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THE EFFECT OF THROUGHFLOW

AND GRAVITATIONAL MODULATION ON WEAKLY
NONLINEAR BIO-THERMAL CONVECTION

IN A POROUS MEDIUM LAYER

1. Introduction

We investigate the impact of periodically varying gravitational fields and a throughflow on the
bio-thermal Darcy—Brinkman convection within a porous medium layer saturated with a New-
tonian fluid containing gyrotactic microorganisms. The study includes an examination of two
types of a throughflow: one directed against the gravity field and another one along it. We
assume that the gravitational modulation has a small amplitude, quantified as a second-order
smallness in the dimensionless parameter €, which represents the supercritical parameter of the
Rayleigh number. For weakly nonlinear convection, a Ginzburg—Landau (GL) equation with a
periodic coefficient is derived in the third order in €. To analyze the heat and mass transfer, we
numerically solve the GL equation. The numerical results reveal that the vertical throughflow
in the bio-thermal convection exhibits a dual nature, allowing for both augmentation and a re-
duction of the heat and mass transfers. We investigate the influence of variations in the Vadasz
number, Peclet number, bioconvective Peclet number, frequency, and amplitude of modulation
on the heat and mass transfer. The effects of these parameters are depicted graphically, illus-
trating that higher values of the Vadasz and Peclet numbers, as well as increased modulation
amplitude, positively impact the heat and mass transfer. In addition, a comparative analysis
of modulated and non-modulated systems shows a significant effect of the modulation on the
stability of systems.

Keywords: bio-thermal convection, gravity modulation, throughflow, gyrotactic microor-
ganism, Ginzburg—Landau amplitude equation.

and the natural convection. To move forward with
the study of bioconvection, it is essential to under-

Studying a fluid flow through porous materials has
practical implications in a variety of domains, includ-
ing soil mechanics, oil production, fluid engineering,
and groundwater hydrology, as well as industrial fil-
tration. A new field of the study, bio-thermal convec-
tion in porous media, is gaining the increasing inter-
est. It is important to conduct a theoretical research
to examine the interaction between the bioconvection
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stand the dynamics of this significant interaction. Se-
veral researchers have developed mathematical mod-
els for the thermal convection in both fluid and a
porous medium. Several authors have contributed to
the study of the thermal instability in fluid layers and
porous media, including Chandrasekhar [1|, Drazin
and Reid [2], and Vafai [3]. Ingham and Pop [4]
and Nield and Bejan [5] have written comprehensive
monographs on the subject. In addition, Vadasz [6]
has provided a detailed review of the fluid flow and
heat transfer in rotating porous media. These works
analyze and discuss various aspects and challenges as-
sociated with the thermal instability in such systems.

Bioconvection in porous media is a recently emerg-
ing area of research that has been gaining atten-
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tion. The term “bioconvection” refers to the forma-
tion of convective patterns due to the presence of self-
propelled microorganisms that have a greater den-
sity than the surrounding fluid medium. This phe-
nomenon accounts for the movement of bacteria
and algae, which have a higher density than wa-
ter. The migration of bacteria is caused by gravity
forces (gyrotactic microorganisms), oxygen concen-
tration gradients (oxytactic microorganisms), light
radiation (phototaxis microorganisms), nutrition gra-
dients (chemotaxis microorganisms), and other vari-
ables. The concentration of self-propelled microor-
ganisms can range from 107 cm™3 in a low concen-
tration regime to 10" cm™3 in a turbulent regime
containing nearly densely packed microorganisms.

The focus of this paper is on gravitactic microor-
ganisms; those that move in water against the di-
rection of gravity. When these gyrotactic bacteria
swim in a certain direction, they increase the den-
sity of the base fluid. Bioconvection occurs due to
the unstable density stratification that arises, when
microbiological organisms are denser than their sur-
rounding fluid. The accumulation of these organ-
isms causes the upper layer to be denser than the
region below, leading to the instability and vari-
ous flow patterns [7]. The bioconvection of gravitac-
tic microorganisms was extensively studied by re-
searchers. Childress et al. [8] were the first to de-
velop a comprehensive theory and mathematical
model for this phenomenon. Hill et al. [9] later pre-
sented a theoretical bioconvective model that specif-
ically focused on gravitactic microorganisms. Ped-
ley et al [10] analyzed the stability of biocon-
vection involving gyrotactic microorganisms within
a shallow layer of a regular fluid using a linear
stability theory. The studies identified the neces-
sary conditions for the initiation of a bioconvec-
tive flow.

Several publications have explored the effects of gy-
rotactic microorganisms on fluid flows in bounded
porous media. Nield, Kuznetsov, and Avramenko
[11,15] have made significant contributions to under-
standing the biological process dynamics in porous
media. In their work, Kuznetsov and Avramenko
[11] established that the system remains stable, and
the bioconvection does not occur, if the permeabil-
ity is below a critical value. Conversely, when the
permeability exceeds the critical value, the biocon-
vection can develop. They further investigated [12]
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the occurrence of the bioconvection in a horizontal
layer filled with a saturated porous medium. Critical
Rayleigh numbers were determined for different val-
ues of the Peclet number, gyrotaxis number, and
cell eccentricity. The influence of a vertical flow on
the onset of the bioconvection [13] in a suspension
of gyrotactic microorganisms in a porous medium
was studied in another publication. A linear anal-
ysis was used to obtain an equation for the criti-
cal Rayleigh number. It was demonstrated that the
vertical throughflow stabilizes the system. A contin-
uum model of thermobioconvection was presented
in [14], focusing on oxytate bacteria in a porous
medium. This study examined the effect of the heat-
ing of microorganisms from below on the stabil-
ity of a horizontally layered fluid saturated with
a porous medium. A relationship between the crit-
ical value of the Rayleigh number and the ther-
mal Rayleigh number was obtained by using the
Galerkin method to solve the linear stability prob-
lem. Avramenko [15] developed a nomnlinear theory
of bioconvection for gyrotactic microorganisms in a
layer of ordinary liquid based on the Lorenz ap-
proach. His work delineated the boundaries of various
hydrodynamic regimes observed in two-dimensional
bioconvection.

