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1. Introduction

In this study, we analyze the Dirac Hamiltonian describing an electron within a monolayer
of silicene, a two-dimensional nanomaterial, under the influence of externally applied electric
and magnetic fields. The Hamiltonian incorporates an exchange-field term arising from the
prozimity of a ferromagnetic material layer. The energy eigenvalue spectrum is derived as a
function of relevant physical parameters through direct diagonalization of the Hamiltonian ma-
triz. We systematically examine the dependence of the Landau level spectra on the magnetic
field, electric field, and induced exchange field. Furthermore, the statistical average energy of
silicene and graphene monolayers is explored as a function of magnetic field strength, electric
field intensity, and temperature. Additionally, the impact of the exchange field on the statistical
average energy of a silicene/ferromagnetic hybrid structure is investigated. The thermal prop-
erties, including heat capacity and entropy, are analyzed as functions of magnetic field, electric
field, exchange field, and temperature for both silicene and graphene monolayers. This compre-
hensive analysis provides insights into the interplay between external fields, material-specific
properties, and thermal behavior in these two-dimensional systems.

Keywords: silicene, 2D nanomaterials, exchange-field effect, thermal properties, heat ca-
pacity, entropy.

Graphene monolayers exhibit ultra-high electron
mobility at room temperature due to their zero-ener-

Research on 2D monolayer materials has become a
focal point in condensed matter physics [1-5]. Gra-
phene, composed of carbon (C) atoms arranged in a
honeycomb lattice [6], was the first experimentally re-
alized 2D crystalline material. More recently, silicene,
a single layer of silicon (Si) atoms forming a buckled
honeycomb structure, has been successfully synthe-
sized on metal surfaces [7-10].
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gy band gap, rendering electrons effectively massless.
However, this property limits graphene’s applicability
in logic-based devices, as transistors with graphene
channels cannot be fully switched off [5]. Silicene has
garnered significant attention owing to its unique at-
tributes: (1) The spin-orbit interaction (SOI) in sil-
icene is substantially stronger than in graphene, re-
sulting in a band gap of 3.9 MeV compared with
graphene’s 24 MeV [8]. (2) The buckled lattice struc-
ture of silicene introduces a potential difference be-
tween its two sublattices, enabling tunable electronic
properties.

Various 2D nanostructures derived from group IV
elements, such as silicene [11-12], phosphorene, ger-
manene, and stanene, have been synthesized using di-

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 6



Impact of Magnetic and Exchange Fields

verse experimental techniques [14-17]. The buckling
of Si atoms was first reported by Shiraishi and Takeda
in 1994 [18], highlighting the ability to control the
band structure of silicene and similar 2D materials
through external electric fields, which modulate the
band gap.

Investigating the magnetic and thermal properties
of silicene and other 2D materials is a critical area of
research in nanoscience. For instance, Tayyaba Aftab
explored the behavior of a silicene monolayer un-
der perpendicular electromagnetic fields and the in-
fluence of ferromagnetic materials [19]. Additionally,
researchers have demonstrated that vertical electric
fields can induce a band gap opening in semimetallic
buckled silicene and germanene monolayers [20]. El-
said et al. employed exact diagonalization and 1/N
approximation methods to study the thermodynamic,
magnetic, and electronic properties of silicene and re-
lated 2D materials [21-27].

In this study, we examine electrons confined within
silicene and graphene 2D monolayers. The Hamilto-
nian matrix, incorporating perpendicular magnetic
and electric fields as well as ferromagnetic interac-
tions, is diagonalized to derive the energy expression
as a function of physical parameters. The resulting
eigenenergy serves as a fundamental input for calcu-
lating the partition function, which in turn enables
the determination of thermal properties such as heat
capacity and entropy.

