OPTICS, ATOMS AND MOLECULES

https://doi.org/10.15407 /ujpe70.12.844

0.S. TARNAVSKYY, M.F. LEDNEY, S.P. BIELYKH

Taras Shevchenko National University of Kyiv, Faculty of Physics
(4, Akademika Glushkova Ave., Kyiv 03022, Ukraine; e-mail: oleksandr.tarnavskyy@gmail.com,
ledney@Quniv.kiev.ua, sveta_ pavl@Qukr.net)

REFLECTANCE AND TRANSMITTANCE
OF A LAYERED STRUCTURE FOR A NORMALLY
INCIDENT ELECTROMAGNETIC WAVE

Simple analytic expressions have been obtained for the reflection and transmission coefficients
in the case of a linearly polarized monochromatic planar electromagnetic wave normally inci-
dent on a layered structure consisting of planar dielectric layers. The refractive indices of the
layers may be complex-valued. In contrast to the standard transfer-matrix method, in which
implicit expressions for the reflectance and transmittance are obtained, the proposed one pro-
vides explicit expressions for those parameters in terms of the layers’ thicknesses and the
coefficients in the Fresnel formulas for the layer interfaces. As an example, the reflection co-
efficient is determined for the normal incidence of an electromagnetic wave on a semi-infinite
periodic structure formed by two continuously alternating dielectric layers.
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1. Introduction

The optical properties of layered structures, in which
layers of different materials alternate, are of consid-
erable interest due to their numerous applications in
radioelectronic devices such as antennas and in plas-
monics and photoelectronics, e.g., as Bragg mirrors,
optical switches and filters, and so forth. The applica-
tion of liquid crystals, which are sensitive to external
electric/magnetic or light fields, as at least one or a
few layers [1] opens up wide possibilities for the dy-
namically controlling of the optical properties of lay-
ered structures using weak external quasi-static elec-
tric fields. Layered structures with liquid-crystal lay-

Citation: Tarnavskyy O.S., Ledney M.F., Bielykh S.P. Re-
flectance and transmittance of a layered structure for a nor-
mally incident electromagnetic wave. Ukr. J. Phys. 70,
No. 12, 844 (2025). https://doi.org/10.15407 /ujpe70.12.844.

© Publisher PH “Akademperiodyka” of the NAS of Ukraine,
2025. This is an open access article under the CC BY-NC-ND li-
cense (https://creativecommons.org/licenses/by-nc-nd/4.0/)

844

ers have found practical applications in a wide fre-
quency interval ranging from optical to terahertz fre-
quencies [2].

Obviously, the calculation of the transmission and
reflection coefficients for electromagnetic waves is an
urgent and primary task for all applications dealing
with multi-layer optical structures. For instance, the
authors of work [3] proposed a polynomial approach
for finding the electromagnetic wave reflectance and
transmittance of a layered structure. Recursive re-
lationships for calculating generalized Fresnel coeffi-
cients for a layered structure were used in work [4].
The influence of a metal layer on the Fresnel coeffi-
cients, in particular, in layered structures, was stud-
ied in paper [5]. The generation of the second har-
monic at the interfaces in a layered medium was theo-
retically considered in work [6]. An attempt to obtain
the form for the electromagnetic wave transmittance
through an anisotropic periodic medium was made in
paper [7]. The Fresnel formulas in the case of non-
planar interfaces were derived in work [8].
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Important from the viewpoint of practical appli-
cation is the case of normal incidence of an electro-
magnetic wave on a layered structure. In this case, a
standard transfer-matrix method has been developed
to find the reflectance and transmittance of an elec-
tromagnetic wave; see, e.g., work [9]. This method is
relatively simple. However, it involves the multiplica-
tion of a large number of matrices, if there are a large
number of layers. In the case of an infinite layered
structure, the number of matrices to be multiplied
tends to infinity. This situation can be significantly
inconvenient for numerical calculations and can lead
to error accumulation. Furthermore, the resulting for-
mulas of the method contain matrix products, which
makes the calculation results implicit. Under the con-
dition of normal incidence of an electromagnetic wave
on a layered structure, attempts were made to sim-
plify the procedure for obtaining the reflection and
transmission coefficients. In particular, the authors
of work [10] implicitly coupled the electromagnetic
wave reflectance and transmittance of two adjacent
layers in the medium. For this purpose, they applied
recurrence relationships that related the amplitudes
of the electric and magnetic fields in three consecutive
layers. The proposed approach does not allow energy
losses in the medium to be taken into account, since
it is based on the law of energy conservation.