Dmitrenko’s study [16] offers a comprehensive re-
view of the main aspects of the bioconvection in
nanofluids and porous media. The study presents a
mathematical model based on the Darcy’s law for
porous media. Sharma and Kumar [17] conducted re-
search on the effects of high-frequency vertical vibra-
tions on the onset of the bioconvection in a dilute
solution of gyrotactic microorganisms using analytic
and numerical methods. Their findings showed that
high-frequency, low-amplitude vertical vibrations and
the bioconvection Peclet number have a stabilizing ef-
fect on the system. Kushwaha et al. [18] conducted
a more detailed analysis of the stability of vibra-
tional systems. The analysis focused on shallow lay-
ers filled with randomly swimming gyrotactic mi-
croorganisms. Garg et al. [19] recently studied the
stability of the thermo-bioconvection flow of a Jef-
fery fluid containing gravitactic microorganisms in an
anisotropic porous medium.

Over a last few decades, the Darcy-Brinkman
model has been extensively used in researches related
to porous media. In particular, Zhao et al. [20] ex-
panded its application by studying the biothermal
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convection [21] in a highly porous medium, consider-
ing a suspension of gyrotactic microorganisms. They
conducted a stability analysis to examine the behav-
ior of biothermal convection under the influence of
heating from below. Kopp et al. [22] used the Darcy—
Brinkman model to investigate biothermal instabil-
ity in a porous medium saturated by a water-based
nanofluid containing gyrotactic microorganisms in
the presence of a vertical magnetic field. They found
that an increase in the concentration of gyrotactic
microorganisms enhances the onset of magnetic con-
vection. Moreover, as shown in their study, spherical
gyrotactic microorganisms are more effective in con-
tributing to the development of biothermal instabil-
ity. Additionally, Kopp and Yanovsky [23] studied the
impact of the rotation effect, specifically the Coriolis
force, on biothermal convection in a layer of porous
medium saturated with a suspension containing gy-
rotactic microorganisms

Controlling heat and mass transfer is crucial in en-
gineering and technical applications. In order to ma-
nipulate convective processes, various methods are
used, such as external parametric or modulation ef-
fects on the system. Understanding the impact of
modulation on convection is important to compre-
hend how external disturbances or parameter changes
can affect flow and transport phenomena in the sys-
tem. Temperature modulation, gravity modulation,
rotation modulation, and magnetic field modulation
are some of the commonly used techniques for modu-
lation. In this study, we will use a convection con-
trol method that involves the modulation of the
gravity field. Before presenting our detailed rationale
for selecting gravity modulation, we will provide a
concise overview of relevant literature that explores
the use of gravity modulation in diverse convective
systems.

The technique of using gravity modulation to im-
prove the stability of a heated fluid layer that is
heated from below was first introduced by Gresho
and Sani in their study [24]. Since then, many re-
searchers have explored the effects of gravity mod-
ulation on the onset of convection. Malashetty and
Begum extended these investigations in their study
[25] by considering additional physical conditions and
non-Newtonian fluids. They examined the impact of
small amplitude gravity modulation on the initiation
of convection in both fluid layers and fluid-saturated
porous layers. Kiran [26] conducted studies on the
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nonlinear thermal instability in a porous medium sat-
urated with viscoelastic nanofluid under gravitational
modulation. Over the years, Kiran et al. conducted
several studies [27, 29] to investigate the impact of
gravity modulation on Rayleigh—Bénard convection
(RBC) and Darcy convection. Their focus was on
the effect of g-jitter on RBC in nanofluids [30], and
they used the Ginzburg-Landau (GL) model to carry
out nonlinear analysis. They also calculated the ther-
mal and concentration Nusselt numbers, taking into
account various physical parameters. Additionally,
Manjula et al. [31] studied the combined effects of
gravity modulation and rotation on thermal instabil-
ity in a horizontal layer of a nanofluid.

Kopp and Yanovsky [32] were the first to explore
the use of s gravity modulation in controlling the de-
velopment of the bio-thermal convection in a layer
of porous media that is saturated with a Newtonian
fluid and contains gyrotactic microorganisms. In their
work, they developed a weakly nonlinear theory of
bio-thermal convection with finite amplitude, whose
evolution is described by the Ginzburg-Landau (GL)
equation. They considered the case of slowly moving
microorganisms, which corresponds to a low biocon-
vective Peclet numbers, and assumed the concentra-
tion of microorganisms in the liquid layer to be ap-
proximately constant. The numerical analysis of the
GL equation revealed that the spherical shape of
microorganisms enhances the efficiency of the heat
transfer process.

