
THEORY

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 11 819

https://doi.org/10.15407/ujpe69.11.819

G. WOLSCHIN
Institute for Theoretical Physics, Heidelberg University
(Philosophenweg 16, 69120 Heidelberg, Germany)

SIGNALS FROM THE EARLY UNIVERSE 1

It is proposed to account for the time-dependent partial thermalization of the Ly𝛼 lines emit-
ted during cosmic recombination of electrons and protons in the early Universe based on an
analytically solvable nonlinear diffusion model. The amplitude of the partially thermalized and
redshifted Ly𝛼 line is found to be too low to be visible in the cosmic microwave spectrum, in
accordance with previous numerical models and Planck observations. New space missions with
more sensitive spectrometers are required to detect Ly𝛼-remnants from recombination as fre-
quency fluctuations in the cosmic microwave background. (An extended version of this article
has previously appeared in Scientific Reports).

K e yw o r d s: nonlinear diffusion equation, partial thermalization of Ly𝛼 photons, cosmic
microwave background.

1. Introduction

Following the discovery of the cosmic microwave
background (CMB) with a temperature of (3.5±
± 1.0) K at a frequency of 4080 MHz [1], its spectrum
has been measured with ever increasing precision.
The radiation has a Planck distribution, because
the cosmic background radiation (CBR) had been
thermalized essentially through Compton scattering
and bremsstrahlung [2] at very early times corre-
sponding to redshifts 𝑧 > 107, and expansion re-
tains the thermal spectrum. Ground-, balloon and
rocket-based observations confirmed the low-frequen-
cy Rayleigh–Jeans branch of the CMB blackbody dis-
tribution. Using the COBE satellite’s far-infrared ab-
solute spectrophotometer (FIRAS) [3], it became pos-
sible to measure across the peak at 𝜈peak ≃ 150 GHz
in the frequency range 60 . 𝜈 . 600 GHz, and de-
termine the average temperature as 𝑇CMB = (2.725±
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± 0.001) K [4]. With COBE’s differential microwave
radiometer (DMR), statistically significant spatial
structure was discovered and described as scale-
invariant fluctuations. After subtracting the dipole
anisotropy of order Δ𝑇/𝑇 ≃ 10−3 that is caused by
the motion relative to the CMB, primordial temper-
ature fluctuations Δ𝑇/𝑇 ≃ 6 × 10−6 were found [5],
and later measured in great details with the WMAP
[6] and Planck [7] spacecraft down to very small an-
gular scales of approximately 0.1∘ that correspond to
the physical scale of galaxies and clusters of galaxies.

Present research emphasizes the implications of the
primordial spatial temperature fluctuations for the
cosmological models and, in particular, for the deter-
mination of the ΛCDM-parameters that are decisive
for the fraction of the dark matter and dark energy in
the Universe. However, it is also of interest to inves-
tigate how frequency perturbations of the blackbody
spectrum disappear, or persist, as function of time
[8, 9]. Such perturbations occur, in particular, in the
course of the recombination epoch of the evolution
of the Universe, as investigated and reviewed, e.g., in

1 This work is based on the results presented at the 2024 “New
Trends in High-Energy and Low-x Physics” Conference.
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[10] with an emphasis on the associated release of pho-
tons during this epoch that can cause deviations of
the CMB spectrum from a perfect blackbody, which
could, in principle, be observable in precise measure-
ments. The presently available models such as [9, 10]
rely on transport equations that can only be solved
numerically.

In this work, it will be proposed [11] to account for
the incomplete time-dependent thermalization of the
Ly𝛼 emissions following recombination through solu-
tions of a nonlinear boson diffusion equation (NBDE)
[12]. It has proven to be useful in the context of the
fast gluon thermalization in relativistic heavy-ion col-
lisions [13, 14] and Bose–Einstein condensate forma-
tion in ultracold atoms [13,15]. Now, the effect of the
partially thermalized Ly𝛼 line on the CMB spectrum
is investigated. Although many other spectral lines
from hydrogen and helium are emitted during the re-
combination, the Ly𝛼 line from hydrogen is the most
intense. During the recombination, about 68% of the
spectral lines that are emitted by the emerging neu-
tral hydrogen atoms are Lyman-alpha lines arising
from 2𝑝3/2 → 1𝑠1/2 and 2𝑝1/2 → 1𝑠1/2 transitions in
neutral hydrogen at frequencies of 2466.071 THz and
2466.060 THz, respectively [16, 17].

