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A differential equation approach was employed to derive the necessary expression for the regular
solution. By utilizing the interplay between the reqular solution, the irregular solution, and the
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1. Introduction

The fundamental importance of molecular structure
hinges on accurately representing the potential en-
ergy of atoms as a function of their separation dis-
tance [1]. Details about the molecule’s structure, in-
cluding bond lengths and vibrational /rotational lev-
els, can be readily derived from its potential en-
ergy curve. Initially, authors [2-6] employed metic-
ulous methods to plot energy curves for simple di-
atomic molecules through careful consideration of en-
ergy levels. The problem concerning the accuracy of
the above method at low vibrational quantum num-
ber was addressed by Crawford and Jorgenson [7]
through a power series expansion of potential en-
ergy, although the approach still involves consider-
able computational complexity. On the other hand,
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except for the simplest molecules like H;r, Hs etc.
[8, 9] it is extremely difficult to obtain the potential
energy curve through the use of quantum mechanical
method [10]. This problem can be resolved by using a
suitable empirical or semi-empirical function to rep-
resent the potential energy curve with proper criteria
[11-13], some of which are necessary and others de-
sirable. The introduction of the empirical functions
[14-22] for representing the potential energy curve
and studying molecular dynamics has provided new
insights into physics. Therefore, many authors [14—
22| have used various types of empirical function to
study the observables of molecular systems and have
reported their results.

Within the non-relativistic domain of quantum
mechanics the Schrodinger equation [23, 24] com-
pletely describes the motion of particles of a sys-
tem. The physical background of any quantum me-
chanical system can be understood by solving the
Schrédinger equation analytically with proper phys-
ical potentials. The exact analytical solutions of the
Schrodinger equation for bound state problem with
different physical potentials are often difficult to ob-
tain, and this difficulty has been addressed by sev-
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eral authors through the proper use of approximation
techniques. Some of the prominent approximation
techniques are the Nikiforov—Uvarov method [25-27],
the asymptotic iteration method [28-30], the super-
symmetric quantum mechanics technique [31-35], the
generalised fractional Nikiforov—Uvarov method [36—
38], 1/N expansion method [39-41] etc. Many authors
[27, 42-47] have extensively investigated the prop-
erties of molecular systems by solving their bound
state Schrodinger equations using various forms of
empirical molecular interactions and innovative tech-
niques. They have successfully derived the bound
state energy, which is further utilized to explore
various thermodynamic properties of molecular sys-
tems. Studies of the thermodynamic properties of di-
atomic molecules are particularly important for the
quality control and product design in industry. For
example, the knowledge of specific heat capacities,
which determine the concept of heat absorption or
release can be employed for the design of any heating
and cooling system.

Beyond the conventional methods for obtaining
the bound state energy of a diatomic molecule, we
adapted the Jost function [48-53] formalism to obtain
it. The irregular solution of the radial Schrodinger
equation popularly known as the Jost solution [54—
56] is crucial for the determination of both the bound
state and scattering state observables of quantum me-
chanical systems under consideration. The behavior
near the origin of the Jost solutions (or Jost func-
tion) has twofold applications, one of which can be
applied to study the scattering phase shifts, whereas
the other one is applicable to determine the bound
state energy. In the present work we have exploited
the Jost function formalism for obtaining the bound
state energy of both homonuclear and heteronuclear
diatomic molecules, which are then used to inves-
tigate their thermodynamic properties. The method
adopted here for molecular study is new. After a de-
tailed description of the problems in Section 1, we
have analytically deduced the Jost function for the
potential under consideration and derived the expres-
sion for the bound state energy in its most reduced
form in Section 2. The resulting compact expression
for the bound-state energy, derived using the Jost
function formalism, is then employed to calculate the
thermodynamic properties of diatomic molecules, the
detailed calculations of which are clearly described in
Section 3. Finally, the results along with a brief con-
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clusion containing the main focus of our work, are
presented in Section 4.