In this study, as well as in article [32], we inves-
tigate the influence of the gravitational modulation
on the development of the biothermal convection in
a layer of porous medium saturated with the Newto-
nian fluid containing gyrotactic microorganisms. Ho-
wever, unlike article [32], we do not place restric-
tions on the speed of movement of microorganisms
and also consider the stratification of the concen-
tration of microorganisms. In addition, we take the
throughflow at the layer boundaries into account. The
research is focused on investigating the impact of a
throughflow and the gravitational field modulation
using the Ginzburg-Landau (GL) model. The study
of s weakly nonlinear biothermal convection in porous
media with gyrotactic organisms under the influence
of a throughflow and the modulation of the grav-
itational field has potential applications in various
fields such as environmental science, biotechnology,
medicine, geoscience, and materials science.
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2. Problem Statements
and Basic Equations

Consider an infinite horizontal layer of a porous
medium filled with a Newtonian fluid that contains
gyrotactic microorganisms. The porous layer has a
thickness h and is heated from below, while being
cooled from above, as given in Fig. 1. The temper-
ature difference at the lower and upper boundaries
is designated as AT. The Cartesian reference sys-
tem is chosen so that the z-axis is directed verti-
cally upward and the z-axis is horizontal. Gravity
acts vertically downward with an acceleration that
varies according to the periodic law in time g(t) =
= ego(1 + €20 cos(wyt)), where ¢ and w, are the am-
plitude and frequency of the gravitational modula-
tion, respectively. Designation € is a small dimension-
less parameter that will be explained later on. In this
paper, we consider a vertical flow in two possible di-
rections. In the first case, the flow is directed ver-
tically upward, i.e., opposite to the gravity field. In
the second case, the flow is directed vertically down-
ward, i.e., parallel to the direction of the gravity
field. In the case of a dilute suspension of floating
microorganisms, we assume that the liquid is incom-
pressible and the porous matrix is not capable of
absorbing microorganisms. Additionally, we use the
Darcy—Brinkman model with the Boussinesq approx-
imation. Under these assumptions, the equations of
continuity, momentum, heat balance, and for the
concentration of microorganisms have the following
form [32]:

VVD == 0, (1)

wNVD __gp 4 vy - vy -

DD — VP EVEVD - Kvp

—eg(t)po(1 = B(T —Tp)) — eg(t)(6p)Vn, (2)
oT

(Pc)mg + (pe);Vp VT = k,,V*T, (3)

on . R

o = —div (nVD Wl - DmVn), (4)

g(t) = go(1 + %5 cos(wyt)). (5)

Here Vp = (u,v,w) is the Darcy velocity, which is
related to the fluid velocity V as Vp = ¢,V, ¢, is
the porosity of the porous medium, K is the perme-
ability of the porous medium, pg is the fluid’s density
at the reference temperature, P is the pressure, g is
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Fig. 1. Geometry of the problem. A schema of a gyrotactic
microorganism: a cell of the green alga Chlamydomonas rein-
hardtii. The center of buoyancy is denoted C' and is offset by
a distance d from the center of mass M

the thermal expansion coefficient, ¢ is the gravita-
tional acceleration, e = (0,0, 1) is a unit vector in the
direction of the axis z, i is the Brinkman effective
viscosity, p is the viscosity of fluid, (pc) is the heat
capacity of fluid, (pc),, is the effective heat capac-
ity, k, is the effective thermal conductivity, n is the
concentration of microorganisms, dp is the of the den-
sities difference of microorganisms and a base fluid:
Pm — ps, V is the average volume of a microorgan-
ism, and D,, is the diffusivity of microorganisms. We
assumed that random motions of microorganisms are
simulated by the diffusion process; Wci(t) is the av-
erage microorganism swimming velocity, abd (W, is
a constant). The unit vector 1(t) represents the direc-
tion of movement of the microorganisms, and it is a
time-periodic quantity due to the modulation of the
gravitational field.

We assume a constant temperature and through-
flow velocity Wy on the boundaries. The boundary
conditions are

d
w =W, d—wzo, T=Ty, Je=0, atz=0,
z
(6)
d
w =W, d—w:o, T=T, Je=0, atz=h,
z

where J = nVp + nW, i(t) — D,,Vn is the flux of
microorganisms.
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To analyze the problem, we have introduced the
following non-dimensional parameters:

* * * x’y’z * h
((L‘ Y,z ):(7h)a VD:VDOé77
o tom o T-T, T-T,
CR%T T Ty T, AT ®)
PK m
pr=PE G Oy
HOm, pC)f
%
(.dg :nga Qm, :knL/(pC)f7

where ., is the coefficient of thermal diffusivity.
Equations (1)—(4) in their non-dimensionless form
(after omitting the asterisks) can be expressed as:

V-Vp =0, 9)
1 0Vp 9
———=-VP+D,V*Vp — Vp —
V. ot * b= ¥p
R
—eme—”n+emeaT, (10)
b

orT
a0+ (VpV)T = VT, (11)
10n Pe ~ 1
= =— A% —nl(t) — — 12
o=V (Vo gl - va) ()
where f,, = 1+ €26 cos(wgyt). The non-dimensional
boundary conditions are given as
’lU:Pe(), dﬂzo, T:].,

(PeoLy + Pe) = M at 2=0
n dZ’ )
w = Pey, d—w:0, T =0,

dz n (14)
n(PegLy, 4+ Pe) = o at z=1
z

In Egs. (9)-(12), we introduced notations for dimen-
sionless parameters of the following form:

v, = e(pe)mit
pOkmDa

is the modified Vadasz number,
p, = MK
ph?
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is the Darcy number,

dp)hK
R, = 909)
pDr,
is the bioconvection Rayleigh-Darcy number,
o
Lb == Dim
is the bioconvection Lewis number,
hKBAT
Ra — poghK
e

is the Rayleigh-Darcy number,

Woh
Peoz—o
QAm

is the Peclet number,
_ Weh

P
e D,

is the bioconvection Peclet number.