Like other photons that are emitted following the
recombination, the ultraviolet Ly𝛼 emissions consti-
tute a disturbance of the high-frequency (Wien) side
of the spectrum. Most of the emissions will be re-
absorbed and re-emitted by other neutral hydrogen
atoms, but, partially, thermalize in the course of time
through the Thomson scattering from the remaining
free electrons and other processes: Photons diffuse in
frequency through resonant scattering due to random
kicks from the thermal velocities of hydrogen atoms,
and drift toward lower frequencies due to the energy
loss via the atomic recoil [18], and Raman scatter-
ing converts incident ultraviolet (UV) photons around
the Lyman resonance lines into optical-infrared (IR)
photons [19]. The Lyman-alpha emissions from re-
combination thus persist in a nonequilibrium state
that could possibly be detected through frequency
modulations of the CMB spectrum, or may lead to
modified cosmological parameters.

The nonlinear boson diffusion equation (NBDE)
[12, 13] accounts for the time-dependent (partial or
complete) thermalization toward the Bose–Einstein
stationary distribution that is reached in the limit
𝑡 → ∞. In the general case of frequency-dependent

transport coefficients, it can only be solved numer-
ically, but analytic solutions exist for the constant
drift and diffusion coefficients. It is one of the few
nonlinear partial differential equations with a clear
physical meaning that has analytic solutions. In this
work, these solutions are applied to the partial ther-
malization of the Ly𝛼 line that is emitted at the re-
combination, corresponding to a redshift of the last-
scattering surface 𝑧rec ≃ 1100, and an average recom-
bination temperature of 𝑇rec ≃ 3000 K.

The focus is on the implementation of the model
into the cosmological scenario using phenomenolog-
ical values for the drift coefficient 𝐽 and the asso-
ciated diffusion coefficient 𝐷. As in a more general
model with frequency- and time-dependent transport
coefficients, these are related to the equilibrium tem-
perature through a fluctuation–dissipation relation
𝑇 = − lim𝑡→∞ 𝐷(𝜈, 𝑡)/𝐽(𝜈, 𝑡), thus constraining the
value of the drift once the diffusion coefficient has
been determined, and vice versa. The thermalization
timescale is 𝜏eq ∝ 𝐷/𝐽2, and the proportionality fac-
tor will eventually have to be derived from astrophys-
ical input. In this work, the drift coefficient 𝐽 is es-
timated on phenomenological grounds, and the dif-
fusion coefficient is computed from the fluctuation-
dissipation relation with the equilibrium temperature
𝑇 at the end of the recombination epoch.

The nonlinear boson diffusion model is adapted to
the cosmological scenario in the next section, and the
analytic solution in the case of constant transport
coefficients is reconsidered. In particular, the initial
conditions for the specific case of Ly𝛼 thermalization
in the early Universe are incorporated into the ana-
lytic solution scheme. In Sect. 3, the time-dependent
results of the thermalization problem for the Ly𝛼 ini-
tial conditions are presented, and the relation of the
transport coefficients to the equilibration timescale is
discussed. As a model calculation that does not yet
reflect the physically realistic situation in cosmology,
the case of complete thermalization is investigated
in Sect. 4, where it is shown that the solutions of the
NBDE correctly approach the Bose–Einstein limit for
large times. In Sect. 5, the case of incomplete ther-
malization is discussed that corresponds to the actual
time evolution of the Ly𝛼 line from recombination in
cosmology. An upper limit for the effect of the par-
tially thermalized Ly𝛼 line from the recombination on
the CMB is calculated. The conclusions are drawn in
Sect. 6.
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2. Nonlinear Boson
Diffusion Model in Cosmology

Planck’s equilibrium spectrum for the specific inten-
sity (spectral radiance) as function of frequency 𝜈 at
temperature 𝑇 is

𝐿(𝜈, 𝑇 ) =
2ℎ𝜈3

𝑐2
1

exp
(︁

ℎ𝜈
𝑘B𝑇

)︁
− 1

. (1)

Due to the expansion of the Universe the equilibrium
temperature 𝑇 decreases, but the thermal spectrum
is maintained, because the both temperature and fre-
quency are reduced with redshift as (1+ 𝑧) such that
𝜈/𝑇 is unchanged. The chemical potential 𝜇 may ini-
tially be smaller than zero, but is driven toward zero
in the course of time and, hence, does not appear in
the thermal spectrum. The cosmic background radi-
ation at early times as well as the CMB radiation at
present are, therefore, modeled as blackbody spectra
with 𝜇 = = 0, as in Eq. (1).