2. Theory and Method of Calculations

The silicene layer is positioned in the x-y plane on
top of a ferromagnetic material, subjected to both
electric and magnetic fields. The external magnetic
field is aligned along the growth direction, i.e., the
z-axis, expressed as B = (0,0, B). Due to the buck-
led lattice structure of silicene, a potential difference
arises between its two sublattices, effectively generat-
ing an internal electric field perpendicular to the sil-
icene layer. Consequently, the single-electron Hamil-
tonian for silicene in the presence of a perpendicular
magnetic field, an electric field, and the influence of
a ferromagnetic material can be written as:

A, A
Hp =hv [(kz + eh) T,0, + (ky + 6};’) ngz] _
— Ay (128.0.) + Ao, + hs,. (1)

The first term in the Hamiltonian equation is the ki-
netic energy due to the applied magnetic field, eA
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Fig. 1. Top: The crystal structure of silicene is based on the
2D honeycomb lattice. Due to the larger ionic size of silicon
atoms, the silicene lattice is buckled with A and B sublattices
located in vertically separated parallel planes. Bottom: Side
view of the vertical buckling [7]

is the potential momentum (momentum in the field)
due to the interaction with a constant magnetic field
acting on z-direction. A is the magnetic vector poten-
tial related to the external magnetic field B = V x A.
The vector potential in the Landau gauge is:

A = (0, Bz,0). (2)

The second term in Eq. (1) is the spin-orbit cou-
pling (SOC). Where Aso is the spin-orbital coupling
gap, and taken to be 7.9 MeV [28]. The third term
is the energy associated with electric field E with
A, = ape E,, where E, is an electric field applied
perpendicular to the silicene layer, and ag = 0.23 A
is the buckling length.

The last term in Eq. (1) contains h which represents
the exchange field effect due to the proximity, effect
when silicene is placed on a ferromagnetic substrate,
and is taken to be 9 MeV [29], h = 1.1 MeV [30].
The variation in values reflects different substrate—
monolayer combinations (such as EuO) and varying
strengths of exchange coupling reported in literature.

v is the Fermi velocity of the charge carrier (Dirac
fermions), s, is spin index, A,: spin-orbital coupling
gap. A, is energy difference between Si atoms on A
and B sites, unlike graphene, which is perfectly pla-
nar, silicene possesses a buckled honeycomb struc-
ture where the two sublattices (A and B) are verti-
cally displaced by a distance 21 ~ 0.46 A as shown
in Fig. 1. ks, ky is the momentum of charge carriers,
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Fig. 2. Energy dispersion for K valley in silicene, as a function
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Fig. 3. Energy dispersion for K valley in silicene, as a function
of a perpendicular electric field potential. Ag, = 7.9 MeV,
B =41T, h =9 MéV, ag = 0.23 A, n = 0, 1, 2. The color
scheme is the same as in Fig. 2

Az, Ay vector potential components, o.: spin Pauli
matrices, 7,: 1, valley index.

By direct diagonalization of the Hamiltonian ma-
trix, given in Eq. (1), we can obtain an expression for
the energy spectrum for silicene as:

E(ha Sz, )‘7 n, wr, AzaTz) =

= hSz + A \/n(hkdl)z + (Asosz - Asz)2a (3)
where A = +1, -1 (electrons and holes), n is the Lan-
dau level index arising from the quantization of elec-

tronic orbits in a magnetic field, and w; = v4/ Q%B =

— v
lB7
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where [ is the magnetic length.

2.1. Statistical properties
of silicene and other 2D nanomaterials

To derive the thermodynamic properties, such as heat
capacity and entropy, for silicene and graphene, the
partition function must be determined. We employ
the well-known statistical relation for the partition
function:

Z =Y e PP (4)

8= kB%, where kp is the Boltzmann constant, T is
the temperature, and E,, represents the energy eigen-
values of the system.

The partition function serves as the foundation for
calculating thermodynamic quantities. Specifically,
the average energy, entropy and heat capacity can
be derived using the following relations, respectively:

olnZz
)= -222, )
S = kn (mz - ﬁaglj), (6)
0%2InZ
C, = k3627a§2 . (7)

These expressions allow us to analyze the thermal be-
havior of silicene and graphene under varying condi-
tions, such as changes in temperature, magnetic field,
and electric field (neglecting the phonon contribution
to the thermal properties).

3. Results and Discussion

In this section, we will study the dependence of the
energy spectrum of silicene and other 2D nanoma-
terials on the magnetic field strength, the energy
difference between nanomaterial atoms on A and B
sites (A,) where A, = age E, and the exchange-
field effect.

Figs 2 and 3 show the energy spectra for silicene
as a function of the electric field energy in the pres-
ence of magnetic (B) field and exchange field for elec-
trons and holes with spin-up and spin-down orienta-
tions. The plots display the variation of the energy
spectrum of silicene with a perpendicular electric field
potential for the states: n = zero, 1, and 2. Energy
level crossings in the spectral curves can be seen.