We assume that the basic state of the fluid does
not depend on time, and the quantities in this state
are given by

Vi, =(0,0,Peq), P = Py(z), T =Tp(2), n = np(2),
(15)

We will obtain the steady profiles of the tempera-
ture Tp(z), concentration of microorganisms ny(z),
and pressure distribution P,(z) in the basic state by
solving the following equations:

A>T, dTy

— Pey—2 = 1
dz2 071z 0, (16)
dn
TZb = nb(PeoLb + Pe)7 (17)
dpb, Ry
—_— = —— Ty. 1
o L. np + RaTy (18)

After integrating Eq. (16) and applying the boundary
conditions (13)—(14), we can determine the tempera-
ture distribution T5(z):

ePeoz Peo

— €

Tb(z) = 1 — ePeo .

(19)

Next, we obtain a solution for ny, which matches the
result in [12]:
np(z) = nb(O)e(PeoL”Pe)Z, (20)
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where ny(0) is the value of the number density at the
bottom of the layer. The constant ny(0) is found as

(n)(PeoLy + Pe)

nb(O) = e(PeoLb+P€) 1 )

(n) :/nb(z) dz. (21)
0

As shown below, the explicit form of the pressure P,
is unnecessary.

The perturbations on the basic state with a small
amplitude are supposed to be in the form:

Vp =V, + V' (v w'),
T=T,+T,
P=pP+P,

n=ny+n, (22)

1(t) = e+ m(t),

After reviewing prior research [7], [11], we will con-
sider the gravity modulation and write the equation
governing a perturbation of the unit vector indicating
the direction of swimming of microorganisms:

' (t) = By(1 — €26 cos(w,t))Ci—
— Bo(1 — €25 cos(wyt))Ej + 0 - e.
Here,

By = (uevs /pogod) (/%) = Bo(cum /h2),

i and j are the unit vectors in the z- and y-directions,
respectively. The dimensionless parameter By repre-
sents the reorientation of microorganisms under the
influence of a gravitational moment relative to viscous
resistance at the absence of a modulation. In Eq. (23),
the parameters ¢ and £ in the x- and y-components
of vector m’ are

ow’ o’
C=—(1-a) 22 + (1+a0)lL,
ox 0z
ow’ ov' (24)
§=(1-ao) By *(1+ao)g-

ap is the cell eccentricity which is given by the fol-
lowing equation [4, 7]:

2 _,},.2'
max min
PpesTpin, (25)
Tmax Tin

T
Qp =

where rpax and 7, are the semi-major and semi-
minor axes of the spheroidal cell.
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If we substitute expressions (22) into Eqgs. (9)—-(12),
the resulting equations for V', T, n’ are:

VXV =0 (26)

L N VPLD,TVV—e, Lo+ RaT"
(27)

881;, + Peg aaj;l + w’% +(V'V)T' = V°T, (28)

%% = (V) T (Peo + i‘:) %%/

+ Libv2n’ + PeGony(1 — ) cos(wgt))A, (29)

where 2,/ 2,/ 2,/
d*w 0w’ 0w

A=(1 —+ (1 - —+ —,
(14 ap) 12 + ( ) (81‘2 + 8y2>
Go = D,,By/h? is a dimensionless orientation param-
eter in the absence of modulation [5].

In the two-dimensional flow model, we define the
velocities using the stream function, denoted by :

0%

0z - (30)

u =
After substituting (30) into Egs. (27)-(29), we ob-
tain the following dimensionless governing equations
(without the primes):

(;gt t1- Davi> V2= fm%’j% ~ fnRadL
(31)
PeGo(2 — frmod g — 2L <peo + Eb) on
AL R A 2
Vizaa—;Jraa—;, a=Vi+a (;;—;);).

To study time-periodic convective phenomena, we in-
troduce two time scales: a fast scale (tp) and a slow
scale (7). Then the time derivative in Egs. (31)—(33)
can be represented as [33]:

o 9 ,0
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After substituting (34) into system (31)—(33), the re-
sulting equations can be written in the form:

(lia;t)o +1-— Dav‘j> vi¢—f,,le—Zg—Z+meag—§ =
=2, (35)
(1330 + Peo% - vi) T - %ﬁ% =

- _62% %((Zi: Z))’ (30)
PeGo(2 — fm)noag—i) — %ﬁ% + (Peo + Ei) % —
- Libvin+ ES—Z) —?Z—Z g((zi:)) (37)

The above system of equations (35)—(37) is solved
using stress-free, isothermal, and iso-concentration
boundary conditions:

Yp=V3=T=n=0 on 2z=0 and z=1. (38)

3. The Finite-Amplitude Equation

Let us begin to study the weakly nonlinear regime of
oscillatory convection by introducing a small pertur-
bation parameter e, which shows the deviation from
the critical state of the convection occurrence. Then
all variables in Egs. (35)—(36) can be represented as
a series in powers of € as

Ra = Ra. + €?Rag + ¢*Rag + ...,

(39)
X = €X1 + 62X2 + 63X3 + ceey
where X = (¢,T,n), Ra. represents the critical
Rayleigh number at which the convection initiates
in the absence of a gravity modulation. Substituting
(39) into equations (35)—(36), we will solve it for dif-
ferent orders in e.