At the time of recombination 𝜏rec ≃ 380 ky, the
CBR intensity for an average recombination temper-
ature of 𝑇 = 𝑇rec ≃ 3000 K is shown in Fig. 1 to-
gether with the Lyman-𝛼 line at 𝜈𝛼 = 2466 THz in
the vacuum ultraviolet (VUV) region of the electro-
magnetic spectrum. This line is a doublet with transi-
tion frequencies 2466.071 THz and 2466.060 THz [17]
corresponding to the respective 2𝑝3/2 → 1𝑠1/2 and
2𝑝1/2 → 1𝑠1/2 transitions in neutral hydrogen having
Lorentzian line profiles. At the recombination tem-
perature, however, the natural line widths are ther-
mally broadened, such that a single Gaussian profile
can be used to represent the occupation-number dis-
tribution of the Lyman-alpha line

𝑛𝛼(𝜈) =
𝑁𝛼√
2𝜋𝜎𝛼

exp

[︂
− (𝜈 − 𝜈𝛼)

2

2𝜎2
𝛼

]︂
(2)

with normalization 𝑁𝛼 in THz, and standard devi-
ation 𝜎𝛼 = Γ𝛼/

√
8 ln 2. The specific line intensity

at recombination 𝐿𝛼(𝜈, 𝑇rec) = 2ℎ𝜈3/𝑐2 × 𝑛𝛼(𝜈, 𝑇rec)
normalized to Rayleigh–Jeans is shown in Fig. 1. An
upper-limit estimate with a physically realistic nor-
malization will be given in Sec. 5. In the following,
we use a system of units ℎ/(2𝜋) ≡ ~ = 𝑐 = 𝑘B = 1.

The position of a redshifted Ly𝛼 line in the CMB
spectrum would be at about 2240 GHz, in the far
Wien end. It is, however, likely that the line is par-
tially thermalized till today through the random scat-
terings with the remaining free electrons (few parts

Fig. 1. Planck spectrum of blackbody radiation at the re-
combination with an average temperature of 𝑇rec = 3000 K
at redshift 𝑧rec ≃ 1100, and the thermally broadened Lyman-𝛼
line of neutral hydrogen at 𝜈𝛼 = 2466 THz (arrow) in the VUV
region of the spectrum. The dot-dashed line is the Rayleigh–
Jeans distribution, 𝐿RJ(𝜈, 𝑇 ) ∝ 𝜈2𝑇rec

in 104 after the recombination), resonance scattering,
and other processes. Since the timescale for the ther-
malization is larger than the inverse expansion rate,
the expansion during the thermalization has to be
taken into account. Ly𝛼 thermalization is likely not
completed till the present time, such that remnants
of the recombination lines could survive in the CMB
above several hundred GHz.

Once the diffusion function 𝐷(𝜈, 𝑡) and the drift
function 𝐽(𝜈, 𝑡) that account for the thermalization
are known, the time-dependence of the photonic
single-particle occupation number distribution 𝑛(𝜈, 𝑡)
from its initial distribution Eq. (2) toward the equilib-
rium distribution 𝑛∞(𝜈) can be calculated from solu-
tions of the nonlinear boson diffusion equation [12,13]

𝜕𝑛

𝜕𝑡
= − 𝜕

𝜕𝜈

[︂
𝐽 𝑛 (1 + 𝑛) + 𝑛

𝜕𝐷

𝜕𝜈

]︂
+

𝜕2

𝜕𝜈2
[𝐷𝑛]. (3)

The mean occupation number 𝑛(𝜈, 𝑡) is equal to the
mean energy, divided by the energy per photon.
This nonlinear diffusion equation has been derived
for bosonic systems in [12] to account for the fast
thermalization of gluons in relativistic heavy-ion col-
lisions, but it also accounts for the thermalization
in other nonequilibrium Bose systems, such as cold
atoms, or photons. To obtain the NBDE, the quan-
tum Boltzmann equation is first rewritten in form of
a master equation, and the discrete transition prob-
abilities between quantum states are expressed as in-
tegrals by introducing the corresponding densities of
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states. An approximation to the master equation is
then obtained through a gradient expansion in the
energy space, and the drift and diffusion coefficients
are introduced as first and second moments of the
transition probabilities, respectively, to finally arrive
at the above nonlinear Eq. (3).

