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DISTORTED DIAMOND
ISING–HUBBARD CHAIN IN THE SPECIAL
LIMIT OF INFINITE ON-SITE REPULSION

The exact solution of the distorted diamond Ising–Hubbard chain is analyzed in the special limit
of infinite on-site electron-electron repulsion, where the two-electron Hubbard dimer becomes
equivalent to the antiferromagnetic isotropic Heisenberg dimer. The special limit of infinite
repulsion for the matrix of the cell Hamiltonian of this model is analytically calculated, and
it is demonstrated that the exact solution of the distorted diamond Ising–Hubbard chain in
this limit coincides with the exact solution of the spin-1/2 distorted diamond Ising–Heisenberg
chain with antiferromagnetic isotropic Heisenberg interaction. The numerical calculation of
the special limit of infinite repulsion for the ground-state phase diagram and thermodynamic
characteristics of the distorted diamond Ising–Hubbard chain was performed in a way that
provides a very fast convergence to the limit results for these characteristics.
K e yw o r d s: Ising–Hubbard diamond chain, exact solution, ground state, thermodynamic
characteristics, geometric frustration.

1. Introduction
Interest in studying the ground state, magnetic and
thermal properties, and, lately, pseudocritical behav-
ior of the spin-1/2 diamond Ising–Heisenberg chain
[1–16] and the spin-electron diamond Ising–Hubbard
chain [17–22] is largely initiated by the unusual fea-
tures of the magnetic and thermal properties of the
natural mineral azurite Cu3(CO3)2(OH)2, such as the
presence of a plateau at one-third of the saturation
magnetization in the magnetization curve at low tem-
perature and the presence of two peaks in the tem-
perature dependence of the specific heat [23–26]. Azu-
rite is known to provide an experimental realization
of the frustrated spin-1/2 diamond Heisenberg chain
[27, 28]. Although the exactly solvable spin-1/2 di-
amond Ising–Heisenberg chain [1, 2, 11] yields only
a simplified version of the aforementioned model, it
qualitatively reproduces the experimental features of
magnetization and specific heat of azurite: an in-
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termediate one-third magnetization plateau and the
double-peak temperature dependence of specific heat
[23–26]. Therefore, the theoretical study of the spin-
1/2 diamond Ising–Heisenberg [1–16] and Ising–Hub-
bard [17–22] chains is a useful playground for under-
standing the mechanisms of formation of intermedi-
ate plateaus in the magnetization curve and addi-
tional maxima in the temperature curve of specific
heat, as well as for analizing the influence of geomet-
ric frustration and quantum fluctuations. These rela-
tively simple models can be also used to study more
complex systems using the many-body perturbation
theory [29, 30].

The ground-state phase diagrams, magnetization
curves, temperature curves of magnetization, mag-
netic susceptibility, and specific heat of spin-1/2 an-
tiferromagnetic distorted diamond chains of Ising–
Hubbard [19] and Ising–Heisenberg [2] are very simi-
lar to each other. This similarity is not accidental, be-
cause the Hubbard model for two electrons on a two-
node cluster (dimer) with very strong on-site electron-
electron repulsion in the second order of expansion
by the hopping integral is equivalent to the antifer-
romagnetic isotropic (XXX ) Heisenberg model on a
spin-1/2 two-node cluster [31,32]. In the special limit
of infinite on-site repulsion, which preserves the spe-
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cial ratio between on-site repulsion and the hopping
integral, the expansion by the hopping integral [31,32]
contains only the second order, and the higher or-
ders turn to zero. Therefore, the two-electron Hub-
bard dimer in this special limit of infinite repulsion
is equivalent to the spin-1/2 antiferromagnetic XXX
Heisenberg dimer. Near this special limit, there is a
qualitative and quantitative interrelation between the
quantum mechanical, magnetic, and thermal charac-
teristics of the diamond chains Ising–Hubbard [19]
and Ising–Heisenberg [2] (with the antiferromagnetic
isotropic Heisenberg interaction). The study of this
interrelation will make it possible to predict the be-
havior and calculate the physical characteristics of
Ising models decorated with spin-1/2 antiferromag-
netic Heisenberg dimers, based on the results for
the physical characteristics of the corresponding Ising
models decorated with two-electron Hubbard dimers,
and vice versa.

The paper considers the special limit of infinite
on-site electron-electron repulsion, in which the two-
electron Hubbard dimer is equivalent to the antiferro-
magnetic isotropic Heisenberg dimer, for the ground
state and the exact solution of the distorted diamond
Ising–Hubbard chain. We will analytically demon-
strate that the quantum mechanical states and the
exact solution of the distorted diamond Ising–Hub-
bard chain in this special limit and the spin-1/2 dis-
torted diamond Ising–Heisenberg chain with antifer-
romagnetic XXX Heisenberg interaction are equiva-
lent among themselves. We also will obtain the spe-
cial limit of infinite on-site electron-electron repul-
sion for the ground-state phase diagram, magnetic
and thermal characteristics of the distorted diamond
Ising–Hubbard chain in the case of antiferromagnetic
Ising interaction by a numerical method that ensures
very fast convergence to the results of the special limit
for these characteristics. In this way, we will calculate
the ground state phase diagram, magnetic and ther-
mal characteristics of the spin-1/2 distorted diamond
Ising–Heisenberg chain in the case of antiferromag-
netic interactions: Ising and XXX Heisenberg.