3.1. First-order system

At the lowest order, we have

1 0 9 9 Ry Onq 0Ty _
(Vaato +1-— DaVJ_) Vﬁﬁl—be—FRaca =0,
(40)
88

B 0, Oy dTy,
(ato + Pe()a VJ_> T %E = 0, (4].)
A({%bl 8¢1 dnb Pe 8711
PeGomd 5 = =~ Bs @z <P 0 Lb> 72
1 9 1 8n1 -

Equations (40)—(42) describe the linear regime of bio-
convection. To check the possibility of the existence
of oscillating modes in the system, we will look for
solutions to Eqgs. (40)—(42) in the following form:

Y1 = (A(1)e™" + A*(1)e "") sink.z sin e,

Ty = ©(r)e"™" + ©*(1)e™ ") coskowsinmz,  (43)

ny = ([I(r)e™" +II*(1)e~ ") cos k.a sin 7z,

where A*(1), ©*(1), II*(7) are complex conjugate am-
plitudes. Solutions of the general form (43) are ex-
pressed in terms of unknown slow-time functions and
the satisfy boundary conditions (38). Substituting so-
lutions (43) into Eqgs. (40)—(42), we obtain the follow-
ing relations between the oscillation amplitudes:

k0o A(T) kLyoGA(T)
=2 )= ——2 44
o(r) ot 1) oLy - % (44)
where
e ~ 47
00 = il 3 G = 5 il <n> 5 X
472 + Pef 472 + (Pe + PegLy)

x (PeGo(a®+ag(r?—k?))+Pe+PegLy), a = k247>,

The amplitude A(7) remains unknown for now. From
the Eq. (40), it is easy to find an expression for the
critical Rayleigh number Ra,:

_ (iw+a?)a? 5 lw
Ra, = 520, 1+ Dya” + A
B Rbé(iw +a?)

Lb(iwLb + a25)90'

(45)

In the cases of stationary convection with w = 0 and
small Peclet numbers Pe — 0,Peg — 0, the expres-
sion in (45) matches the result of paper [7]. The ex-
pression for Ra, can be represented as the sum of the
real and imaginary parts:

Ra, = Ra™ + iwRa®.
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In the case of an oscillatory mode of convection w #
#0 (Ra(i) = 0), the critical Rayleigh-Darcy number
for the oscillatory instability is found from (45) in the
following form:

a® 5 w?
— 14+ Dya?) — — ) —
=T (a( + Dya”) V@)
Rbé (Cl4 —|—w2%)
%o (a4 + wQE—g) .

Raosc =

(46)

The frequency of oscillations must satisfy the follow-
ing equation: miS

, 0@ —Ly)  K2V.R,G 52

YT V(14D +a2 ' IF

(47)

It is possible to have an oscillatory instability, if the
inequality ¢ > L; is met. However, for the parame-
ters of our problem (& ~ 1.4, o, = 0.143x 1076 m? /s,
D,, = 5 x 1078 m?/s), this inequality does not
hold. Therefore, we will move on to the study of the
stationary convection regime.

3.2. Second-order system

In this order, nonlinear effects begin to appear on
the right-hand sides of the Eqs. (36)—(37), which rep-
resent the interaction between the fluid movement,
temperature, and diffusion of microorganisms. A sys-
tem of equations in this order can be written as fol-
lows:

(1-D.V2) Vit — }Li:% + Rac% =0, (48)
(Peoaaz - vj) T, - %% - %% _

- %%» (49)
PeGonb&% — %% + (Peo 4 12?) % _

The second-order solutions, accounting for the boun-
dary conditions (38), can be expressed using the first-
order solutions.

B k26,
8ma?

2 =0, A%(7)sin 272,
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T, =

kK2GL}

ne = A?%(7)sin 27z

(51)

The horizontally averaged Nusselt number Nu(r) for
the stationary mode of convection can be evaluated
by the following expression:

k 2/ ke aT:
5T ]

ke 0Fe ar
2w | (@) dw}
k2m? (ePe — 1)

a2(472? + Pe?)Peg

=1+ A%(7). (52)

By analogy with (52), we find a quantitative charac-
teristic of the mass transfer (Sherwood number Sh)
of the concentration of microorganisms:

k22 (Pe+PeoLp) _ 1) L2 A2
Sh(’r) — 1+ CTr (6 ) b (T)
a2 (Pe + PegLy)2(47% + (Pe + PeoLy)?)
x (PeGo(a® + ag(n? — k?)) 4+ Pe 4 PegLy). (53)

Once the expression for the amplitude A(r) is de-
rived, we will conduct evaluations of the heat and
mass transfer quotients. It i’s worth noting that the
impact of the gravity modulation is significant only at
the third order in ¢, as can be seen from the asymp-
totic expansion in Eq. (39).

