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ANALYTIC CALCULATION OF THE CRITICAL
TEMPERATURE AND ESTIMATION OF THE CRITICAL
REGION SIZE FOR A FLUID MODEL

An analytic procedure for calculating the critical temperature and estimating the size of the
critical region for a cell fluid model is developed. Our numerical calculations are illustrated by
the case of the Morse potential parameters characterizing the alkali metals (sodium and potas-
stum). The critical temperatures found for liquid sodium and potassium as solutions of the
resulting quadratic equation agree with experimental data. The expression for the relative tem-
perature determining the critical region size is obtained proceeding from the condition for the
critical regime existence. In the cases of sodium and potassium, the value of this temperature

is of the order of a few hundredths.

Keywords: cell fluid model, Morse interaction potential, grand partition function, recur-
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1. Introduction

Critical phenomena in simple and multicomponent
liquid systems have been the subject of many theoret-
ical and experimental studies during the past decades
(see, for example, [1-11]). These systems are of great
practical importance, as well as very interesting from
theoretical point of view. Experimental work is the
basis for having a database of the properties of pure
fluids and mixtures, and theoretical models can pro-
vide a large amount of information about a fluid in a
rapid, clean, and cheap manner.
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This paper supplements our previous study [12]
based on a cell fluid model. The interaction in the
system is chosen in the form of the Morse potential
possessing the Fourier transform. Despite the great
successes in the investigation of Morse fluids made
by means of various methods (for example, the NpT'
plus test particle method [13], the grand-canonical
transition matrix Monte Carlo method [14], the ap-
proach using integral equations [15], molecular dy-
namics simulations in a canonical ensemble [16]), the
statistical description of the behavior of the men-
tioned fluids near the critical point on the micro-
scopic level without any general assumptions are still
of interest.

In [12], the cell fluid model is used for studying the
behavior of a simple Morse fluid in the immediate
vicinity of the liquid—gas critical point. The parame-
ters of the Morse interaction potential used for cal-
culations are inherent to alkali metals (sodium and
potassium). The values of the critical temperature
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and the size of the critical region are given in [12]
without describing the method for obtaining them. In
the present paper, we describe an analytic procedure
for calculating the critical temperature and estimat-
ing the critical region size for a fluid model.

2. Model for Describing a Fluid System

The volume of the system V' composed of N interact-
ing particles is conventionally divided into N, cells,
each of volume v = V/N, = ¢ (c is the linear size
of a cubic cell) [12,17, 18]. Note that, in contrast to
a cell gas model (where it is assumed that a cell may
contain only one particle or does not contain any par-
ticle) [19,20], a cell within our approach may contain
more than one particle [21, 22].

The grand partition function of the cell fluid model
within the framework of the grand canonical ensemble
has the form [12,17,18]

asd 2 N ~
:Z(Z\)ﬂ /(dl’)NeXp _g ZUlmPh(ﬂ)Plz(m )

=0 "y I;,l2€A

(1]

(1)
where z = e/# is the activity, 3 = 1/(kT) is the
inverse temperature, and g is the chemical poten-
tial. Integration with respect to the coordinates of all
particles x; = (xz(-l),x?)@gg)) is noted as [{,(dz)N =
= [, dx1-- [, dzy, and n = {1, ...,xN} is the set of
coordinates. The interaction potential U;,, is a func-
tion of the distance I3 = |l; — 13| between cells. Each
vector 1; belongs to the set

A==l )l = emi; mi = 1,2, Ny
i=1,2,3 N, = ij}. 2)

Here, N, is the number of cells along each axis. The
occupation numbers of cells appearing in Eq. (1) are
defined as

Pl(n) = ZIAI(I)7 (3)
xeEN

where In(,) is the indicators of cubic cells A} =

= (—0/2,0/2]3 C RB, that is, IAl(a;) =1ifx € A

and I, () = 0 otherwise. The role of the interaction

potential 0112 is played by the Morse potential:

Ullg = \Illlz - Ull2;

\phz = De_Z(lw_l)/aR)

Uy, = 2De~(hz=D/ar, (4)

602

Here, ¥;,, and Uj,, are the repulsive and attractive
parts of the potential, respectively, and ar = a/Ry
(a is the effective interaction radius). The parameter
Ry corresponds to the minimum of the function [7112,
and D determines the depth of a potential well. Note
that the Ry-units are used for the length measuring in
terms of convenience. As a result, Ro- and R3-units
are used for the linear size of each cell ¢ and volume
v, respectively.