2. Special Limit of Infinite on-Site
Repulsion for Exact Solution of the Model

Let us consider the distorted diamond Ising–Hubbard
chain in an external magnetic field [19]. The primitive
cell of the chain (Fig. 1) contains nodes 𝑖 and 𝑖+1 and
interstitial positions (𝑖, 1) and (𝑖, 2). Nodes 𝑖 are occu-

Fig. 1. Schematic diagram of a fragment from the distorted
diamond Ising–Hubbard chain. Solid and hollow circles denote
nodes occupied by Ising spins and interstitial positions occu-
pied by mobile electrons, respectively

pied by Ising spins 𝜇𝑖 = ±1/2, which are coupled with
neighbor spins by means of the Ising interaction. At
the interstitial positions (𝑖, 1) and (𝑖, 2) there are two
mobile electrons with the on-site repulsion between
them, which hop between these interstitial positions
according to Pauli’s rule. Thus, interstitial positions
(𝑖, 1) and (𝑖, 2) form a Hubbard dimer half-filled by
electrons.

The Hamiltonian of this chain ℋ is the sum of the
cell Hamiltonians ℋ𝑖 [19]:

ℋ =

𝑁∑︁
𝑖=1

ℋ𝑖,

ℋ𝑖 =
∑︁

𝜎∈{↑,↓}

𝑡(𝑐†𝑖,1;𝜎𝑐𝑖,2;𝜎 + 𝑐†𝑖,2;𝜎𝑐𝑖,1;𝜎)+

+

2∑︁
𝑑=1

𝑈𝑐†𝑖,𝑑;↑𝑐𝑖,𝑑;↑𝑐
†
𝑖,𝑑;↓𝑐𝑖,𝑑;↓ +

+ 𝜇𝑖(𝐼1𝑆𝑖,1 + 𝐼2𝑆𝑖,2) + 𝜇𝑖+1(𝐼2𝑆𝑖,1 + 𝐼1𝑆𝑖,2)−

− 1

2
ℎ1(𝜇𝑖 + 𝜇𝑖+1)− ℎ2(𝑆𝑖,1 + 𝑆𝑖,2),

(1)

where 𝑁 is the number of primitive cells in the
chain; 𝑐†𝑖,𝑑;𝜎 and 𝑐𝑖,𝑑;𝜎 are the creation and annihi-
lation operators for an electron with spin 𝜎 ∈ {↑, ↓}
at interstitial position (𝑖, 𝑑); 𝜇𝑖 is the 𝑧-component
of the spin-1/2 operator at node 𝑖, for which the
periodic boundary condition 𝜇𝑁+1 ≡ 𝜇1 is implied;
𝑆𝑖,𝑑 = (𝑐†𝑖,𝑑;↑𝑐𝑖,𝑑;↑ − 𝑐†𝑖,𝑑;↓𝑐𝑖,𝑑;↓)/2 is the 𝑧-component
of the operator for the total spin of the electrons at
interstitial position (𝑖, 𝑑); the parameters 𝑡 and 𝑈 de-
note the hopping integral and the on-site Coulomb re-
pulsion of the electrons; 𝐼1 and 𝐼2 are the parameters
of the Ising coupling for the bonds along the diamond
sides (Fig. 1), which are identical only for collinear
bonds; ℎ1 and ℎ2 are magnetic fields that act on
Ising spins and electron spins, respectively. It should
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be noted that Hamiltonian (1) also corresponds to a
simple Ising–Hubbard chain (the nodes and intersti-
tial positions are located on the line), in which the
Ising spin 𝜇𝑖 is coupled with the first, 𝐼1, and second,
𝐼2, neighbors.

The partition function of the distorted diamond
Ising–Hubbard chain 𝒵 = Tr exp(−𝛽ℋ), where 𝛽 =
= 1/𝑘B𝑇 , 𝑘B is the Boltzmann constant, and 𝑇 is the
absolute temperature, is reduced to the form [19]

𝒵 = Tr{𝜇}
𝑁∏︁
𝑖=1

Tr{𝑖,1;𝑖,2} exp(−𝛽ℋ𝑖),

where Tr{𝜇} is the trace with respect to the Ising
spins and Tr{𝑖,1;𝑖,2} is the trace with respect to the
states of two electrons at positions (𝑖, 1) and (𝑖, 2). In
order to obtain an exact solution and to determine
the ground state of this model, it is necessary to get
the eigenvalues and eigenfunctions of the cell Hamil-
tonian ℋ𝑖 (1). The exact solution and ground state of
this model were obtained earlier in paper [19]. Here,
we will find the matrix and eigenvalues of the cell
Hamiltonian ℋ𝑖 in the limit 𝑈 → ∞ with the con-
dition 4𝑡2/𝑈 = 𝐽 , where 𝐽 is a positive parameter,
that is, in the limit (𝑡 → ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽 . In
this special limit 𝑈 → ∞, which preserves the special
ratio between the on-site repulsion and the hopping
integral, the two-electron Hubbard dimer is equiva-
lent to the spin-1/2 antiferromagnetic XXX Heisen-
berg dimer.