The drift term 𝐽(𝜈, 𝑡) in the NBDE is negative. It
is mainly responsible for dissipative effects such as re-
coil [22] that drive the distribution toward lower fre-
quencies and cause boson (photon) enhancement, the
diffusion term 𝐷(𝜈, 𝑡) accounts via the fluctuation-
dissipation theorem for the diffusion in the frequency
(energy) space. The derivative-term of the diffusion
coefficient is required such that the stationary solu-
tion 𝑛∞(𝜈) becomes a Bose–Einstein equilibrium dis-
tribution. This can be seen by rewriting the equation,
setting the time derivative to zero and solving for 𝑛∞.

With the condition that the ratio 𝐽(𝜈, 𝑡)/𝐷(𝜈, 𝑡)
must have no frequency (energy) dependence for
𝑡 → ∞ such that lim𝑡→∞[−𝐽(𝜈, 𝑡)/𝐷(𝜈, 𝑡)] ≡ 1/𝑇 ,
it can be shown [14] that the stationary distribution
𝑛∞ equals the Bose–Einstein equilibrium distribution
𝑛eq, respectively,

𝑛∞(𝜈) = 𝑛eq(𝜈) =
1

𝑒(2𝜋𝜈−𝜇)/𝑇 − 1
. (4)

Here, the chemical potential 𝜇 ≤ 0 appears as a pa-
rameter.

The nonlinear diffusion equation for the occupa-
tion-number distribution 𝑛(𝜈, 𝑡) becomes particularly
simple for frequency-independent transport coeffi-
cients

𝜕𝑛

𝜕𝑡
= −𝐽

𝜕

𝜕𝜈

[︁
𝑛 (1 + 𝑛)

]︁
+𝐷

𝜕2𝑛

𝜕𝜈2
, (5)

where the derivative-term of the diffusion coefficient is
now absent, and the transport coefficients have been
pulled in front of the derivatives.

The equation with constant transport coefficients
differs significantly from a linear Fokker–Planck equa-
tion – which has the Maxwell–Boltzmann distribu-
tion as stationary solution – due to the nonlinear
term: It preserves the essential features of Bose–
Einstein statistics that are contained in the quan-
tum Boltzmann equation. This refers especially to
the Bose enhancement in the low-frequency region
that increases rapidly with time. Indeed, for ultra-
cold bosonic atoms, it has been shown in [13,15] that
the simplified equation with constant transport coef-

ficients – together with the requirement of particle-
number conservation – already accounts for time-de-
pendent condensate formation in agreement with re-
cent Cambridge data [23]. At much higher energies
and temperatures, the NBDE has been used in [13,14]
to account for the fast thermalization of gluons in
relativistic heavy-ion collisions at energies reached at
CERN’s large hadron collider (LHC).

The diffusion equation with constant coefficients
can be solved in closed form for any given initial con-
dition 𝑛0(𝜈) using the nonlinear transformation out-
lined in [12, 13]. The resulting exact solution of the
NBDE can be expressed as

𝑛 (𝜈, 𝑡) = 𝑇 𝜕𝜈 ln𝒵(𝜈, 𝑡)− 1

2
=

𝑇

𝒵
𝜕𝜈𝒵 − 1

2
, (6)

where the generalized (time-dependent) partition
function 𝒵(𝜈, 𝑡) obeys a linear diffusion (heat) equa-
tion

𝜕

𝜕𝑡
𝒵(𝜈, 𝑡) = 𝐷

𝜕2

𝜕𝜈2
𝒵(𝜈, 𝑡). (7)

The time-dependent partition function can be writ-
ten as an integral over Green’s function of the above
Eq. (7) and an exponential function 𝐹 (𝑥) which de-
pends on the initial occupation-number distribution
𝑛0 according to

𝐹 (𝑥) = exp

⎡⎣− 1

2𝐷

⎛⎝𝐽𝑥+ 2𝐽

𝑥∫︁
𝑛0(𝑦) 𝑑𝑦

⎞⎠⎤⎦. (8)

Here, the integration constant can be omitted, be-
cause it will drop out once the logarithmic derivative
of the partition function is taken. The time-depen-
dent partition function with boundary conditions at
the singularity becomes

𝒵bound(𝜈, 𝑡) =

+∞∫︁
0

𝐺bound(𝜈, 𝑥, 𝑡)𝐹 (𝑥) 𝑑𝑥. (9)