3. Grand Partition Function,
Recurrence Relations and Their Solutions

When calculating the grand partition function, we
use the method of “layer-by-layer” integration with re-
spect to the collective variables (CV) py proposed by
Yukhnovskii for magnetic systems [23-27]. This pro-
cedure has already been represented for the simpler
p* model in [17]. As a result of the step-by-step calcu-
lation of the grand partition function, the number of
integration variables in the expression for this quan-
tity decreases gradually. The grand partition function
of the cell fluid is then represented as a product of the
partial partition functions of individual layers and the
integral of the “smoothed” effective measure density:

= =20 D2G (Q(ro)) Y Q1 . QuQ(R)] N H x

x / W1 () (dp) ™+ (5)

The quantities G,, and Q(ro) are given in [17], n is
the layer number in the CV phase space, N1 =
= N,s30+1) 5 is the parameter of division of the
CV phase space into layers. The partial partition
function of the nth layer

Qn = [Q(Pn—l)Q(dn)]N" (6)

is expressed by the quantities

1/4 )
Q(dy) = (271-)1/2 (3)> exp (aif) U(0,x,),

(n
a4

(7)

1/2 az(;n) o 3/4 v
P,)=02nr)" " |—— U0, yn)-
QP =(2n) 2 () e (%) U0.0)
The variable y,, = % 2U (2,)(3/¢(2,))"/? is a func-
tion of the variable z,, = gn(BnH,Bn)(?)/ain))l/Q.
The variable z, is determined by the coefficients
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gn(k) and afln) appearing in the expression for the
non-Gaussian quartic density of measure of the nth
layer. The special functions

Ulwn) = UL, 2n) /U0, 2n) (8)
and
o(w,) = 3U% () + 22,U () — 2 9)

are combinations of the parabolic cylinder functions

2 2 7 1
U ,tzi—t/él/ 2a (—t2—4>d.
(a,t) F(a—!—%)e J a™ exp | ~t2” — 5a% | dz
(10)

The argument ¢ may be the main variable x,, or the
intermediate variable y,. The effective quartic mea-
sure density W, 1(p) appearing in Eq. (5) has the
form

Wi, +1(p) = exp laﬁn“) Npt1po —

1

-3 Z Gn+1(k)prp—x —
keBn 1
ai"H) 1

4! Nn+1

Z Pk1~~Pk45k1+~~+k4‘|7 (11)

ki, kg
k; €8, 41

where Ok, + ... 4k, is the Kronecker symbol, and the
region of wave vectors k is defined as

T 2 n;

Bn+1:{k = (k17k27k3)|ki = -

5
Cn+1 Cn+1 Nn—i—l,z'

i:1,2,3;Nn+1:N3+171}. (12)

n

ni:17 27 "'7Nn+1,i;

The coefficients in the exponent of the quartic mea-
sure densities of the (n + 1)th and nth layers are
connected through the general recurrence relations
(RR) [17]

d+2

Wpt1 = 8§ 2 Wnp,

1 = 87 [=q+ (ra + Q)N (z2)],
Upt1 = 34_dunE(:vn).

with the initial conditions

wo = M(BW(0)Y2, 1o =1—BW(0)as,
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up = as(BW(0))°. (14)
Here,

Wn+1 = S(HH)agnH),

Tot1 = 2" g, 11(0), (15)
Uyt = $*OFD (D),

The quantity ¢ is associated with the averaging of the
wave vector square, d = 3 is the space dimension. The
functions N(z,) and E(z,) satisfy the expressions

U (yn)

Vaw) = ) B =

o)’ (16)

The quantity M is expressed by the chemical poten-
tial, W(0) is the Fourier transform of the effective
interaction potential at the zero value of the wave
vector, as and a4 are the coefficients in the initial
expression for the grand partition function (see [17]).

The coordinates of the fixed point (w*, r*, u*) can
be found from the conditions

wn:wn+1:w*7 rn:Tn+1:r*7 UvL:un+1:U*- (17)
For w*, we have w* = 0, since s > 1. The third
equation for u,; [see Eqgs. (13)] yields the relation

sE(x*) =1, (18)

which juxtaposes the own z* to every s. Our calcula-
tions are performed for some fixed value of the param-
eter s = s* = 3.5977. For such a preferred value of s
nullifying the variable x,, = (7, + ¢)(3/u,)'/? at the
fixed point (z* = 0), the mathematical description
becomes less complicated. Using the second equation
for 7,41 [see Egs. (13)], we arrive at the following
expression:

(w2 = q(1 = s72)V3U (") /(y* U (y"))- (19)

Thus, the fixed point coordinates are w* = 0, r* =
= —q, and u* is determined from Eq. (19). Note that
the variable y, takes large values. Taking this into
account, we obtain the expressions

d+2

Wnp+1 =8 2 Wp,

_ 2| Vin 1 _L\/TTH p(zn)
o= s 2 Y ) )
w — su p(@n) [1 _ ZS—S p(zn) ]

a "3U4(zy,) 27 U2(zn)
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and
3

(2 =gl - 5B |14 50077 e
corresponding to relations (13) and (19), respec-
tively. The quantity ¢ does not depend on the tem-
perature, so r* and u* are also not functions of the
temperature. They depend on ar = a/Ry.