In the present work, explicit expressions are ob-
tained for the reflectance and transmittance of a lin-
early polarized plane electromagnetic wave in the case
of its normal incidence on a layered structure con-
sisting of plane-parallel dielectric layers with given
thicknesses and refractive indices. The latter can be
complex-valued. The reflection coefficient takes a par-
ticularly simple form of an ordinary continued frac-
tion. As is known, the conditions of numerical sta-
bility of the calculation of continued fractions are
well studied [11]. Therefore, results in such a repre-
sentation are convenient for numerical calculations,
because they allow a simple software implementa-
tion. This fact, in particular, makes it possible to ob-
tain reliable results in the case of a semi-infinite lay-
ered structure. It should be noted that the proposed
approach minimizes the accumulation of errors while
numerically calculating the reflectance and transmit-
tance of electromagnetic waves in layered media.

The work is organized as follows. In section 2, the
physical model is described, and recurrent relation-
ships for the amplitudes of the electric field of electro-
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magnetic waves propagating forward and backward
through a three-layer structure are derived. A gen-
eral form of the reflection and transmission coeffi-
cients is given. In section 3, the reflectance and trans-
mittance of an electromagnetic wave are expressed in
terms of the layer thicknesses and the coefficients in
the Fresnel formulas for the layer interfaces. The ob-
tained results are verified by applying them to well-
studied cases, namely, two semi-infinite media and a
layer between two semi-infinite media. In section 4,
the proposed approach is used to obtain an analytic
expression for the reflectance of an electromagnetic
wave from a semi-infinite periodic structure formed
by two alternating dielectric layers. Discussion of the
results and brief conclusions of the work are given in
section 5.

2. Basic Equations and Their Solution

Let us consider a layered structure formed by N al-
ternating homogeneous plane-parallel dielectric layers
and bounded between the planes z = 0 and z = L.
The structure under consideration is located on a ho-
mogeneous dielectric substrate (z > L) with a real
refractive index. From the air side (z < 0), a plane
monochromatic light wave of frequency w is normally
incident on this structure in the positive direction
of the axis Oz. The light is considered to be polar-
ized in the direction of the axis Oz, which is oriented
along the interface between the air and the layered
medium. As the light wave penetrates the dielectric
layers, it undergoes a series of successive reflections at
the interfaces between them. The schematic diagram
of the structure under consideration, together with
the propagation directions of the incident, A;, and
reflected, A}, electromagnetic waves, is presented in
Fig. 1.

Within each layer of the structure under consider-
ation, the vector E of the light wave electric field
strength is a solution of the wave equation AE +
+ “Z—; n?E = 0, where n is the refractive index of the
medium of the corresponding layer. The vector H of
the light wave magnetic field strength is found from
the Maxwell equation rot E = —pg %—I;I. The system is
considered to be homogeneous along the coordinate
axes Ox and Oy. Then, in accordance with the above,
the magnitudes of the electric, F;, and magnetic, H;,
field strength vectors in the air (z < 0) and in the
i-th dielectric layer (d;—1 < z < d;; here, dg = 0 and
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Fig. 1. Structure consisting of N homogeneous plane-parallel
dielectric layers. The incident wave propagates along the Oz
direction. In each layer, the amplitudes of the waves propa-
gating along and against the Oz-axis are denoted as A and A’,
respectively

dn = L) have the form
E;(2) = Ajethniz 4 Ale=ihniz,

i ; . 1
Hi(z) = CZO (Ajeikniz — Ale=thniz), (1)

where k = w/c is the wave number of the electro-
magnetic wave in vacuum; and the subscript i =
=0,1,2,..., N enumerates the media of air and the
plane-parallel dielectric layers, with the correspond-
ing refractive indices n;; see Fig. 1.