For sufficiently simple initial conditions, it can
be calculated analytically, as has been done in [24]
for ultracold atoms. In Eq. (9), Green’s function
𝐺bound accounts for the boundary conditions at the
singularity 2𝜋𝜈 = 𝜇 = 0. They can be expressed as
lim𝜈↓0 𝑛 (𝜈, 𝑡) = ∞∀ 𝑡. One obtains a vanishing par-
tition function – corresponding to an infinite occupa-
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tion-number distribution – at the boundary,
𝒵bound(𝜈 = 0, 𝑡) = 0, and the energy range is
restricted to 𝜈 ≥ 0. This requires a Green’s function
that equals zero at 𝜈 = 0∀ 𝑡. It can be written as

𝐺bound(𝜈, 𝑥, 𝑡) = 𝐺free(𝜈, 𝑥, 𝑡)−𝐺free(𝜈,−𝑥, 𝑡), (10)

with the free Green’s function 𝐺 ≡ 𝐺free of the linear
diffusion Eq. (7),

𝐺free(𝜈, 𝑥, 𝑡) =
1√
4𝜋𝐷𝑡

exp

[︂
− (𝜈 − 𝑥)2

4𝐷𝑡

]︂
. (11)

Finally, the occupation-number distribution is ob-
tained via the basic nonlinear transformation, Eq. (6).

3. Time-Dependent Calculations

To account for the time-dependent – partial or com-
plete – thermalization of the Ly𝛼 energy content sub-
sequent to recombination, the integral over the initial
distribution of the Ly𝛼 line is obtained as

𝑥∫︁
𝑛0(𝑦) 𝑑𝑦 =

𝑥∫︁
𝑁𝛼√
2𝜋𝜎𝛼

exp

[︂
(𝑦 − 𝜈𝛼)

2

2𝜎2
𝛼

]︂
𝑑𝑦 =

=
𝑁𝛼

2𝜎𝛼
erf

[︂
𝑥− 𝜈𝛼√

2𝜎𝛼

]︂
, (12)

which is inserted into the exponential function 𝐹 (𝑥)
in Eq. (8). With Green’s function from Eq. (10), the
partition function is obtained from Eq. (9), and the
time-dependent occupation-number distributions can
be computed from the nonlinear transformation,
Eq. (6).

For a realistic calculation of the time-dependent
thermalization, the values of the transport coefficients
are decisive. They are related to the equilibrium tem-
perature through a fluctuation–dissipation relation
𝑇 = −𝐷/𝐽 . Moreover, the equilibration time scale
is related to the transport coefficients [13] accord-
ing to 𝜏eq = 𝑎𝜏𝐷/𝐽2 with a proportionality constant
𝑎𝜏 . Hence, the transport coefficients are obtained as

𝐷 = 𝑎𝜏 𝑇
2/𝜏eq, (13)

𝐽 = −𝑎𝜏 𝑇/𝜏eq. (14)

The proportionality factor 𝑎𝜏 for thermalization in a
Bose system depends significantly on the initial con-
dition. So far, it has been calculated analytically only
for a 𝜃-function initial distribution that overlaps with
the low-frequency branch of the thermal distribution

[12]. No derivation is available for the present case,
where a narrow initial distribution at the UV side of
the spectrum is far away from the thermal Bose en-
hancement at the opposite side of the spectrum, and
hence, 𝑎𝜏 and 𝜏eq are treated as parameters that have
to be determined in the cosmological context. Alter-
natively, the drift coefficient is taken as a parameter –
see the next section – and the diffusion coefficient is
computed from the fluctuation-dissipation relation at
temperature 𝑇 .

4. Complete Thermalization

The analytic solutions of the nonlinear diffusion equa-
tion are first applied to an idealized situation of com-
plete thermalization of the Ly𝛼 line during the time
evolution. This is, of course, not realistic when ac-
counting for the physics of recombination and the
subsequent partial frequency redistribution [10] of the
photons that are emitted following hydrogen and he-
lium recombination: Scattering is known to hardly
be able to thermalize the Ly-alpha distortion even at
earlier times. Nevertheless, this calculation serves to
demonstrate the method, and it will subsequently be
adapted to the actual physical situation of incomplete
thermalization of the Ly𝛼-line in the next section.