In the absence of an exchange energy (h = 0), the
Dirac points in Fig. 2 are positioned very close to
one another. However, when the exchange field en-
ergy is increased to 9 MeV, the dispersion relation

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 6



Impact of Magnetic and Exchange Fields

shows a shift in the Dirac points from zero to 0.01eV,
as illustrated in Fig. 3. This shift in the Dirac points
becomes more pronounced as the exchange field is
further enhanced. Notably, the Dirac point for spin-
up (1) states in both valleys shifts to the conduction
band, while the spin-down () states shift to the va-
lence band. This behavior enables spin polarization,
which is a critical feature for spintronics applications.

The exchange field, being coupled to spin, plays a
pivotal role in spin-dependent devices. These findings
regarding the energy spectrum are consistent with the
results reported in Ref. [19].

In the absence of an electric field, the plot in Fig. 4
shows the energy-level spectrum as a function of the
magnetic field. We notice that all n # 0 levels scale as
V/B. The plot shows that the energy of the electron
in the silicene layer increases as the magnetic field in-
creases for excited states (n =1, 2, 3, ...). The mag-
netic field here lifts the degeneracy of each subband.

In Fig. 5, when the electric field is increased from
zero to 0.435 V/A (A, = 100 MeV), the dispersion re-
lation reveals a shift in the Dirac point from zero to
200 MeV. Additionally, the energy spectrum increases
with increasing magnetic field B, and each Landau
level splits into two branches. This behavior is ex-
pected due to the introduction of a new confinement
term caused by the magnetic field. These findings are
consistent with the results reported in Ref. [7].

We have also plotted in Fig. 6 the statistical aver-
age energy for silicene as a function of temperature,
at a constant electric field, where A, =9 MeV in (a)
and A, = 30 MeV in (b), for different magnetic fields
(B =5, 10, and 157).

The variation of the statistical average energy with
temperature, considering the effects of the magnetic
field B and the electric field, is illustrated in Figs. 6, a
and 6, b. For a fixed magnetic field strength (B =
= 5T), the average energy is observed to increase
with rising temperature. This behavior is attributed
to the thermal energy (Ey, = kgT), which increases
the electron energy as the temperature increases. The
onset of this increase occurs at approximately 30 K
in Fig. 6, a and at 10 K in Fig. 6, b, respectively.

The comparisons between Figs 6, a and b for con-
stant values of temperature and magnetic field, for
example: (T = 150 K, B = 15T) show that the av-
erage energy in (a) equals 1.4134 MeV, whereas in
Fig. 6, b it equals 1.933 MeV. The result is that, as
A, increases the average energy increases.
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Fig. 5. Energy dispersion for K valley in silicene, varying
with a perpendicular magnetic field. For electrons and holes.
A, = 100 MeV, Aso = 7.9 MeV, h = 9 MeV, A = +1 for
electrons and —1 for holes n =zero, 1, 2, 3, 4, 5

For graphene, we analyze the statistical average
energy as a function of temperature, as depicted
in Fig. 7 and find that the average energy simi-
larly increases with rising temperature. However, it
is observed that the rate of increase in average en-
ergy is more pronounced in silicene compared to
graphene. This difference arises due to the presence
of spin—orbit interaction (SOI) in silicene, with a
strength of A\;, = 3.9 MeV, whereas in graphene it
is effectively zero.

In Fig. 8, a, the dependence of the statistical av-
erage energy on the magnetic field is illustrated, in-
corporating the effects of both temperature and mag-
netic field. From Figs. 8, a and &, b, it is evident that
for a fixed magnetic field (B = 5T), the average en-

539



Sheren Khlaif, Mohammad Elsaid, Ayham Shaer

5 7 .
3
E
G4 o3t § .
= :
o
=
[
=
Lol
o 2 =
g
L
-
=T
1L 4
— BB T
wesssnreaes B=10T
-------- B=15T
o i i i
0 150 200 250 300

Temperature T(K)
a

Average energy <E>(meV)

5 T T T T T Y
4| ]
3t )
2t f = ]
gL ,.-"-'. — B=5T -
i ; U—— T
o v e B=15T |
0 : : ' :
0 100 150 200 250 300
Temperature T(K)
b

Fig. 6. Average energy for silicene as a function of temperature at different values of magnetic fields (B = 5, 10, and 157T")

calculated at: A, =9 MeV (a), A, = 30 MeV (b)

5

Average energy <E>(meV)

Temperature T(K)

a

Average energy <E>(meV)

Temperature T(K)

b

Fig. 7. Average energy for graphene varies with T' (K) at different values of magnetic fields B = 5, 10, and 15T calculated at:

Az =9 MeV (a), A, =30 MeV (b)

ergy increases as the temperature rises. This trend is
attributed to the thermal energy, which elevates the
electron energy and, as a result, leads to an increase
in the statistical average energy.

