy 9H pe-
[IeJIEHTY 3MEHIIy€e Biaryk OaxTepiii Ha HaaBHICTH rpaiieHTa B
posnozini KoHneHTpanil nux pedoBuH. s anamizy HeogHOpI-
IHOCTI po3moaisy 6akTepiif B CHCTEMI BUKOPHUCTOBYETHCS DYH-
KIlisl 9y TJIMBOCTI XeMOTAKCHCY. 1I 3HAYEHHsSI OGUHMCIIIOETHCS Ha
MeXKaX CHCTEMH Ta, 38 HasIBHOCTI €KCTPEMyMy y po3noaini 6a-
KTepiii, B TOYIll TAKOTO eKCTpEeMyMy. AHAII3YETbCS 3aJI€2KHICTD
3HaYEeHHs (PYHKIN] 9y TJIMBOCTI XEMOTAKCUCY BiJ| KOHIIEHTPAIT
aTpakTaHTy Ta penejeHTy. [lokazaHo, M0 Taka 3aJIEXKHICTH €
CTYTTEBO HEJIHINHOIO 1 IKICHO BiIPI3HAETHCS BiJl aHAJIOTTIHUX
3aJIe2KHOCTEN, OTPUMAaHUX PaHiIle It CUCTEM, 1[0 MICTATH JIn-
11e aTPaKTaHT YM PelesIeHT.

Katwvwo6i cao06a: MOOEIb, XEMOTAKCHUC, OaKTepisi, arpa-

KTaHT, PEIeJIEHT, KOHIIEHTPAaIlisl, PO3IIOIiI.
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