The value of the drift coefficient in this schematic
calculation is chosen as 𝐽 = −1 THz/ky. The fre-
quency shift of the initial Ly𝛼 line at short time
intervals Δ𝑡 ≪ 𝜏eq is approximately Δ𝜈𝛼 ≃ 𝐽Δ𝑡
THz. It later becomes a nonlinear function of time,
especially when Bose enhancement sets in at smaller
frequencies. Physically, the drift is a consequence of
several effects that cause a frequency redistribution
toward lower energies such as atomic recoil [22] and
electron scattering during recombination. Neglecting
expansion and cooling for the moment (it will be dis-
cussed in the next section), the equilibrium tempera-
ture is kept at 𝑇 = 𝑇rec, and, due to the fluctuation-
dissipation relation 𝐷 = −𝑇/𝐽, the corresponding
diffusion coefficient becomes 𝐷 ≃ 63 THz2/ky.

Results of the time-dependent thermalization with
the above parameters are shown for eight timesteps
in Fig. 2. The Ly𝛼 emissions are first broadened and
shifted to the low-frequency region, until Bose’s en-
hancement sets in. Equilibrium is reached at 𝑡 =
= 𝜏eq ≃ 4 × 103 ky in this particular example. In
case of complete thermalization, no remainder of the
Ly𝛼 emissions from recombination would survive in
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Fig. 2. Time-dependent thermalization of the Ly𝛼 line (blue,
right at 2466 THz) toward the Bose–Einstein occupation-num-
ber distribution (solid, left) as calculated from solutions of
the nonlinear boson diffusion equation (NBDE). Results are
shown for 𝑡/103 ky = 0.1; 0.4; 1.1; 1.5; 2; 2.5; 3; 4 (increasing
dash lengths). Here, complete thermalization is assumed, with
𝐷 = 63 THz2/ky and 𝐽 = −1 THz/ky. From Ref. [11]

Fig. 3. Time-dependent evolution of the Ly𝛼 line in the ultra-
violet part of the spectrum (blue, right at 2466 THz) toward
equilibrium (solid, left) assuming complete thermalization to-
ward 𝑇 = 𝑇rec and time-independent 𝐷, 𝐽. Timesteps as in
Fig. 2, but in a double-log plot to illustrate the approach to-
ward the thermal occupation-number distribution in the visible
and infrared region of the spectrum. From Ref. [11]

today’s CMB spectrum. With the consideration of ex-
pansion and cooling, and more realistic values for the
transport parameters from astrophysical arguments
as will be discussed below, the time dependence will
differ, and the occupation-number distribution will
remain far from equilibrium, but the principal effects
of the approach to equilibrium shall persevere.

The results of Fig. 2 are shown again for eight
timesteps in Fig. 3 in a double-log plot, which em-
phasizes the approach to Bose–Einstein equilibrium
in the near-infrared region. It can also be seen that
even at short times, the solutions of the NBDE gen-

erate a low-frequency branch (short-dashed curves on
the left) that thermalizes very quickly. It is due to the
Bose enhancement that is contained in the NBDE,
and leads to a Rayleigh–Jeans-like slope in the in-
frared when calculating the specific intensity, see the
next section. Beyond the equilibration time scale, the
full distribution function of the specific intensity be-
comes again a Planck spectrum, Eq. (1).

5. Incomplete Thermalization

Whereas the above results show the general viabil-
ity of the nonlinear diffusion model to account for
the thermalization in a bosonic (here: photonic) sys-
tem, the actual Ly𝛼 physics in the course of recombi-
nation remains far from equilibrium. One important
reason is the rapidly falling free-electron number den-
sity during the recombination, thus diminishing scat-
tering processes that are required for the thermaliza-
tion: At the end of the recombination era at redshift
𝑧 ≃ 500 corresponding to an equilibrium temperature
of 𝑇 ≃ 0.45𝑇rec, the relative free-electron density has
dropped below 10−3 [10], the values of the transport
coefficients in the NBDE must be reduced accord-
ingly, and their time dependence during recombina-
tion has to be considered.

The partial frequency redistribution of Ly𝛼 pho-
tons has been treated in [25] based on a Fokker–
Planck approximation – which may, however, not
be sufficient toward the end of hydrogen recombina-
tion. That numerical approach had been proposed by
Rybicki [26], who had also discussed a correspondence
to Kompaneets’ equation [27] when written in terms
of the photon occupation number. This equation con-
centrates, in particular, on the role of the Comp-
ton effect in the establishment of equilibrium be-
tween quanta and electrons in a nonrelativistic appro-
ximation.