Let us move on to the matrix representation of the
Hamiltonian ℋ𝑖 in the subspace of the electron states.
To do this, we take a basis constructed from the states
of two electrons in the 𝑖th diamond cell [19]:

|↑, ↑⟩𝑖 = 𝑐†𝑖,1;↑𝑐
†
𝑖,2;↑|0⟩, |↓, ↓⟩𝑖 = 𝑐†𝑖,1;↓𝑐

†
𝑖,2;↓|0⟩,

|↑, ↓⟩𝑖 = 𝑐†𝑖,1;↑𝑐
†
𝑖,2;↓|0⟩, |↓, ↑⟩𝑖 = 𝑐†𝑖,1;↓𝑐

†
𝑖,2;↑|0⟩, (2)

|↑↓, 0⟩𝑖 = 𝑐†𝑖,1;↑𝑐
†
𝑖,1;↓|0⟩, |0, ↑↓⟩𝑖 = 𝑐†𝑖,2;↑𝑐

†
𝑖,2;↓|0⟩.

In this basis, the Hamiltonian ℋ𝑖 can be presented in
the following matrix form:

H𝑖 = 𝜖1 ⊕ (−𝜖1)⊕K− ℎ1
2
(𝜇𝑖 + 𝜇𝑖+1)1, (3)

where

𝜖1 =
𝐼1 + 𝐼2

2
(𝜇𝑖 + 𝜇𝑖+1)− ℎ2,

K =

⎛⎜⎝
𝜖2 0 𝑡 𝑡
0 −𝜖2 −𝑡 −𝑡
𝑡 −𝑡 𝑈 0
𝑡 −𝑡 0 𝑈

⎞⎟⎠,
𝜖2 =

𝐼1 − 𝐼2
2

(𝜇𝑖 − 𝜇𝑖+1),

and 1 is the unit matrix. The matrix K is invari-
ant with respect to the permutation of the third
and fourth rows/columns. This symmetry allows us
to find a unitary transformation

P =

(︃
1√
2

1√
2

1√
2

− 1√
2

)︃
⊕

(︃
1√
2

1√
2

1√
2

− 1√
2

)︃
, (4)

which reduces the matrix K to a quasi-diagonal form

K1 = P+KP = L⊕ 𝑈, (5)

where

L =

(︃0 𝜖2 0
𝜖2 0 2𝑡
0 2𝑡 𝑈

)︃
.

So, now we need to find the special limit 𝑈 → ∞
for the matrix L. To do this, we write the matrix L
as a sum of two matrices:

L = L0 + 𝜖2

(︃0 1 0
1 0 0
0 0 0

)︃
,

where

L0 =

(︃0 0 0
0 0 2𝑡
0 2𝑡 𝑈

)︃
.

Thus, we separated the contributions from the two-
electron Hubbard dimer and from the Ising bonds
along the sides of the diamond cell. Now, we fo-
cus on the matrix L0, which contains the parame-
ters 𝑡 and 𝑈 , for which we need to go to the limit
(𝑡→ ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽 . We find the eigenvalues of
the matrix L0:

𝑙1 = 0, 𝑙2,3 =
1

2

(︁
𝑈 ∓

√︀
𝑈2 + 16𝑡2

)︁
,

and their corresponding eigenvectors, on the basis of
which we obtain the unitary transformation

Q =

(︃1 0 0
0 𝑞2 𝑞3
0 −𝑞3 𝑞2

)︃
, 𝑞2,3 =

1√
2

√︃
1± 𝑈√

𝑈2 + 16𝑡2
,
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which realizes the transition to the basis formed from
the eigenvectors of the matrix L0. Now, we apply the
unitary transformation Q to the matrix L and obtain
it in the following form:

L1 = Q+LQ =

⎛⎝0 0 0
0 𝑙2 0
0 0 𝑙3

⎞⎠+ 𝜖2

(︃ 0 𝑞2 𝑞3
𝑞2 0 0
𝑞3 0 0

)︃
.

Let us find the matrix L1 in the special limit 𝑈 →
→ ∞. To do this, we find the eigenvalues of 𝑙2, 𝑙3
and elements 𝑞2 and 𝑞3 of the matrix Q in the limit
(𝑡→ ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽 :

lim
𝑈→∞

𝑙2 = −𝐽, lim
𝑈→∞

𝑙3 = ∞, lim
𝑈→∞

𝑞2 = 1, lim
𝑈→∞

𝑞3 = 0.

Using these results, we obtain the matrices Q, L1,
and L in the special limit 𝑈 → ∞: lim

𝑈→∞
Q = 1,

lim
𝑈→∞

L1 = lim
𝑈→∞

L =

(︃0 𝜖2 0
𝜖2 −𝐽 0
0 0 ∞

)︃
.