2. Jost Function and Bound State Energy

The theory of the radial Schrédinger equation [23,24]
is a fundamental mathematical framework in quan-
tum scattering theory. Traditionally, researchers em-
ploy the partial wave analysis technique to study ob-
servables associated with various quantum systems
of interest. In addition, the methods of exploration
of the regular and irregular solutions of the radial
Schrédinger equation for the central potentials in
the scattering theory are also of immense impor-
tance. The irregular solution of the radial Schrédinger
equation, known as the Jost solution, plays a sig-
nificant role in determining the properties of both
scattering states and bound states. The Jost solution
is crucial for understanding the asymptotic behavior
of wave functions and for constructing the scattering
matrix, which encodes information about how parti-
cles interact and scatter in a potential field. The be-
havior of the Jost solution near the origin, referred to
as the Jost function, can be used to determine the
bound state energy in quantum mechanical bound
state problems. By analyzing the Jost function, one
can gain insights into the energy levels of bound states
and the characteristics of the potential causing these
states.

The molecular Manning-Rosen potential [57, 58|
reads as
efr/b

2 | ala—
( 7X(1—6_T/b) , (1)

2mb? | (1 -

1)672r/b
e—r/b)Q

V(r) =

where a, X and b are the adjustable parameters.
The dimension of “b” is the same as that of length,
whereas the other two are dimensionless.

The essential features of the molecular poten-
tials are:

1. It should approach a finite value asymptotically.

2. The potential should be minimal at » — r.

3. It must become infinite at r = 0.

When the second condition is applied to the po-
tential represented in Eq. (1), one can easily arrive at

the result
ala — 1))

2
= 1
re=>01In ( + e (2)

The dissociation energy D., being the amount of
energy required to dissociate a diatomic molecule into
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its constituent atoms, is related to the V' (r) through
the standard relation
D, =V(x0) —V(re). (3)

By substituting Eqgs (1) and (2) into Eq. (3) one ob-
tains

D_

h? X2
2mb? llloz(oz - 1)] (4)

From Egs (2) and (4), through mathematical ma-
nipulations one obtains

X = ﬁzp D2 — 1) (5)

and

1—\/1+ Sm) Do b2(ere/b — 1)2
2 ° (6)

The radial Schrédinger wave equation for the regu-
lar solution ¢¢(E, ) of the potential given in Eq. (1)
at all partial waves reads as

d? 2m . é(ﬂr—;—l) be(E.r) = 0. (7)

Using the Green—Aldrich approximation [59]

e—2r/b

We+1)  oe+)
efr/b)2 (8)

Z 2 (1-

and Eqgs (1), (7) can be written as

e (o )|
X ¢g(k,r) =0, (9)
with
de 1—\/1+4(a(a2— 1)+£4(l+1)) (10)
and
k2 = 2;’;E (11)
Using the transformation
de(k,r) = b (1 — e /)b gy (k, ). (12)
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Eq. (9) becomes
b2(1 —r/b) r/bd ge(k ’I”) +

dr2
. — dgé(kv 7‘)
201 _ r/by ,r/b
+ [2db +2ikb? (1 — e /b) e } el
+ [Qikbd —d+ X} ge(k,r) = 0. (13)
Changing the variable to
z=1—eT"/" (14)

converts the Eq. (13) into
d?ge(k, 2)
dz?

+ [zz'kbd —d+ X} ge(k, 2) = 0.

dge(k, z)
} dz +

2(1—2) + [2d—(2d—2ikb+ 1)z

(15)

Comparing the above equation with the standard
Gauss hypergeometric equation [60,61]

@ _a/bl

2
! [ dz

(l—z)i—i—

72 (a'—l—b’—&—l)z}

y=0, (16)

one obtains the solution to Eq. (15):

ge(k,z) = 2F1(d', V; 5 2), (17)

with

a =d—ikb+\d> — k202 —d+ X, (18)

WV =d—ikb—/d>— k20> —d+ X (19)

and

d = 2d. (20)

In view of Egs (14) and (17), Eq. (12) can be ex-

pressed as

o(k,r) = b (1 — e /0y et x

X oFy(a’,b;¢51 —e™/Y), (21)