3.3. Third-order system
At the third order, we have

Ry Ong

oT5
— =N 4
T, on +Rac o 31, (54)

(1= DoV?Y) Vies —

0 OYs dT,
(Peoaz - Vi) 15 — 37;7; = Naa, (55)
Aawg al/Jg dnb Pe 8n3
P — - ———+ (P — | == -
eConsa Ox Oxr dz + ( ot Lb> 0z
1
— 7, Vins = N, (56)
b
where
a? OA(T) k20,
N3 = <Va 57 — Ra, e A(7)d cos(Qr) —
k26 k2G
—Ra azoA(T) — Ry 2 A(T)(SCOS(QT)) X
X sink.xsinwz,
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- ]fceo 814(7’) k;f&oA(T)3
N3z = ( 2 o T agp cos2mz)x
X cosk.xsinwz,
kSGL

bA?’( ) cos 2wz —

N — k.GLy OA(r)

3 ca? OT 4a?
— kPeGony(a® + ao(m? — k) A(T)d COS(QT)> X
X cosk.xsinmz.

We use the Fredholm alternative [34] to ensure the
existence of a third-order solution, and obtain the
Ginzburg-Landau equation for the stationary mode

12

10

0] 2 4 6 8 10

Fig. 2. Dependence of the Nusselt number Nu on the time 7
for V, variations
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200 V =1,2,3
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Fig. 3. Dependence of the Sherwood number Sh on the time
T for V, variations

25

20

Pe =3,35,4

0 2 4 6 8 1
T

Fig. 4. Dependence of the Nusselt number Nu on the time 7
for positive Peg variations
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of convection with time-periodic coefficients in the
following form:

KI‘Z—A — Ky (T)A + K34% =0

where K1, Ky, K3 are coeflicients:

2 120 k2L
K1:%+R O+Rb bG

a

2

%RaC (1:{:3 +0 cos(QT)>

472k2(n)(Pe + PegLy)
" a?(4n% + (Pe + PegLy)?)

4

8at
When there is no throughflow and a low movement
speed of microorganisms, the GL equation! (57) was
obtained by Kopp and Yanovsky [32]. The expressed
in Eq. (57) is non-autonomous, which makes obtain-
ing an analytic solution challenging. Therefore, we
have used Mathematica’s built-in function NDSolve
to solve it numerically. We have assumed that Ras is
approximately equal to Ra., as our focus is on the
nonlinearity near the critical state of convection. In
the weakly nonlinear theory of convective instabil-
ity, the relative deviation €2 of the Rayleigh number
Ra from its critical value Ra, serves as a small ex-
pansion parameter. The equation is solved with the
initial condition A(0) = Ay, where Ay represents the
chosen initial amplitude of convection. For the un-
modulated case, Eq. (57) can be solved analytically,
and its solution is as follows:

Ag

w@Az - A3 exp (~23252)

where AV(T) represents the convection amplitude in
the unmodulated case, and K; and K3 have the same
expressions as given in (58), while Ky = k20yRay/a’.

(57)

K (1) =

0 cos(27),

K3 = —%(Racby + Ry L}G).

» (59)

4. Results and Discussion

In order to analyze the non-autonomous GL equa-
tion (57), we conducted a numerical analysis in the
Mathematica software environment. The initial am-
plitude was set to A(0) = 0.5, and the gravitational
modulation strength was set to (J,€). The results of
the numerical calculations are depicted in Figures 2—
9, showing graphical representations of the heat Nu
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Fig. 5. Dependence of the Sherwood number Sh on the time
7 for positive Peg variations
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Fig. 6. Dependence of the Nusselt number Nu on the time 7
for negative Peg variations

and mass Sh transfer as a function of the dimen-
sionless time parameter 7. By varying the parame-
ters of the mixed fluid, such as V,, Pey, and Pe, as
well as the modulation parameters (4, 1), we studied
their impact on the heat and mass transfer charac-
teristics. We assume that the fluid’s viscosity is not
high enough to hinder the exploration of convection
and heat transfer phenomena. Due to the moderate
Vadasz number V,, the thermal diffusivity and kine-
matic viscosity of the fluid are balanced in a high-
porosity medium. We will study the behavior of the
system under small perturbations, where the influ-
ence of gravity field modulation is not overly domi-
nant. Assuming a low frequency of the gravity modu-
lation, we can conclude that lower frequencies maxi-
mize the impact of the gravity modulation on the sys-
tem’s behavior. Another important subject is vertical
throughflow into consideration for either increasing or
decreasing heat and mass transfer.

We start with research to investigate the influence
of Vadasz number )V, variations on heat and mass
transfer, while keeping other parameters constant at
Peg =3,Pe =1, =2,§ = 0.3. Observing Figs 2 and
3, it is evident that an increase in the Vadasz num-

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 2

ber V, leads to a temporary surge in heat and con-
centration transfer. This suggests that systems with
higher Vadasz numbers tend to exhibit more efficient
heat and mass transfer characteristics. Therefore, the
Vadasz number (V,) is a crucial factor in enhanc-
ing the heat and concentration transport, particu-
larly at low time values. It is worth noting tha, since
the Vadasz number is proportional to the Prandtl