Now, we get the matrix K1 (5) in the special limit
𝑈 → ∞:
K1∞ = lim

𝑈→∞
K1 =

(︂
0 𝜖2
𝜖2 −𝐽

)︂
⊕
(︂
∞ 0
0 ∞

)︂
.

To return to the basis vectors | ↑, ↓⟩𝑖 and | ↓, ↑⟩𝑖 (see
Eqs. (2)), we apply the unitary transformation

R =

(︃
1√
2

1√
2

1√
2

− 1√
2

)︃
⊕
(︂
1 0
0 1

)︂
,

which neutralizes the action of the first block of the
unitary transformation P (4), to the matrix K1∞. As
a result of a series of successive operations on the ma-
trix K (3) – the unitary transformation P, the tran-
sition to the special limit 𝑈 → ∞, and the unitary
transformation R – we obtain the matrix H𝑖 (3) of
the cell Hamiltonian ℋ𝑖 in the special limit 𝑈 → ∞

H′
𝑖 = 𝜖1 ⊕ (−𝜖1)⊕

(︂
𝜖2 − 𝐽

2
𝐽
2

𝐽
2 −𝜖2 − 𝐽

2

)︂
⊕
(︂
∞ 0
0 ∞

)︂
−

− ℎ1
2
(𝜇𝑖 + 𝜇𝑖+1)1. (6)

If we add the constant (𝐽/4)1 to matrix H′
𝑖 and

discard two one-dimensional subspaces with infinite
eigenvalues, then we get the matrix of the cell Hamil-
tonian of the spin-1/2 distorted diamond Ising–Hei-
senberg chain with the antiferromagnetic isotropic

Heisenberg interaction 𝐽 [2]. Note that the infinitely
large energies of the Hamiltonian H′

𝑖 do not influ-
ence the thermodynamics of this system in the region
of finite temperatures, because they are unattainable
for finite thermal excitations. Therefore, the Hamilto-
nian of the distorted diamond Ising–Hubbard chain in
the special limit 𝑈 → ∞ is equivalent to the Hamilto-
nian of the spin-1/2 distorted diamond Ising–Heisen-
berg chain with the antiferromagnetic isotropic Hei-
senberg interaction 𝐽 [2]. Thus, the ground state and
thermodynamic characteristics, except the free en-
ergy, of the distorted diamond Ising–Hubbard chain
[19] in the special limit 𝑈 → ∞ coincide with
the ground state and the corresponding thermody-
namic characteristics of the spin-1/2 distorted dia-
mond Ising–Heisenberg chain [2] with the antiferro-
magnetic isotropic Heisenberg interaction. The free
energy of the given Ising–Hubbard chain per unit cell
is smaller than the corresponding free energy of the
Ising–Heisenberg chain by the constant 𝐽/4.

The matrix H′
𝑖 (6) has the following eigenvalues:

ℰ ′
1(𝜇𝑖, 𝜇𝑖+1) = 𝜖1 −

ℎ1
2
(𝜇𝑖 + 𝜇𝑖+1),

ℰ ′
2(𝜇𝑖, 𝜇𝑖+1) = −𝜖1 −

ℎ1
2
(𝜇𝑖 + 𝜇𝑖+1),

ℰ ′
3(𝜇𝑖, 𝜇𝑖+1) = −𝐽

2
−
√︂
𝐽2

4
+ 𝜖22 −

ℎ1
2
(𝜇𝑖 + 𝜇𝑖+1),

ℰ ′
4(𝜇𝑖, 𝜇𝑖+1) = −𝐽

2
+

√︂
𝐽2

4
+ 𝜖22 −

ℎ1
2
(𝜇𝑖 + 𝜇𝑖+1),

ℰ ′
5(𝜇𝑖, 𝜇𝑖+1) = ∞− ℎ1

2
(𝜇𝑖 + 𝜇𝑖+1),

ℰ ′
6(𝜇𝑖, 𝜇𝑖+1) = ∞− ℎ1

2
(𝜇𝑖 + 𝜇𝑖+1).

(7)

The values of ℰ ′
𝑘(𝜇𝑖, 𝜇𝑖+1)+𝐽/4, where 𝑘 = 1, 4, co-

incide with the corresponding eigenvalues of the cell
Hamiltonian of the spin-1/2 distorted diamond Ising–
Heisenberg chain with the antiferromagnetic isotropic
Heisenberg interaction 𝐽 [2].

3. Numerical Calculation of the Special
Limit 𝑈 → ∞ for the Ground State Phase
Diagram and Thermodynamic Characteristics

Let us consider the numerical method of calculating
the special limit 𝑈 → ∞ for the ground state phase
diagram and thermodynamic characteristics, using
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the analytic results for them from work [19]. The limit
point (𝑡→ ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽 can be reached along
the curve 𝜉(𝑡, 𝑈) = 0, which satisfies the equality
lim

𝑈→∞
𝜉(𝑡, 𝑈) = 𝑎 lim

𝑈→∞
𝑡2/𝑈 − 𝑏, where 𝑎 and 𝑏 are

non-zero positive coefficients that satisfy the relation
𝐽 = 4𝑏/𝑎. We find such a curve leading to the special
limit 𝑈 → ∞, which reveals a very strong qualitative
and quantitative connection between the ground state
phase diagrams and thermodynamic characteristics of
the distorted diamond Ising–Hubbard chain in wide
ranges of 𝑡 and 𝑈 parameter values and the spin-1/2
distorted diamond Ising–Heisenberg chain with anti-
ferromagnetic isotropic Heisenberg interaction 𝐽 .