Fig. 8, b, shows that as the exchange effect in-
creases, the average energy curve decreases. The av-
erage energy is sensitive to the magnetic field only at
low values of B.

540

Fig. 9 shows the heat capacity of silicene as a
function of temperature (T') for different magnetic
fields. It can be observed from Fig. 9 that at a fixed
electric field, as T increases, the heat capacity in-
creases, and it approaches an asymptotic constant
value; C, &~ 2.2kg when T increases. In the absence of
the energy difference (A, = 0), as the magnetic field
increases, the heat capacity decreases, as shown in
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Fig. 9, a. However, if we increase the value of the en-
ergy difference, we note that the heat capacity curve
exhibits a peak structure known as the Schottky ef-
fect. This means that when temperature increases,
the heat capacity increases more rapidly in the first

150 Kelvin before approaching a constant asymptotic
value of 2.2kg.
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1T,

Similar heat-capacity plots are shown for graphene
in Fig. 10. The dependence of heat capacity on the
magnetic field B is investigated for fixed tempera-
tures as illustrated in Fig. 11 for silicene and Fig. 12
for graphene. At low magnetic field strengths, the
heat capacity exhibits higher values, but as the mag-
netic field increases, the heat capacity decreases,
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eventually converging to a small constant value. This
behavior arises because the available thermal energy
(Etn) becomes insufficient to absorb heat or excite
electrons to higher energy states under strong mag-
netic confinement within the 2D sheet. For instance,
at T = 50 K, the thermal energy is minimal, caus-
ing the heat capacity to approach zero. Conversely,
at higher temperatures, such as T' = 200 K, the ther-
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mal energy increases significantly, leading to a heat
capacity that approaches 2.2 kg?

Fig. 13 shows the entropy of graphene as a function
of temperature for different magnetic fields, with a
constant energy difference. In the absence of A, we
find in Fig. 13, a that for the fixed value of B, as
the temperature increases, the entropy of graphene
also increases. This increase in entropy with tem-
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perature is due to the enhancement of the thermal
energy which increases the kinetic energy of elec-
trons, which enhances the randomness of the sys-
tem. From Fig. 13, it can be observed that the in-
crease in entropy starts at T ~ 50 K. In Fig. 13, a
and 13, b, the entropy decreases with increasing
magnetic field, because the increase in the magnetic
field restricts the movement of particles to Landau-
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type levels, so the turbulence and hence the entropy
decreases.

In Fig. 14, we present the effect of the exchange
field energy on the heat capacity of silicene as a func-
tion of temperature. The heat capacity is plotted for
different values (h = zero, h =1 MeV, h = 1.5 MeV,
h = 9 MeV). For all values of the h parameter,
the heat capacity C, almost approaches zero as T
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goes to zero. At zero temperature, when T' increases
from zero, C, increases sharply and then decreases,
exhibiting a peak-like structure. As temperature in-
creases, the peak of heat capacity C,, shifts to a higher
T and becomes broader.

As the exchange field energy increases, the num-
ber of crossings between states with the same orbital
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quantum number increases, thus, the density of states
will increase too, then the probability of the heat ab-
sorption also increases. As temperature 7' increases
further, the specific heat capacity becomes indepen-
dent of the exchange effect and converges to a satu-
ration value of 2kg. We also noted that as the tem-
perature keeps increasing, the heat capacity C,, tends
to increase linearly because of an increase in thermal
energy of electrons, which allows a greater number of
states to be available for thermal excitation.

4. Conclusion

In this study, the Hamiltonian for a single electron
in a silicene layer under the influence of electric and
magnetic fields, along with the presence of a ferro-
magnetic material, was derived for silicene and gra-
phene, both of which are 2D materials. The energy
spectrum of electrons in these monolayers was ob-
tained by solving the Hamiltonian using the direct
diagonalization method.