3.0
Pe,=-3,-35,-4

2.5

Sh 2.0

2 4 6 8 10
T

Fig. 7. Dependence of the Sherwood number Sh on the time
7 for negative Peg variations
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Fig. 8. The variation of the Nusselt number (Nu) with re-
spect to time (7) is examined for different bioconvective Peclet
numbers (Pe) while keeping the Peclet number at a positive
value (Peg = 3)
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Fig. 9. The variation of the Sherwood number (Sh) with re-
spect to the time (7) is examined for different bioconvective
Peclet numbers (Pe) while keeping the Peclet number at a pos-
itive value (Peg = 3)
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Fig. 10. The variation of the Nusselt number (Nu) with re-
spect to the time (7) is examined for different bioconvective
Peclet numbers (Pe) while keeping the Peclet number at a neg-
ative value (Peg = —3)
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Fig. 11. The variation of the Sherwood number (Sh) with re-
spect to time (7) is examined for different bioconvective Peclet
numbers (Pe) while keeping the Peclet number at a negative
value (Pep = —3)

Fig. 12. Dependence of the Nusselt number Nu on the time
7 for 2 variations

number, a similar trend has been reported in pre-
vious studies by Kiran et al. [26,30], as well as Kopp
and Yanovsky [32]. Figures 4, 5 and 6, 7 show the
the effect of the values of a throughflow on the heat
and mass transfer in the bio-thermal convection. As
can be seen from Figs 4, 5, with positive values of
the Peclet number Pey > 0, the Nusselt and Sher-
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Fig. 13. Dependence of the Sherwood number (Sh) on the
time 7 for Q variations.
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Fig. 14. Dependence of the Nusselt number Nu on the time
7 for § variations
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Fig. 15. Dependence of the Sherwood number Sh on the time
7 for § variations

wood numbers increase. At positive Peclet numbers,
the throughflow is directed against the gravity, as
is the direction of movement of microorganisms. In
this case, the convective flows increase, leading to
an increase in the heat and mass transfer. For neg-
ative Peclet numbers Pey < 0, the throughflow is di-
rected along the direction of the gravity. In this case,
as shown in Figs 6, 7, with an increase in the ab-
solute values of the Peclet number, the Nusselt and
Sherwood numbers decrease. This behavior can be
explained by the fact that the throughflow directed
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Fig. 16. Variations of the Nusselt numbers Nu(7) in the ab-
sence of § = 0 (dashed line) and the presence of § = 0.3,Q2 = 2
(solid line) modulation of the gravity field
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F1ig. 17. Variations of the Sherwood number Sh in the absence
of § = 0 (dashed line) and the presence of § = 0.3, = 2 (solid
line) modulation of the gravity field

along the force of gravity prevents the movement of
microorganisms and, as a result, leads to a decrease
in the heat and mass transfer.

Let us now clarify the question of how a change in
the swimming speed of microorganisms (increase in
the bioconvective Peclet number Pe) affects the heat
and mass transfer in the system in the presence of
a throughflow. Figures 8 and 9 illustrate that as the
bioconvective Peclet number increases Pe in the sce-
nario of throughflow opposing the gravity Peg = 3,
there is a notable augmentation in both the heat
and mass transfer. In contrast, when the throughflow
aligns with the gravity direction (refer to Figs 10,
11), we observe a dampening effect on the heat trans-
fer modulation, coupled with an increase in mass
transfer.

In Figs 12, 13, we illustrate the influence of the
modulation frequency (£2). Specifically, at lower mo-
dulation frequencies, corresponding to the low-fre-
quency case (€ = 2), a higher heat and mass transfer
is achieved compared to the higher vibrational rates
(@ =5 and Q = 25).
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Figures 14, 15 demonstrate the effect of the mod-
ulation amplitude (0) on the heat and mass transfer
within the system. The study encompasses an interval
of § values from 0.1 to 0.3, carefully selected to aug-
ment heat transfer. Importantly, these experiments
are conducted with the fluid devoid of solid parti-
cles. It is worth emphasizing that the modulation fre-
quency () exerts a diminishing effect on the heat and
mass transfer. This observation aligns with previous
findings by Gresho and Sani [24]m as well as Kopp
et al. [35] in the context of ordinary fluids. These re-
sults underscore the importance of employing a low-
frequency g-jitter to optimize the transport process
and enhance the heat transfer in the system.

Equation (59) provides an analytic expression for
the amplitude of convection in the unmodulated
case. By utilizing this amplitude, we present a com-
parison between the modulated system and the un-
modulated one in Figs 16, 17. The graphs illustrate
a sudden increase in Nu(7) and Sh(7) for low values
of the time parameter 7, stabilizing for higher values
of 7. However, in the case of the modulated system,
both Nu(7) and Sh(r) exhibit oscillatory behavior.

The study of gravitational modulation and vertical
throughflow in highly porous media is important for
the external control over the heat and mass transfer.