First, let us briefly recall the properties of the dis-
torted diamond Ising–Hubbard chain in the ground
state, which were studied in detail in work [19]. We
consider the case of the antiferromagnetic Ising in-
teraction on bonds in the diamond cell (𝐼1 > 0, 𝐼2 >
> 0). In this case, the chain has geometric frustra-
tion, since the electron hopping is possible only with
antiferromagnetic ordering of electron spins at dif-
ferent interstitial positions. Without loss of general-
ity, we take 𝐼1 > 𝐼2 and introduce the parameter
𝛿 = 𝐼1− 𝐼2. We consider the case where the magnetic
fields ℎ1 and ℎ2 are the same: ℎ = ℎ1 = ℎ2. Let us
move on to the dimensionless parameters

𝑡 =
𝑡

𝐼1
, �̃� =

𝑈

𝐼1
, 𝛿 =

𝛿

𝐼1
, ℎ̃ =

ℎ

𝐼1
.

The parameter 𝛿 ∈ [0, 1] characterizes the degree of
distortion of the diamond cell. In the system of di-
mensionless parameters, the definition of the special
boundary �̃� → ∞ has the form (𝑡 → ∞, �̃� →
→ ∞)|4𝑡2/�̃�=𝐽 , where 𝐽 = 𝐽/𝐼1 is dimension-
less parameter of the antiferromagnetic Heisenberg
interaction.

The model has four ground states [19]: the fully
magnetized (FM) state, the ferrimagnetic (FRI)
state, the monomer-dimer (MD) state, and the quan-
tum antiferromagnetic (QAF) state. The energies of
the states per primitive cell are [19]

ℰ̃FM = 1− 𝛿

2
− 3ℎ̃

2
,

ℰ̃FRI = −1 +
𝛿

2
− ℎ̃

2
,

ℰ̃MD =
1

2

(︁
�̃� −

√︀
�̃�2 + 16𝑡2

)︁
− ℎ̃

2
,

ℰ̃QAF = Λ̃0,

where Λ̃0 is the lowest eigenvalue of the matrix L̃ =
= L/𝐼1. These states correspond to the following
wave functions [19]:

|FM⟩ =
𝑁∏︁
𝑖=1

|+⟩𝑖|↑, ↑⟩𝑖,

|FRI⟩ =
𝑁∏︁
𝑖=1

|−⟩𝑖|↑, ↑⟩𝑖,

|MD⟩ =
𝑁∏︁
𝑖=1

|+⟩𝑖
[︀
𝛼1

(︀
|↑, ↓⟩𝑖 − |↓, ↑⟩𝑖

)︀
+ 𝛼2|𝜓𝑖⟩

]︀
,

|QAF⟩=
𝑁∏︁
𝑖=1

⃒⃒⃒
(−)𝑛={

𝑖
𝑖+1

⟩
𝑖
×

×
(︀
𝐴(−)𝑛 |↑, ↓⟩𝑖 −𝐴(−)𝑛+1 |↓, ↑⟩𝑖 +𝐵|𝜓𝑖⟩

)︀
,

where the functions |±⟩𝑖 describe the states of the
spins 𝜇𝑖, |𝜓𝑖⟩ = | ↑↓, 0⟩𝑖 + |0, ↑↓⟩𝑖, the expression
“(−)𝑛” means the sign of the number (−1)𝑛,

𝛼1,2 = ±1

2

√︃
1± �̃�√︀

�̃�2 + 16𝑡2
,

𝐴± =

(︁
Λ̃0 ± 1

2𝛿
)︁
(Λ̃0 − �̃�)

√
2Φ

, 𝐵 =
2𝑡Λ̃0√
2Φ

,

Φ =

(︂
Λ̃2
0 +

1

4
𝛿2
)︂
(Λ̃0 − �̃�)2 + 4𝑡2Λ̃2

0.

The magnetization 𝑚=⟨𝜇𝑖+𝑆𝑖,1+𝑆𝑖,2⟩/3 in these
states has the following values: 𝑚 = 𝑚sat in FM
state, where 𝑚sat = 1/2 is the saturation magnetiza-
tion, 𝑚 = 𝑚sat/3 in FRI and MD states, 𝑚 = 0 in
QAF state.