At z > L, in the region with a dielectric sub-
strate with the real refractive index ny41, only the
wave that passed through the layered system propa-
gates. The corresponding electric and magnetic field
vectors are, respectively,

Eni1(2) = Angefmvez,
Hyi1(2) = AN ethnn+1z, @)
Cho

Let us formally introduce a “reflected” wave in the di-
electric substrate behind the layered system and de-
note Al =0.
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Obviously, at the interfaces z = d; (here, i = 0, 1,
2, ..., N) between the dielectric layers, the vectors of
the electric, E;, and magnetic, H;, field strengths of
the light wave must satisfy the electrodynamic bound-
ary conditions. From the equality of the tangential
components of the electric and magnetic fields at the
interfaces, we obtain a system of equations that re-
lates the amplitudes of the incident, A;, and reflected,
A}, waves in the neighboring layers,

Aleiknldl _|_A;e—iknldl —
:AH_leian_ldl +A;+167iknl+1d17

ny (Aleikmdl _ Azefiknldl) _

= g1 (Appaernd — A emthmeadn),

3)

Whence, by expressing the amplitudes A;11 and 4],
in terms of A; and Aj, we have

App1 = aie® Ay 4 be= 1 A], (4)
Al =bie" A+ age 1 A, (5)

where the following notations were introduced:

1 ny 1 nl)
a==(1+ , bp==1(1- , 6
: 2( nz+1> : 2( 141 ©

o] = k:(nl + nl+1)dl, = k(nl - nl+1)dl- (7)

Similarly, we express the amplitudes A; and Aj] in
terms of A;_;1 and A] ;:

A = al_16i5l—1Al_1 + bl_leiiol_lAg_l, (8)
A; = blflewlflAlfl + (Llfleiiél*lAgfl. (9)

Then from relationships (4), (8), and (9), we can ex-
press the amplitude A;;; in terms of A; and A;_1:
Al+1 = a;Al + B;Alfl. (10)

Similarly, from relationships (5), (8), and (9), we can
express the amplitude A, in terms of A; and A]_:

Al = o AL+ BFAL. (11)
Here, the following notations were introduced:
ali = ale:FitSz +a;_1 bbl eii(él—1+al—0l—l)7
-1
(12)

a2 .
B =10y |:bll - bll} etiloi=oi-1),
1—1

where [ = 1,2, ..., N.
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It is easy to see that, from relationship (11), it fol-
lows that
Al o 1 1

=Ly — (13)
Al 51 61 A

/
Al+1

By successively applying this recurrent formula
N times starting from [ = 0, we find the ratio be-
tween the amplitudes of the reflected electromagnetic
waves in air and in the first plane-parallel layer,

Ay of 1 1
Ay 51 51 _ﬁ i 1
B B
aj\',+ 1 .A’N+1
Bn  Bn Ay
(14)

Taking into account that A%y, = 0 in the substrate
behind the layered structure we obtain

Al By
5;?9 = _a;r + BJF (15)
1 + 3
-0y +
B
+ N
—Qny
+ O‘N

From formula (5) at [ = 0, we obtain the relationship

Ay By
Ay Al
+ _|_ A/

(16)

where we took into account that oy = dp = 0 [see
Egs. (7)] because dy = 0, and also af = ag, B = bo
[see Egs. (12)].