Replacing d with w through the relation

d=14w (22)

converts Eq. (21) to

do(k,r) = b1 (1 — e /)1

x e*TyF (A, B 071 — e/, (23)
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with
A =1+w—ikb+ Vw2 — k262 +w + X, (24)
B =1+w—ikhb—Vw? — k20 +w+ X (25)
and
¢ =2(14w). (26)

Using the analytical continuation [60] of the Gauss
hypergeometric function
Lle]T[c—a—1]
Tlc—allc—b "
xoFi(a,b;a+b—c+1;1—2)+
e TldTlat b

['[a] T[]
xoFi(c—a,c—bjc—a—-b+1;1-2)

2Fi(a,b;c;2) =

+(1-
(27)
and the standard relation

oFi(a,b;c;2) = (1—z)c_“_b2F1 (c—a,c—b;c;z) (28)
Eq. (23) becomes

T2+ 2] [ T+ 2ikb]
velkor) = — o |Tar T B <
% [1 _ e—r/b]—weikr

X ol (A —2w—1,B" — 2w —1; 1 — 2ikb; e—r/b) _

T'[1 - 2ikb]

. [ _ 7r/b]7w —ikr
AT [B]

e X
X 2F1(A/* — 2w — 1,B/* — 2w —1; 1 4 2ikb; e—r/b)].

(29)

The standard relationship between the regular so-
lution and the irregular solution [56] reads as

elk, ) = 5o [ fehr) = fol)fe(—H)]- (30

Comparing Eq. (29) with Eq. (30) yields the Jost
function:

w2+ 2w]T[1 —2ikd
foll) = b A ZAL L2

AT [B]

(31)

and Jost Solution:

fo(k,r) =1 — e /P 7weihr x

X oFy (A'— 2w —1, B'— 2w —1; 1 — 2ikb; e7"/).(32)
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The relationship between the Jost solution and the
Jost function reads as

fe(k) = lim (1 — e~/ (1 4 2w) fo(k, 7).

r—0

(33)

The zeros of the Jost function [54-56] in the up-
per half of the complex k-plane give the bound state
energy. In the upper half of the complex k-plane one
has to replace k by ix and to obtain zeros of the Jost
function, one of the arguments of the gamma function
in the denominator of Eq. (31) must be a negative
integer. Here, we consider A’ = —n. Through some
mathematical manipulation, one arrives at the result

A—(n+1)2—w2n+1)
2b(w +n+1)

(34)

The quantity x is related to the bound state energy
through the relation

QmEng
R = ﬁQ .

Comparing Eq. (34) and Eq. (35), we derive the ex-
pression for the energy as

(35)

2

Ry
E ,=— _
with
h2
= gt 37
and
Ry=w’+w+X. (38)

3. Thermodynamic Properties
of Diatomic Molecules

The thermodynamic properties of diatomic molecules
are of immense importance for the prediction and
management of their applications not only in the
theoretical realm but also in the experimental do-
main. The partition function, being the central ther-
modynamic property of a molecular system, creates
a foundation for determining all other thermody-
namic properties relevant for industrial application
of molecules. In this context we have been interested
to deal with the desired expression for the internal
energy, free energy, entropy, and specific heat at their
most reduced forms for their theoretical study of sev-
eral diatomic molecules in the next section.
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The partition function Z for a diatomic molecule
requires the energy eigenvalue expression for the sys-
tem under consideration, as obtained in the previous
section and given in Eq. (36). The expression for the
partition function is [62]

Mmax

Z(B) =Y e PPne, (39)
n=0

= —— (40)

with K = 1.38 x 10723 J/K, the Boltzmann con-
stant, and T being the absolute temperature. To eval-
uate the partition function, we apply the Poisson
summation formula [63, 64],

> F) = 570) ~ flmae 1)) +
n=0

(41)

within the lowest-order approximation, the formula
in the above equation becomes

n Nmax—+1
R 1
Z f(?’l) = §[f(0) - f(nmaerl)] + f(.’l?) dx
n=0 0
(42)
in view of Egs (36) and (42), Eq. (39) becomes
fl R1Bg7 _ ,R1Bg3
2(8) = 5 e Pt 4
Nmax+1 2
+ / exp |BR B2 _ (n+d)] | dn (43)
p 1 ner ’
0
with
Nmax = V B2 — d, (44)
R
g1 = 72 —d (45)
and R
2
=————(d max + 1). 4
92 (@ T £ 1) (d + Nmax + 1) (46)