5. Conclusions

We have employed the Darcy-Brinkman model to
formulate a weakly nonlinear theory investigating
the combined influences of the gravity modulation
and the throughflow on the bio-thermal convection
within a porous medium saturated with a Newto-
nian fluid containing gyrotactic microorganisms. Our
analysis is grounded on perturbation theory, specifi-
cally focusing on the small supercriticality parameter
€, representing a deviation from the critical Rayleigh
number. Within our analysis, we consider the modu-
lated gravity field’s small amplitude as second order
in €. We ascertain that, at the first order in €, the
parametric modulation does not significantly affect
the convection development, aligning with predic-
tions from linear theory. Moreover, for the given prob-
lem parameters, we established that the heat trans-
fer predominantly occurs through stationary convec-
tion without oscillatory movements. However, delv-
ing into the third order of €, we derive a nonlinear
Ginzburg—Landau equation with a time-periodic co-
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efficient. Through a numerical analysis, we extract
several insights from these results. These conclusions
provide valuable understanding regarding the influ-
ence of conclusio conclusio the gravity modulation
on the bio-thermal convection in porous media, par-
ticularly considering the effect of a vertical through-
flow. Based on our findings, we summarize the follow-
ing key conclusions:

1. An increase in the values of the parameters V,
leads to a short-term surge in the heat and mass
transfer.

2. The heat and mass transfer intensify, when there
is a throughflow opposing the gravity Peq > 0,
whereas they diminish, when the throughflow coin-
cides with the gravitational direction Peg < 0.

3. Raising the modulation frequency €2 causes a
reduction in the variations of the Nusselt numbers
Nu(7), consequently suppressing the heat and mass
transfer.

4. Augmenting the modulation amplitude § im-
proves the heat and mass transfer.

Thus, the use of the gravity field modulation con-
tributes to the effective control over the process
of bio-thermal convection containing gyrotactic mi-
croorganisms. In summary, it is pertinent to investi-
gate the impact of manipulating factors beyond grav-
ity that induce the movement in microorganisms. For
instance, thermotactic microorganisms demonstrate
a notable responsiveness to temperature adjustments,
while magnetotactic microorganisms react to changes
in magnetic fields. Additionally, microorganisms ex-
hibiting chemotaxis are sensitive to alterations in
chemical concentration gradients. All these challenges
outlined will be thoroughly addressed in subsequent
research endeavors.
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M.H. Konn, B.B. noscvxit

BIIJIB HACKPI3HOI'O
IMIOTOKY I 'PABITAIIIMHOI MOIYJIAIIIT

HA CJIABKOHEJIIHIMHY BIOTEPMIYHY
KOHBEKIIIIO ¥V IIOPUCTOMY IIIAPI CEPEJIOBUIIIA

Y upOMy JOC/IIIKEHHI BUBYAETHCS BILJIUB MEPIOAUYHO 3MIHHUX
rpaBiTamiiiHux II0JIiB Ta HACKPI3HOI'O IOTOKY Ha OioTepMmiuHy
kouBekIio lapci-Bpiakmana B mapi mopucToro cepesoBuUIa,
HACUYEHOTO HBIOTOHIBCHKOIO PiWHOIO, IO MICTUTH iPOTAKTHU-
qHi MiKpooprauizMmu. JlocrizKeHHsT BKJIIOYa€ aHaJjli3 JBOX TH-
miB Tedil: CIPAMOBAHOIO HPOTHU HAIIPSAMY IIOJIS CHJIM TAXKIHHS
Ta B3J0BK HbOTr0. Mu NpHIlyCKaeMO, 1110 aMILIITyJa rpaBiTariii-
HOI MOJYJIAIl € HEBEJINKOIO Ta Ma€ APYTHUil MOPSIOK MaJIOCTi
3a GE3pO3MIpHUM HapaMeTpPOM €, iKW IIPEJICTABIISAE HAIKPU-
TUYHUN nmapamerp udncia Peses. s ciiabkoHesiHIHHOT KOHBe-
KIii My orpumanu pisusuus I ins6ypra—/lammay (I'JI) 3 mepi-
OMUYHUM KOeDiI[ieHTOM y TpeTbOMy HODPsAKY 3a €. s aHa-
JIi3y TEIrIoMacollepeHeceHHsI MU YHCEJIbHO PO3B’sSI3yeMO PiBHSI-
must [JI. YucaoBi pe3yabraTu IOKa3yloTh, L0 BEPTUKAILHUM
HACKPI3HUN MOTIK Ipu 6ioTepMivHii KOHBEKII Mae MOABIAHY
MIPUPO/Y, JAO3BOJISIIOUM $SIK 301JbIIyBAaTH, TaK 1 3MEHIILYBATH
TEIJIO- Ta MacollepeHeceHHs. JlOoC/iKeHO BIUIMB 3MiH YHCIIa
Bapnacsa, gucia Ileksie, 6GiokouBekTuBHOro uncia I[lekie, ya-
CTOTH Ta aMILIITY/I1 MOYJIALI] Ha TEIJIO- Ta MaCOIIEPEHECEHH .
Brus mux mapamerpiB 306pazkeHo rpadidHo, 110 IT0Ka3ye, 0
BUIIl 3Ha4YeHHA uynces Basgacsa Tta Ilekiie, a Takox 30ijbleHa
aMILTITyAa MOIYJIsAII] TO3UTUBHO BIJIMBAIOTH HA TEIJIO- Ta Ma-
conieperoc. OKpiM TOro, MOPIBHSIJIBHUN aHAJI3 MOIYJIbOBAHUX
Ta HEMO/LYJIbOBAHUX CHCTEM IIOKa3y€ CYyTTEBUN BILJIUB MOJLYJIs-
il Ha CTIAKICTH CHUCTEM.

Katwwoei caoea: 6loTemioBa KOHBEKIIisI, rpaBiTariiina Mo-
IyJsis, HACKPI3HMM HOTIK, TipOTAKTUYHMUII MIKpPOOpPraHi3M,
ammiTynne pisasinas I ins6ypra—Jlanmnay.

95