Substituting expression (16) into formula (15) gives
us the value of the ratio between the amplitudes of
the electromagnetic waves reflected from and incident

on the layered structure,

Al +
r=20= B — . (17)
AO + ﬁl
-y + a7
_a‘l"_|_ 2
N
+
—Opn_ 1+ a+
N
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Whence we get the value of the reflectance R = |r|? of
the electromagnetic wave from the layered structure.

Let us find the form for the transmittance of
an electromagnetic wave through a layered medium.
From relationship (10), it follows that

(18)

A

By successively applying this recurrence relationship
[ times, we arrive at the ratio between the wave am-
plitudes in adjacent layers for a wave propagating in
the direction of the axis Oz in the form

A _
B — oy + LA (19)
Ay By

g+
ay + %
Ay

From formula (4) at [ = 0, we gat

Ay -

Aio = + 60 r (20)

where ay = ag, B, = bo [see Egs. (12)], and taking
into account that og = dp = 0 [see Eqgs. (7)].

Let us find the ratio between the amplitudes of the
wave that has passed through the layered medium
and the incident wave:

. Aniyi _ Axn A A A (21)
A Ay Ay AL Ao

Using Egs. (19) and (20), we obtain

N _
t=TT[er + i/ = (22)

1=0 o, + -1

a; + b
ay 50
0ot =

Whence the value of the electromagnetic wave trans-
mittance through a layered medium equals

T = 22,

(23)
no
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3. Wave Reflectance and Transmittance

The expressions obtained for the electromagnetic
wave reflectance R and transmittance T of a layered
medium can be simplified by simultaneously express-
ing them in terms of quantities that have a direct
physical meaning, namely, the thicknesses of the lay-
ers hy = d; — d;—1 and the coefficients in the Fresnel
formulas in the case of normal plane-wave incidence
on the interface between two media [12],

by oy — N4
pl = ——

. (24)
ar M+ N4

Here, p; is the ratio between the amplitudes of the
reflected and incident waves at the interface between
two semi-infinite media with the refractive indices n;
and n;41. Let us rewrite Eq. (17) in the form

By
+
r= T (25)
G
ag oy
1- +
G
. ajaf
LB
QE—P‘?\}
Let us introduce the notations
0 a(;)t 0, 1 ag:ali pl + poeq:2ik1h1 :
(26)
T
[ S
a0 )
_ 1-—
_ pl 2/)1 ( pl*l) , (27)

(Pr—2 + proae®2iki-shiov) (o + py_eF2ikinn)

where [ = 2,3,..., N. Then we obtain the following
form for the reflectance of the electromagnetic wave:
R = |r|?, where

(28)
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We can also simplify the expression for ¢. From re-
lationship (22), it is easy to obtain

B
N I ——
t=]Je (1~ %1% (29)
= ; - )
1=0 _ -1
[N T
1— 1—2%-1
-8B
ooy
_ By
oy
- —

The product Hl]io a; can be expressed in terms of
the coefficients p; in the Fresnel formulas and the
thicknesses h; of the layers (see Appendix 5),

N — N N
B r A
[Tor = /e ®n]le™ I[a.  ©60)
n
1=0 N+1 =1 1=0

where

1
Cofﬁa

1 o
Cl — p e Qlklhl).

1
@+
V1= p? pr-1
(31)
Then expression (29) for ¢, taking Eq. (30) and nota-

tions (26) and (27) into account, can be rewritten in
the form

N N
N0 _ikniid ikih
t =] ——— e nvran L eththe L G (32)
NN+1 11;[1 g
where
¢
m=1- 2_ ) (33)
1o >=1
1- 571_
€0
=

Whence we obtain the final form for the transmit-
tance of an electromagnetic wave through a layered
structure [see formula (23)],

N 5 N
(1 (1
=1 =0
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Here, we took into account that the refractive index
of the substrate located behind the layered structure
is a real number so that |[e~#*~+1dv| = 1.