Introducing two new variables  and y defined by
(47)

r=n
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and
Ry
vy=gra @t o
The integral in Eq. (43) now becomes
Nmax+1 R 2
exp | BR: (njd —(n+ d)) dn =
0
= Il + IQ, (49)
with
1 T
o2
L = _§/eﬁRly dy =
g1
1 ™ . :
=7 E(erfz( 5R191> - erfl( 5R192)>a (50)
where
x
2 2
erfi(z) = 7/et dt (51)
VT J
and
1 T
I —_ - 65R1y2 # d =
273 / (\/m !
g1
o AR P[RR )]
_ . (52
4\/BR1(4Ry + y?)
By using
1 L] Vm
r|gt| = et (53)
and 3
2 x
flz) = — |2z — 2+ .. 4
erf(x) NG (ac 3 + >7 (54)

I> can be written as

1
I = g et <\/4R2 g2~ \JARs + gg). (55)

Using Egs (50) and (55), Eq. (43) can be repre-
sented as

2(8) = 5 [em o — emosi] +
1
1 _
+Z€ 4BR1 R (\/4R2+g% — \/4Rz+g%>~ (56)
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Again
erfi(t) = —i + & (t‘l - v + ) (57)
T 2
Using the above result, one can rewrite
eBR1g}

exfi (V/BRigr) = i+ N (58)
and

. PR
erfi ( ﬁngg) =—i+ Neoors (59)

While deriving the above result, we have neglected
the contribution of higher-order terms. By consider-
ing only the real parts of the above results, Eq. (56)
reads as

1
2(8) = 5 el (1 +

1 ) B
2R 85

1 R gg2 ( >
_ ey (1 + +
2 2R, 890

1
+ 1 e 1R Rz (\/432 + 937 — \/4R2 +g§>-

The internal energy of a system refers to the mi-
croscopic energy, which is defined as the sum of all
the possible kinds of energy, such as kinetic energy
and potential energy of the particles contained within
that system. It excludes the kinetic and potential en-
ergy associated with the motion of the system in an
external electrostatic, gravitational, or electromag-
netic field. The internal energy of a system can be
expressed in terms of the usual thermodynamic state
variables, such as temperature, pressure, and volume

0

(60)

Up) = ~35 In(Z). (61)
In view of Eq. (60), Eq. (61) results
U,
__u P
v--0 (62)
with

1 1 2
—_ 2 1 _ BR191 _
v [R““< * 28Rig) T 28°Rigr ) ©

1 1
—|Rd2 (1 _
[ 192( - 2/3ng2> 262R1gs

— 2R, Rye 4R k2 <\/4R2 +g7 - \/4R2 + g%) (63)
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} eﬁng§ _

and

Uy = (1 4 ) eﬂngg +

) eﬁngf_ <1 1
28R g1 28R192

1
e <\/41%2 gt~ \JaRy + gg).

Free energy is a thermodynamic parameter that is
used to predict how much energy is accessible in a
system to do useful work. In order to determine how
chemical and physical systems behave at equilibrium
in thermodynamics, one uses the concept of free en-
ergy which is the energy of the system in the absence
of any external energy input. It is commonly defined
as the quantity of energy present in the system at
constant volume and temperature that can perform
useful work

(64)

F(B) = —% In Z(B).

Substituting Eq. (60) into the above equation yields

1 (1 + 1 ) eﬂngf —
2 28R1g1

1 + eBRl g§ +
( 253192)

1
2
1
+16745R1R2 (\/4R2 _;'_g% _ \/4R2 +g§)

The specific heat of a substance is one of the fun-
damental concepts that is defined as the amount of
thermal energy required to raise the temperature by
one unit. The heat capacity of a thermodynamic sys-
tems is an extensive property and not a constant be-
cause it depends on thermodynamic variables such as
pressure, volume, and temperature

(65)

F(p) = 7%111

. (66)

C(8) = K- 1nz(8).

e (67)