From work [19], it is known that the topology of
the ground state phase diagram in the plane (𝛿, ℎ̃) is
determined by the topology parameter (𝒯 )

𝒯 =
√︀
�̃�2 + 16𝑡2 − �̃� . (8)

In the absence of the on-site repulsion (𝑈 = 0), the
topology parameter 𝒯 is determined by the following
relation: 𝒯 = 4𝑡0, where 𝑡0 = 𝑡0/𝐼1, and 𝑡0 is the hop-
ping integral in the model without on-site electron re-
pulsion. The ground state phase diagram in the plane
(𝛿, ℎ̃) has three types of topology [19]. Figure 2 shows
the second type of topology of the ground state phase
diagram (𝛿, ℎ̃), which is realized under the condition
1 < 𝒯 < 2 [19]. The regions of the FRI and MD
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states in this phase diagram are separated by a seg-
ment on a vertical line 𝛿 = 𝛿F|M ≡ 2 − 𝒯 . Recall
that the ground state phase diagram (𝛿, ℎ̃) with the
first type of topology is realized under the condition
𝒯 6 1. It looks the same as the fragment of the phase
diagram in Fig. 2, which corresponds to the interval
𝛿 ∈ [0, 𝛿F|M] [19]. The third type of topology of the
ground state phase diagram (𝛿, ℎ̃) is realized under
the condition 2 6 𝒯 . It generally corresponds to the
fragment of the phase diagram in Fig. 2, which cov-
ers the interval 𝛿 ∈ [𝛿F|M, 1], except that the line of
coexistence of the QAF and MD ground states starts
at the point (0, 0) [19].

The dependence of the topology of the ground state
phase diagram (𝛿, ℎ̃) on the parameters 𝑡 and �̃� can
be represented using the topological diagram (𝑡, �̃�)
[19], which is depicted in Fig. 3. The equitopological
line (8), which starts at the point (𝑡 = 𝑡0, �̃� = 0)
and corresponds to topology parameter 𝒯 = 4𝑡0, is
described by the equation

2𝑡
2 − 2𝑡0

2 − 𝑡0�̃� = 0.

From this equation, we find that the equitopologi-
cal line in the limit �̃� → ∞ satisfies the relation
lim�̃�→∞ 4𝑡

2
/�̃�=2𝑡0. This means that the limit point

(𝑡 → ∞, �̃� → ∞) on the equitopological line is a
point of the special limit �̃� → ∞ and takes place
equality 𝐽 = 2𝑡0 = 𝒯 /2, which connects the param-
eter of the antiferromagnetic Heisenberg interaction
with the hopping integral in the model without the
on-site repulsion and with the topology parameter.
Consequently, the equitopological line starts at the
point (𝑡 = 𝑡0, �̃� = 0), which corresponds to the model
without the on-site electron repulsion, and ends at
the point at infinity (𝑡 → ∞, �̃� → ∞), in which the
two-electron Hubbard dimer is equivalent to the an-
tiferromagnetic isotropic Heisenberg dimer with the
interaction parameter 𝐽 = 2𝑡0 = 𝒯 /2.

The energies of the FM, FRI, and MD states do
not change along the equitopological line (8). The-
refore the ground state phase diagram (𝛿, ℎ̃) changes
the least (see Fig. 2) when changing of 𝑡 and �̃� along
the equitopological line. In Fig. 2 we can see that,
with the growth of �̃� along the equipotential line,
the region of the QAF ground state expands, while
the value of displacements of the lines of coexistence
of states, that bound the region of the QAF ground
state, rapidly decreases. In particular, the displace-

Fig. 2. Ground-state phase diagram in (𝛿, ℎ̃) plane. Lines of
coexistence of ground states are shown for four sets of values
of 𝑡 and �̃� , which satisfy the condition 𝒯 = 1.5. In the case
�̃� = 0, the lines of coexistence are as in Ref. [17], and, in the
case �̃� = 55/12, they are as in Ref. [19]

Fig. 3. Topological diagram (𝑡, �̃�) for the ground state phase
diagram (𝛿, ℎ̃) [19]: equitopological lines 𝒯 (𝑡, �̃�) = const are
shown here. The regions of three topologies, which are marked
with numbers I, II, III, are separated by bold lines

ments of these lines due to the change of �̃� from 5
to 533 are about three times smaller than the corre-
sponding displacements due to the change of �̃� from
0 to 5. The lines of state coexistence for �̃� = 533 and
for the limit �̃� → ∞ at 𝐽 = 0.75 practically coin-
cide with each other. Let us note that the ground
state phase diagram in the special limit �̃� → ∞
was calculated using the energy spectrum (7). The
zero temperature magnetization curve is determined
from the ground state phase diagram (𝛿, ℎ̃). Therefore
the change in this magnetization curve, which occurs
along the equitopological line, is directly related to
the above-considered changes in the phase diagram
shown in Fig. 2.