Note that the first product in formula (34) differs
from unity only in the case of layers with complex
refractive indices. In the case of layers with real re-
fractive indices, we have

N 2
T =T]|cm|-

1=0
Thus, formulas (24), (26), (27), (28), (31), (33), and
(34) evaluate the electromagnetic wave reflectance
and transmittance of a plane layered structure in the
case of normal wave incidence. An especially simple
expression is obtained for the reflectance R.

Let us verify the derived formulas by applying them
to simple cases, namely, two semi-infinite media (N =
= 0) and a layer between two semi-infinite media
(N =1).

In the case N = 0, for the reflection coefficient, we
have

(35)

ng —nq (36)

R=|rl* =& = j, e

where py =

which is a correct result, consistent with the Fresnel
formula [12]. For the transmission coefficient, we have

2

=(1—pp)| =1-p5,

L =g

T =[Go(1—&r)? =’

(37)
as it should be.
In the case N = 1 and for an interlayer with a real-
valued refractive index, we also obtain correct results:
for the reflectance, R = |r|?, where

+ 2ik1 ha
= 50+: I C— (38)
1-¢& 1+ poprest
and for the transmittance, T' = |t|?, where
t=(oC(1— 50_7’) < - €1_> (39)
1-&r
After some simplifications, we get
1—p2)(1 - p?

1 + p0p162ik)1h1

Formulas (38) and (40) agree with the results of
work [10].
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4. Semi-Infinite Layered Structure

Let us have a semi-infinite layered structure with two
alternating dielectric layers characterizing by the re-
fractive indices n1 and ns, and the thicknesses h; and
ho, respectively. Let an electromagnetic wave fall nor-
mally on this structure from the air side. In this case,
the fractions in expression (28) for the electromag-
netic wave reflectance R become infinite. Then, tak-
ing into account the structure periodicity, the coef-
ficients in formula (28) starting from &3 and &4 are
repeated,

(41)

&
&

124

As a result, the expression for r can be written as
follows:

r= L_;'_a (42)
G
_ =
122
Y
where the value of 7 is found from the equation
3
y=1- T (43)
124
v
and is equal to

7:;<1+€4+—53+\/(1+51_53+)2_454+)' (44)

Here, the sign “+” in front of the root is chosen based
on the requirement that there is one interface be-
tween two semi-infinite media in the limiting case
n1 — no. Therefore, it must be r = 53', which is
ensured by the appropriate choice of the sign in front
of the root.

5. Conclusions

In the presented work, the propagation of a plane, lin-
early polarized electromagnetic wave through a lay-
ered structure consisting of plane-parallel dielectric
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layers in the case of normal incidence is theoretically
investigated. Analytic expressions for the electromag-
netic wave reflectance and transmittance of the ex-
amined structure are derived. In the case of normal
wave incidence on a plane layered structure, finding
the reflection and transmission coefficients does not
pose any fundamental difficulties; however, the cor-
responding results obtained by standard methods are
rather cumbersome. Instead, the expressions for the
electromagnetic wave reflectance and transmittance
obtained in this work are relatively simple and make it
possible to explicitly express the result in terms of the
physical parameters of the layered medium, namely,
the thickness of the layers and the coefficients in the
Fresnel formulas for the layer interfaces.

The obtained results are also convenient for numer-
ical calculations, because the calculation of a contin-
ued fraction can be implemented programmatically
using a single cycle. In addition, the numerical sta-
bility of continued fractions is well studied. The pro-
posed approach minimizes the accumulation of errors
at numerical calculations of the electromagnetic wave
reflectance from and transmittance through layered
media.

Based on the above approach, a simple analytic
expression has been obtained for the electromagnetic
wave reflectance from a semi-infinite periodic struc-
ture formed by two alternating dielectric layers.