The above result can be written in a simpler way as

10%z

C(B) = Kpp? [ - (68)

2op U )1'

The entropy of a system is defined as a measure of
disorder or randomness within the system and is used
to explain its behavior in terms of temperature and
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pressure. It is a measure of thermal energy per unit
temperature that is unavailable for performing useful
work in the system. In order to provide a quantitative
explanation for the direction of spontaneous change,
the concept of entropy is introduced

dln Z(B)

S(8) = KpInZ(8) - KnB

(69)

4. Results and Conclusion

Diatomic molecules have a simpler molecular struc-
ture than polyatomic molecules and their simpler
structure facilitates precise measurements of bond
lengths, bond energies, and spectroscopic proper-
ties using techniques such as rotational and vibra-
tional spectroscopy. This simplicity makes them ideal
for studying the fundamental principles of chemi-
cal bonding, molecular spectroscopy, and quantum
mechanics. The simplified electronic structure of di-
atomic molecules allows for accurate theoretical pre-
dictions and computational simulations of molecu-
lar properties, which can then be extended to more
complex systems such as polyatomic molecules. Dia-
tomic molecules are abundant in astrophysical en-
vironments and are often detected in interstellar
clouds, planetary atmospheres, and stellar atmo-
spheres. Their simple structure and spectroscopic sig-
natures make them valuable probes for studying the
chemical composition and physical conditions of celes-
tial objects. Diatomic molecules exhibit unique reac-
tivity patterns that differ from polyatomic molecules;
hence, understanding their reactivity is important for
the design of chemical reactions, catalysis, and ma-
terials synthesis. The diatomic molecules play cru-
cial roles in various industrial processes such as fer-
tilizer production, fuel production, various scientific
processes, environmental processes, as well as med-
ical applications such as anesthesia and breathing
gas mixtures. Nitrogen gas is used to create of in-
ert atmospheres for various industrial processes such
as metal production, because it prevents oxidation
and other chemical reactions that could degrade the
product and hence it can also be used for food packag-
ing. Fluorine gas is used in the production of semicon-
ductors and other diatomic molecules also have such
applications in different fields due to linear geometry
and maximum number of covalent bonds.

The expressions for various thermodynamic quanti-
ties mentioned in the previous section are applied to
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Fig. 1.
molecule
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Real fo(k,r) vs. r at different values of k for Ho
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-1.01

Fig. 2. Imaginary fo(k,r) vs. r at different values of k for Ha
molecule

the case study of simple diatomic molecules. In our
study we have considered both homonuclear and het-
eronuclear types of diatomic molecules. We have cho-
sen to explore our model calculation for the study
of thermodynamic properties of Hy, LiH and HCl
molecules. For these computations we have used the
parameters presented in Table 1. The computation of
both the regular and irregular solutions for all the
diatomic molecules under consideration shows simi-
lar types of curves when plotted against the radial
parameter for various values of k. Since the present
work is based on the irregular (Jost) solution, for a
better understanding as well as visualisation, we have
plotted both the real and imaginary parts of the Jost
solution for the Hs molecule in Figs 1 and 2. The re-
sults for the partition function, the internal energy,
free energy, the specific heat and the entropy for all
three diatomic molecules are presented in Figs 3-7
as a function of the parameter 5. These results are
systematic.
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Fig. 3. Partition function (Z) vs. B (eV~!) for Ha, HCI and
LiH molecules for b = 0.05
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Fig. 4. Internal energy [U (eV)] vs. 8 (eV~1) for Ha, HCl and
LiH molecules for b = 0.05

Table 1. Spectroscopic parameters of HCI,
LiH and H2 used in the present calculations

Molecules D¢, eV Te, A m, a.m.u
Ho 4.7446 0.7416 0.50391
HCI 4.619031371 1.2746 0.9801045
LiH 2.5152675 1.5956 0.8801221