As a complement, the nonlinear diffusion equation
offers a related solution to the problem of the partial
thermalization that properly accounts for Bose statis-
tics, involves the boundary conditions, and provides a
transparent analytic solution through a suitable non-
linear transformation.

First-principles calculations of the drift and diffu-
sion coefficients in the NBDE based on the relevant
physical processes electron scattering, and resonance
scattering off moving atoms – both including recoil,
Doppler broadening and induced scatterings – are not
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yet available in the cosmological context for the pro-
posed NBDE-model. The transport coefficients are
instead estimated here on phenomenological grounds
for an equilibrium temperature at the end of the re-
combination era 𝑇 ≃ 0.45𝑇rec ≃ 1350 K, redshift
𝑧 ≃ 500 corresponding to an equilibration time scale
𝜏eq ≃ 1.5 × 103 ky in the ΛCDM model, and expo-
nential time dependencies,

𝐷(𝑡) = 𝐷0 exp(−𝑡/𝜏eq), (15)
𝐽(𝑡) = 𝐽0 exp(−𝑡/𝜏eq), (16)

with 𝐽0 = −1THz/ky as in the previous model calcu-
lation, and 𝐷0 = −0.45𝑇rec/𝐽0 = 28 THz2/ky. The
initial value 𝐽0 of the drift may turn out to be some-
what overestimated when compared with detailed
numerical simulations of the frequency redistribu-
tion such as in [25], but could be adapted accord-
ingly. The value of 𝐷0 is, however, computed from the
fluctuation-dissipation relation, which is inherent to
the present model. It could only be modified by per-
mitting energy-dependent transport coefficients, as in
Eq. (3).

The result of the time-dependent calculation with
the above parameter set is shown in Fig. 4 in four
timesteps up to 𝑡 = 1.5 × 103 ky, corresponding to
redshift 𝑧 = 500. The distribution functions become
already asymmetric (note the log-scale), indicating
that a linear Fokker–Planck approximation may not
be justified. They remain, however, far from equilib-
rium – except for the low-frequency branch, which
thermalizes quickly even for short times, and leads to
a Rayleigh–Jeans slope in the specific intensity of the
partially thermalized Ly𝛼 line, see below.

Assuming that the thermalization indeed termi-
nates at the end of the recombination epoch, the
effect of the Ly𝛼 photons from hydrogen recombi-
nation – which represent most of the photons from
both, hydrogen and helium (≃ 24%), the recombina-
tion – on the CMB distribution based on the NBDE
evolution can be estimated by propagating the distri-
bution function at 𝑧 = 500 taken from Fig. 4 (solid
yellow curve) to 𝑧 = 0. The normalization is taken
according for the ratio of photons in the isotropic
blackbody radiation to baryons – mostly protons –
which is approximately 1.6 × 109. This yields an
upper limit to the effect of the partially thermal-
ized hydrogen Ly𝛼 line on distorting today’s CMB
spectrum.

Fig. 4. Nonequilibrium evolution of the Ly𝛼 line (blue, right
at 2466 THz): Incomplete thermalization with time-dependent
transport coefficients 𝐷(𝑡), 𝐽(𝑡), see text. Timesteps 𝑡/103 ky=
= 0.05; 0.2; 0.5; 1.5 are shown, with no significant thermaliza-
tion expected after the last step, which corresponds to redshift
𝑧 = 500. The curve at the lower left is the equilibrium distri-
bution for 𝑇 = 0.45𝑇rec ≃ 1350 K, which is reached only at
low frequencies

Fig. 5. Today’s CMB spectrum of blackbody radiation with
𝑇 = 2.725 K (solid curve), the Rayleigh–Jeans distribution
(green dot-dashed line), and the partially thermalized NBDE-
solution for the redistributed, and redshifted Ly𝛼 line featuring
a low-frequency R-J branch due to Bose enhancement (dashed
curve). The dotted curve is the NBDE-result for a 50% reduc-
tion in the drift and diffusion coefficients. COBE-FIRAS data
[4] are shown as black dots, error bars are smaller than the
symbol size

The result can be seen in Fig. 5, where the black-
body CMB (solid curve) including the COBE-FIRAS
data [4] is shown together with the renormalized so-
lution of the NBDE at 𝑧 = 500 from Fig. 4, prop-
agated to 𝑧 = 0 (dashed curve). Its peak resides on
the Wien side of the CMB, and the amplitude is more
than seven orders of magnitude below the one of the
CMB. To test the sensitivity of the nonlinear model,
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I have reduced the amplitudes 𝐽0 of the drift coeffi-
cient and 𝐷0 of the diffusion coefficient by factors of
two, thus keeping the equilibrium temperature at the
same value as before. The result is shown as a dotted
curve in Fig. 5, which is still below the CMB signal
by almost seven orders of magnitude.