Now, we compare, with each other, the thermo-
dynamic characteristics for two points on the equi-
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Fig. 4. The magnetization as a function of the temperature
in the case of 𝛿 = 0.8 for two points (𝑡, �̃�) and several selected
values of the magnetic field. The results for 𝑡 = 1 and �̃� =

= 55/12 are depicted by solid lines, and the results for the
special limit �̃� → ∞ (𝐽 = 0.75) is shown by dotted lines

Fig. 5. Zero field magnetic susceptibility times the temper-
ature as a function of the temperature for two points (𝑡, �̃�)

and several selected values of 𝛿. The results for 𝑡 = 1 and
�̃� = 55/12 are depicted by solid lines, and the results for the
special limit �̃� → ∞ (𝐽 = 0.75) is depicted by dashed lines

Fig. 6. Zero field specific heat as a function of the temperature for two points (𝑡, �̃�) and several
selected values of 𝛿: on the interval 𝛿 ∈ [0, 𝛿F.Q] (a), which corresponds to the FRI ground state, and
on the interval 𝛿 ∈ (𝛿F.Q, 1] (b), which corresponds to the QAF ground state. The results for 𝑡 = 1

and �̃� = 55/12 are presentted by solid lines, and the result for the special limit �̃� → ∞ (𝐽 = 0.75)
is given by dashed lines

topological line 𝒯 = 1.5: first point (𝑡 = 1, �̃� =
= 55/12 ≈ 4.6) and second point (𝑡 = 103, �̃� =
= 63999991/12 ≈ 5333333), which corresponds to the
mathematical special limit �̃� → ∞ at 𝐽 = 0.75. The

temperature dependence of magnetization𝑚 for these
two points (𝑡, �̃�) is presented in Fig. 4. We see that
the temperature curves of magnetization for �̃� =
= 55/12 and �̃� → ∞ practically coincide with each
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other in the region of low and medium temperatures
for all selected values of the magnetic field, except
for the value ℎ̃ = 0.3109. The significant difference in
temperature curves of magnetization at ℎ̃ = 0.3109
near zero temperature caused by the fact that for
�̃� = 55/12 the value ℎ̃ = 0.3109 belongs to the line
of coexistence of QAF and FRI states, and for the
special limit �̃� → ∞ it belongs to the region of the
ground state QAF (Fig. 2). In the region of high tem-
peratures, the magnetization curves for �̃� → ∞ lie
somewhat higher than for �̃� = 55/12.

In Fig. 5, we can see a slight quantitative differ-
ence between the temperature curves of the zero field
magnetic susceptibility 𝜒 = 𝑑𝑚

𝑑ℎ for �̃� = 55/12 and
�̃� → ∞, which are presented for several values of
the parameter 𝛿. Note that the temperature curves
𝜒𝑘B𝑇 in Fig. 5 for 𝛿 = 𝛿F.Q, where 𝛿F.Q is the point
of coexistence of FRI and QAF states at the zero field
(Fig. 2), which is a function of 𝑡 and �̃� , correspond
to different values of 𝛿, because 𝛿F.Q = 0.40815 for
�̃� = 55/12, but 𝛿F.Q = 0.40 for the limit �̃� → ∞.

The specific heat 𝑐 = −𝑇 𝜕2𝑓
𝜕𝑇 2 , where 𝑓 is the free

energy per primitive cell in the thermodynamic limit
[19], depending on the temperature at zero field is
shown in Fig. 6. As it is known from Ref. [19], the
temperature curves of the zero field specific heat for
𝑡 = 1, �̃� = 55/12 and 𝛿 ∈ [0, 1] have a very broad
maximum in the high-temperature region, its initial
part can be seen in Fig. 6. The temperature of this
specific heat maximum is proportional to the on-site
repulsion. In the special limit �̃� → ∞ the specific
heat does not have this maximum [2]. Therefore this
specific heat maximum corresponds to an intensive
increase/decrease in the realization of states

𝑁∏︁
𝑖=1

|±⟩𝑖
1√
2
(|↑↓, 0⟩𝑖 − |0, ↑↓⟩𝑖),

the energy of which in the zero field is equal to �̃� ,
and in the special limit �̃� → ∞ corresponds to
ℰ ′
6(𝜇𝑖, 𝜇𝑖+1) (7), and states with a high probability

of two electrons being in the same position, the en-
ergy of which in the zero field is slightly different from
�̃� , and, in the special limit �̃� → ∞, corresponds
to ℰ ′

5(𝜇𝑖, 𝜇𝑖+1) (7). In the region of low and medium
temperatures, the specific heat curves for �̃� = 55/12
and in the limit �̃� → ∞ practically coincide with
each other for 𝛿 6 𝛿F.Q (Fig. 6, a), and are very close

to each other for 𝛿 > 𝛿F.Q (Fig. 6, b). We note once
again that the parameter 𝛿F.Q has different values for
�̃� = 55/12 and for the limit �̃� → ∞.

We also calculated the magnetization, magnetic
susceptibility, and specific heat as a function of the
temperature at the zero field for the point 𝑡 = 10 and
�̃� = 6391/12 on the equitopological line 𝒯 = 1.5. The
temperature curves of magnetization and magnetic
susceptibility for �̃� = 6391/12 practically coincide
with the corresponding curves for the limit �̃� → ∞,
and the temperature curves of specific heat for �̃� =
= 6391/12 differ from the corresponding curves for
the limit �̃� → ∞ only by a very broad maximum
(it starts at 𝑘B𝑇/𝐼1 ≈ 36) in the high-temperature
region.