We have considered the Manning—Rosen potential

to study the thermodynamic properties of diatomic
molecules such as Hy, HCI, and LiH. These molecules
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Fig. 5. Free energy [F (eV)] vs. B (eV™1) for Ha, HCI and
LiH molecules for b = 0.05
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Fig. 6. Specific heat [C (eV K~1) X 10%] vs. 3 (eV™1) for
Hz, HCI and LiH molecules for b = 0.05

have various important applications in industry and
many other scientific fields. Since hydrogen is the
lightest element of the modern periodic table, the di-
hydrogen formed by a covalent bond between two hy-
drogen atoms is the lightest known molecule which
plays significant role in everyday life and a number
of industrial processes and acts as a reducing agent
for metallic ore reduction. In various chemical indus-
tries and the petroleum industries, the application of
H, is vast on a regular basis and the main use of Hy
is in the refining of certain fossil fuels, however, one
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Fig. 7. Entropy [S (eV K1) X 10%] vs. B (eV™1) for Ha,
HCI and LiH molecules for b = 0.05

of the main consumers of this molecule is the petro-
chemical industry. The food industry uses these di-
atomic molecules for the production of hydrogenated
vegetable oils such as margarine and butter. Other
applications of this molecule include fossil fuel pro-
cessing and ammonia production where ammonia is
part of many household cleaning products. The hy-
drogen fuel cells which are used in spacecraft, re-
mote weather stations and submarines use oxygen
and hydrogen to generate electricity and these cells
generate only water vapor which is considered as en-
vironmentally friendly. The unique properties includ-
ing strong acidity, solubility and reducing properties
of HCI make it usable across various industrial sec-
tors and water treatment. HCI is used in the synthe-
sis of various chemicals such as pigments, fertilizers
and it is used as a precursor in the production of
a number of organic and inorganic compounds. This
molecule is widely used for the pickling and cleaning
metals such as iron and steel and for the removal of
impurities from metal surfaces. The lithium hydride
molecule has applications in various industries, rang-
ing from energy production to metallurgy and chemi-
cal synthesis and offers several advantages, including
high reactivity and high energy density. LiH has been
studied as a potential component in advanced bat-
tery technologies. Its high theoretical hydrogen stor-
age capacity and potential use in lithium-ion batter-
ies make it an area of interest for researchers explor-
ing next-generation energy storage solutions. LiH is

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 8

used as a neutron moderator in some types of nu-
clear reactors due to its ability to efficiently slow
down fast neutrons, and this application is crucial
for maintaining the efficiency and safety of nuclear
fission processes.

Previously, many authors have studied the ther-
modynamic properties of various diatomic molecules
analytically by solving the bound state Schrodinger
equation, but for the first time in the literature we
have exploited the Jost function approach to deal
with the thermodynamic properties of both homonuc-
lear and heteronuclear diatomic molecules. It is our
belief that the present approach to the above problem
of interest deserves serious attention from researchers
working in this area of physics.
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P.P. IIpiadapwsi, [owc. Bxroi

TEPMOJIUHAMIYHI BJIACTUBOCTI
JBOATOMHUX MOJIEKYJI: TIIJIXIO OYHKIIIT MOCTA

Hnsa nudepennianbuoro piBusinus [llpeginrepa orpuMaHo Bu-
pa3 sl peryJisipHOrO pPO3B’#3Ky. BuKOpmcTOByIOUHM B3aeMoO-
3B’S130K MiXK DEryJIsipHUM PO3B’sI3KOM, HEPETYJIsIDHUM PO3B’si3-
koM i dyukuieio Mocra, Gyio nobynosano dyukuio Mocra st
norenriary Manninra—Pozena y 11 naibinbm ckopoueniit dpop-
Mi. ITio dynkuio Mocra Gyno 3acTOCOBAHO ISl JOCIIIPKEHHS
€Hepriiil 3B’s13aHUX CTAHIB 1 TEPMOJUHAMIYHUX BJIACTUBOCTEN SIK
FOMOSIIEPHUX, TaK 1 FeTEPOsiIEPHUX JBOATOMHUX MOJIEKYII.

Katrwwoei caosa: dyuknis Mocra, gBoaToMHa MOJIEKYIA,
dyHKIisE pO3IOJIiLy, BHYTPIIIHS €Hepris, BiJibHA €Hepris, Iu-
TOMa TEIJIOEMHICTb, €HTPOIIis.
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