This largely analytic calculation gives a clear hint
why no Ly𝛼 signal from recombination – or oscilla-
tory signal when accounting for all other radiative
transitions in hydrogen and helium – is visible at the
present level of precision in the CMB, although the
distortions can lead to biases to several cosmological
parameters [7]. As shown in Fig. 5, the NBDE result
yields a Rayleigh–Jeans slope in the intensity of the
Ly𝛼 line at low frequencies. This is a consequence
of the Bose enhancement, which would not occur
in a linear Fokker–Planck type approach to a par-
tial thermalization. To reach the proper Wien limit
also at large frequencies 𝜈 > 2000 GHz, the energy-
dependent transport coefficients would be required –
which is beyond the scope of an analytic model.

6. Conclusions

The time-dependent incomplete thermalization of the
Ly𝛼 line that is emitted from neutral hydrogen atoms
during the recombination has been accounted for in
a nonlinear diffusion model. This approach is com-
plementary to the available detailed numerical treat-
ments of the release of photons during the recombi-
nation epoch, their partial frequency redistribution,
its effect on the recombination history, and possible
observable distortions of the CMB.

In the analytic model, the thermally broadened
Ly𝛼 emission line at an average recombination
temperature of 3000 K provides the initial condi-
tion. With the proper boundary condition that causes
the low-frequency Bose enhancement, the diffusion
equation is solved through a nonlinear transforma-
tion in the limit of constant transport coefficients.

As is well known, the system remains far from equi-
librium, because the interaction of the radiation field
with the electrons can not transform a non-Planckian
spectrum into a Planckian one in the course of, or af-
ter, the recombination. However, the low-frequency
Rayleigh–Jeans slope in the specific intensity indica-
tive for thermalization correctly emerges already at
very short times from the analytic solutions of the
nonlinear diffusion equation – which would not be the
case in a linear theory for the frequency redistribu-

tion of Ly𝛼, or other recombination lines. Additional
thermalization may result at later times, in particu-
lar, during the epoch of reionisation, when the ultra-
violet light from the first stars at 𝑡 ≃ 370 My and
redshift 𝑧 ≃ 12 re-ionized hydrogen and helium till
about 𝑧 ≃ 6.

Regarding possible signatures of the redshifted Ly𝛼
recombination line in today’s CMB, an upper limit of
the specific intensity following partial frequency re-
distribution as calculated from the nonlinear diffusion
model is estimated to be about seven orders of mag-
nitude smaller than the CMB signal, and, therefore,
unlikely to be directly detectable at present. This is in
line with other numerical calculations, and also with
Planck observations of the CMB, which at the present
accuracy do not exhibit a frequency-modulated signal
from the recombination spectrum. Here, this result
has been obtained in a novel nonlinear diffusion model
that is analytically solvable and offers a transparent
description of the partial thermalization process.
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Г.Волщин

СИГНАЛИ ВIД РАННЬОГО ВСЕСВIТУ

Пропонується врахувати залежну вiд часу часткову тер-
малiзацiю лiнiй Ly𝛼, випромiнюваних пiд час рекомбiнацiї
електронiв i протонiв у ранньому Всесвiтi, на основi аналi-
тично розв’язуваної моделi нелiнiйної дифузiї. Згiдно з по-
переднiми числовими моделями та спостереженнями за до-
помогою космiчного телескопу “Планк”, амплiтуда частково
термалiзованої та змiщеної в бiк червоної частини спектру
лiнiї Ly𝛼 надто мала, щоб її можна було побачити в ко-
смiчному мiкрохвильовому спектрi. Потрiбнi новi космiчнi
апарати з бiльш чутливими спектрометрами, щоб виявити
залишки лiнiй Ly𝛼 вiд рекомбiнацiї як флуктуацiї частоти
в космiчному мiкрохвильовому фонi. (Розширена версiя цi-
єї статтi ранiше опублiкована в Scientific Reports).

Ключ о в i с л о в а: рiвняння нелiнiйної дифузiї, часткова
термалiзацiя фотонiв Ly𝛼, космiчний мiкрохвильовий фон.
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