In the initial phase of the study, the behavior of
Landau levels (LLs) was examined as a function of the
magnetic field, electric field, and exchange field for
both the KK and K'K’ valleys, considering electrons
and holes. This analysis was extended to various 2D
materials, including silicene, graphene, stanene, and
germanene.

The partition function, which characterizes the sta-
tistical properties of the system in thermodynamic
equilibrium, is a crucial quantity for studying the
thermal properties of 2D materials. An analytical ex-
pression was employed to compute the statistical av-
erage energy, taking into account various physical pa-
rameters. The results indicate that the electric field,
magnetic field strength, and temperature significantly
influence the statistical average energy. Specifically,
the statistical average energy increases with the elec-
tric field but decreases with increasing magnetic field
strength.

In the final part of the study, the effects of mag-
netic field strength, electric field, temperature, and
exchange field on thermal quantities such as heat ca-
pacity and entropy were investigated. The heat ca-
pacity plot exhibits a small peak structure, known
as the Schottky effect, which emerges as the electric
field increases. Additionally, the heat capacity rises
rapidly with temperature before approaching a con-
stant asymptotic value, C, ~ 2.2 kg.
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Furthermore, the behavior of entropy was analyzed,

revealing that it increases with temperature as elec-
trons gain kinetic energy from thermal energy. Con-
versely, entropy decreases with increasing magnetic
field, electric field, and exchange field. These findings
provide insights into the interplay between external
fields, thermal energy, and the thermodynamic prop-
erties of 2D materials.
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BIIJINB MATHITHUX
TA OBMIHHUX IIOJIIB HA TEIIJIOBI
BJIACTHBOCTI MOHOILIAPIB CMJIILIEHY

Y nocaipkenHi anasti3yeTbes raminbronian Jlipaka, mo onucye
€JIEKTPOH y MOHOIIAPi CUJIIEHy, — IBOBUMIDHOMY HaHOMAaTepi-

Jii, sIKUil 1repebyBa€ il BINIMBOM 30BHIIIHBOI'O €JIEKTPUYIHOIO
it MmaraiTHOro noJtiB. lamisibToHIaH MiCTHTD YJjIeH, OB’ sI3aHMil 3
edekToM 0OMIHHOIO I10JIs, 1[0 BUHUKAE Yepe3 OJIU3bKICTD I1apy
depomarsernoro marepiaay. CrekTp BJIACHOI eHepril oTpuma-
HO dK (YHKIIO BignoBimuux pismyHUX MapaMerpiB IIISXOM

546

npsiMol giaronaJizanil Marpuni raMmiibroniana. CucreMaTuaHO
JIOCJIIIPKEHO 3aJIeXKHICTh CIeKTpiB piBHIB Jlanmay Big marze-
THOTO ¥ €JIEKTPUTHOTO MOJIIB Ta iH/yKOBaHOr0 OOMIHHOTO IOJISI.
KpiMm Toro, mociikeHo cepeqHIo CTATUCTUYHY €HEPTil0 MOHO-
mapiB cuiIineHy i rpadeny sK QyHKIHO HAIPY2KEHOCT] MarHe-
THOI'O ¥ €JIEKTPUYHOIO 1OJIiB 1 TeMniepaTypu. Takoxk JocitigxKe-
HO BIIMB OOMIHHOTO II0JIST HA CEPEIHIO CTATUCTHIHY €HEPTilo ri-
6puHol cTpyKTypu cuiinen/depomaraeruk. Temosi BracTu-
BOCTi, BKJIIOYHO 3 TEIJIOEMHICTIO il €HTPOII€I0, aHaJi3yIOThCS
AK (QPyHKII] MArHETHOTO i €JIEKTPUYHOrO IOJIiB, OOMIHHOIO II0-
JIs i TeMuepaTypu — sIK JJIsi MOHOIIAPIB CUJIIEHY, TaK 1 JJIst
rpadeny. Takuil KOMIUIEKCHIH aHAI3 Ja€ YsIBJIEHHS IIPO BILJINB
30BHIIIHIX IIOJIIB HA XapaKTePHI BJIACTHUBOCTI MaTepiasay il Te-

IIJIOBY HOBe,HiHKy J1875.¢ ZIBOBI/II\IipHI/IX CUcTeM.

Katowoei caoesa: cuiinen, 2D nanomarepiayiu, edekt ob6-
MIHHOT'O I10JISI, TEIJIOBI BJIACTUBOCTI, TEIJIOEMHICTh, EHTPOIIis.
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