APPENDIX

Let us express the product H{io a; in terms of the coefficients
p; in the Fresnel formulas for the layer interface, and the layers’
thicknesses h; and refractive indices n;. Using the definition of
a;, we have

Hal %OH [ale

Extractlng the quantity ale“sl from the [-th factor in the prod-
uct, we obtain

et oi—1to—op_1) |

(A1)

LZ%

Hal =e =1 Halx

by a1 o—ilo1_1—

% 14 L=l —i(S—1—or—1+840y) | A2
U [ * a; b1 (&.2)
Taking into account that p; = —Z—é,

O1—1 — o1—1 + & + oy = 2knihy, (A.3)
and

N N

Z&l = —knyt1dn + anlhlv (A'4)
=1 =1
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we get

N N

Ha; _ 6_1k”N+1dN Hezknlhl %

= =1

X Hal H { ppz 6_2““"””]. (A.5)
-1

=1

Let us calculate Hzlio aj.
ng—niiq

Taking into account that p; =

= g’ we obtain
4 = 1
ngny41 n ng
1—p} = 5 = = . (A®)
(n +mniy1) L (1 i ) ni4+1 q;
n
Whence Hl
1
P L —— (A7)
ni+1 /1 — pl2
Therefore,
H a == (A.8)
NN+1 l 0 /1 — pl
Substituting Eq. (A.8) into Eq. (A.5), we obtain
N
o = e—tknNi1dn eiknihy o
Il Vi 1
1 )
x H [1 + ﬂe—h’“"lhl]. (A.9)
\/1 B \/1 —p? PL-1
This expression can be rewritten in the form
a” = 7zan+1dN ezknlhl Cla (A].O)
Mo = [ 11

which corresponds to formula (30).
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KOE®ILICHTU BIIIBUBAHHS
TA TIPOXOJI?KEHHSI EJTEKTPOMATHITHOI
XBWJII, HOPMAJIBHO I1AJJAIOUOI

HA HIAPYBATY CTPYKTVYPY

OTpumano mpocTi aHAJITUYHI BUpas3u i KoedilieHTiB Bigou-
BaHHS Ta IIPOXOJ2KEHHS IIJIOCKOI JIHIMHO IOJISIPU30BAaHOI eJle-
KTPOMArHiTHOI XBUJII ¥ BUIIAIKY HOPMAJIBHOIO IaIiHHS Ha IIa-
pyBaTy CTPYKTYpPY 3 ILJIOCKONAPAJIEIbHUX JI€JIEKTPUIHUX Illa-
piB. Iloka3HUKHM 3a/IOMJIEHHS MIPOMIAPKIB MOXKYThH OyTH KOM-
miekcHuMu. Ha BigMiHy Bij cTaHgapTHOrO MeTomay TpaHcdep-
MaTpulli, B IKOMY KoedillieHTHu BiAOMBaHHS Ta MIPOXOIXKEHHS
€JIEKTPOMArHITHOI XBUJII OTPUMYIOTHCS HESIBHO, 3aIIPOIIOHOBA-
HUIl METO/T 1a€ sIBHUN BUIJIS Ui KOeMIIieHTIB BiIONBaHHS Ta
IIPOXO/I?KEHHSI YePe3 TOBIIUHHU IIPOIIAPKIB, & TAaKOXK KoedillieH-
TiB dpopmysn Ppenesns s MexK MOALTYy MiXK Ipormapkamu. gk
[IPUKJIAJ] 3aCTOCY BAaHHSI OTPUMAaHUX Pe3yJIbTaTiB, 3HANIEHO KO-
edilieHT BiJIOMBAHHS €JIEKTPOMArHITHOI XBUJII HOPMAJIBLHO Ta-
Jaro4o0l Ha HalliBHECKIHYEHHY IEePioAuYHy CTPYKTYpPY, yTBODe-
HY 4YepryBaHHSM JBOX Ji€JIEKTPUYHHX IIapiB.

Katwvwoei caoea: koedinienT BinouBanHsi, KoedillieHT mpo-
XOJPKEHHSI, OIITUKa IIIapyBaTUX CTPYKTYP, dopmyinu Ppeness.
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