4. Conclusions

The quantum mechanical and thermodynamic prop-
erties of the distorted diamond Ising–Hubbard chain
are considered in the limit (𝑡 → ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽

by analytic and numerical approaches. The special
limit 𝑈 → ∞ for the matrix of the cell Hamilto-
nian of this chain is analytically obtained by separat-
ing the contribution from the two-electron Hubbard
dimer and applying unitary transformations. As a re-
sult, it is demonstrated that the matrix of the cell
Hamiltonian of the distorted diamond Ising–Hubbard
chain [19] in the special limit 𝑈 → ∞ after adding
the constant (𝐽/4) and discarding the subspace of
two infinite energies is equal to the matrix of the
cell Hamiltonian of the spin-1/2 distorted diamond
Ising–Heisenberg chain [2] with the antiferromagnetic
isotropic Heisenberg interaction 𝐽 . This means that
the analytic results for the quantum states and ther-
modynamic characteristics of the distorted diamond
Ising–Hubbard chain [19] in the special limit 𝑈 → ∞
correspond to the spin-1/2 distorted diamond Ising–
Heisenberg chain [2] in the case of antiferromagnetic
isotropic Heisenberg interaction 𝐽 .

The special limit 𝑈 → ∞ for the ground state phase
diagram in the plane (distortion parameter, magnetic
field) and thermodynamic characteristics of the dis-
torted diamond Ising–Hubbard chain [19] is numeri-
cally calculated in the case of antiferromagnetic Ising
interaction, in which this model has geometric frus-
tration. We have shown that the equitopological line√︀
𝑈2 + 16𝑡2 − 𝑈 = 2𝐽
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for the ground state phase diagram ends at the limit
point (𝑡 → ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽 . Therefore, on the
equitopological line there is a very strong qualitative
and quantitative relationship between the numerical
results for the ground state phase diagram and for
the thermodynamic characteristics of this Ising–Hub-
bard model [19] and the numerical results for the
ground-state phase diagram and for the thermody-
namic characteristics of the corresponding Ising–Hei-
senberg model [2] with antiferromagnetic isotropic
Heisenberg interaction. This confirms the analysis of
the qualitative and quantitative relationship between
the numerical results for the ground state phase di-
agram and, for the thermal and magnetic charac-
teristics at two points of the equitopological line,
the point near the beginning of the equitopological
line and the point corresponding to the mathemat-
ical limit (𝑡 → ∞, 𝑈 → ∞)|4𝑡2/𝑈=𝐽 . Consequently,
the relationship between the Hubbard interaction pa-
rameters and the Heisenberg antiferromagnetic inter-
action parameter given by the equation of the equi-
topological line makes it possible, based on the re-
sults for the ground state phase diagram and the
thermodynamic characteristics of the spin-1/2 dis-
torted diamond Ising–Heisenberg chain with the an-
tiferromagnetic isotropic Heisenberg interaction, to
predict qualitative and quantitative behavior of the
characteristics of the distorted diamond Ising–Hub-
bard chain.

It is worthwhile to remark that the obtained re-
sults are also valid for the Ising–Hubbard simple chain
(Ising spins and two-electrons dimers are located on
the line), in which the Ising spin is coupled with the
first (𝐼1) and second (𝐼2) neighbors.

The author is grateful to T.Verkholyak for the dis-
cussion and useful remarks.
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РОМБIЧНОПОДIБНИЙ ЛАНЦЮЖОК
IЗIНГА–ГАББАРДА У СПЕЦIАЛЬНIЙ ГРАНИЦI
НЕСКIНЧЕННОГО ОДНОЦЕНТРОВОГО
ВIДШТОВХУВАННЯ

Точний розв’язок для дисторсного ромбiчного ланцюж-
ка Iзiнга–Габбарда аналiзується в спецiальнiй границi не-
скiнченного одноцентрового електрон-електронного вiд-
штовхування, де двоелектронний димер Габбарда стає
еквiвалентним антиферомагнiтному iзотропному димеру
Гайзенберґа. Аналiтично розраховано спецiальну границю
нескiнченного вiдштовхування для матрицi комiркового га-
мiльтонiана цiєї моделi i показано, що точний розв’язок
для дисторсного ромбiчного ланцюжка Iзiнга–Габбарда в
цiй границi збiгається з точним розв’язком спiн-1/2 дистор-
сного ромбiчного ланцюжка Iзiнга–Гайзенберґа з антиферо-
магнiтною iзотропною взаємодiєю Гайзенберґа. Чисельний
розрахунок спецiальної границi нескiнченного вiдштовху-
вання для фазової дiаграми основного стану i термодина-
мiчних характеристик дисторсного ромбiчного ланцюжка
Iзiнга–Габбарда виконано таким чином, щоб забезпечити
дуже швидку збiжнiсть до граничних результатiв для цих
характеристик.

Ключ о в i с л о в а: ромбiчний ланцюжок Iзiнга–Габбарда,
основний стан, точний розв’язок, термодинамiчнi характе-
ристики, геометрична фрустрацiя.
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