The solutions of RR in the vicinity of the fixed
point (w*, r*, u*) can be written through the eigen-
values of the matrix R of the linear transformation

Wpy1 — wW* Wy, — W
Tpe1 — 15 | =R |71 —1* (22)
Up41 — U* Up — U™

They assume the form [17]

wy, = woET,

T =7+ 1 Ey + coREY, (23)

Up =u" + 1R EY + o EY,

where E; are the eigenvalues of the matrix R. The
coefficients

c1 = [ro —r* + (u* —uo)RJD~ Y,

Cy = [UO —u*+ ('I’* — To)Rl]Dil (24)

are determined by the eigenvalues and elements of the
renormalization group linear transformation matrix,
coordinates of the fixed point, and initial coefficients
as, ay4. The quantities R, R;, and D appearing in
Egs. (23) and (24) satisfy the expressions

(0)
R= R(O)(u*)_l/Q, R(O) _ R23 ,
E3 — Ro
X Es — Rao
Ry = RO@)? R = 2, (25)
23
Fy— By
p— 2758
Ry — E3

In the case where s = s*, we get the following numer-

ical values:
Ey = s5° = 24.551, E, = 8.308, E5 = 0.374, 26)
RO = 0530, R\” =0.162, D = 1.086.

Let us represent ¢1(T") and ¢o(7T) from Egs. (24) as
expansions in powers of the relative temperature 7 =
= (T —T.)/T. (T. is the critical temperature). Using
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expressions (14) for rg and ug and taking into account
that the coordinates of the fixed point of RR (13) are
not functions of the temperature, we can write

c1 = cio+ et + c1272,

2

(27)
Co = Cog + C21T + Co2T”.

Here, ¢19 = 0 because of the equation ¢;(7.) = 0,
which, actually, is used to determine the critical tem-
perature. Other coefficients in the expression for ¢y
are defined as

e = BW (0D [z +2RO) 5. W (0)as(u) /7],
(28)
c12 = =W (0)D ™ [z +3R) BW (0)as (u") /2]

For the coefficients ¢9; (I = 0, 1,2), we find

c20 = D7 —u = ROVAF(1+g) +

+ RV as 80 (0) + aa (B (0))7,

a1 = =D ROV a5V (0)+2a4 (8. (0))],
c22 = DL RIOVuFa2 5. (0)+3a4(B.W(0))*]

(29)

Let us now proceed to the calculation of the criti-
cal temperature and the estimation of the size of the
critical region.

4. Critical Temperature
and Critical Region Size

There is a temperature T' = T, at which

e (T,) = 0. (30)

When M = 0 and T = T, all three quantities w,,
Ty, and u, from Egs. (23) go to their fixed values at
n — oo. With regard for the expression for ¢; [see
Egs. (24)], we can rewrite Eq. (30) for the critical
temperature T, in the following form:

1 —az8:W(0) —r* — R(as(B.W(0))* — u*) = 0. (31)

Since r* = —q, we obtain the equation

1+q+ROVur —&QBCW(O)*R(O)%(&W(O))Z =0,

(32)

where 3. = 1/(kT.), and the value of R is given in
Egs. (26). This equation allows us to find the critical
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temperature in the fluid model as a function of the mi-
croscopic parameters of the interaction potential and
the coordinates of the fixed point of RR. The calcula-
tions in this paper are performed for the parameters
of the Morse interaction potential taken from [17,18],
which correspond to the data for sodium and potas-
sium [14]. We have Ry/a = 2.9544 for sodium (Na)
and Ro/a = 3.0564 for potassium (K).

The quantities included in Eq. (32) and the critical
temperatures obtained for liquid metals (Na and K)
from this equation are given in Table 1. Numerical
values of the critical temperature represented in the
form of reduced dimensionless units are obtained in
different ways: from our present researches on the ba-
sis of the cell fluid model (see kT./D in Table 1), from
Monte Carlo simulation results for the continuous sys-
tem with the Morse potential in the grand canonical
ensemble (see kT,./D [14]), and from experiment (see
kT./D [28]).

As can be seen from Table 1, our estimates of the
critical temperature for Na and K agree better with
the experimental data [28] than the numerical results
[14] obtained by Monte Carlo simulations.

The renormalization group symmetry that occurs
in the system indicates a change in the temperature
behavior of the thermodynamic functions, when the
temperature approaches T.. The absence of the re-
gion of the critical regime means that the system
will be described by a Gaussian regime of fluctua-
tions, which leads to the classical values of critical
exponents. From the point of view of the theoret-
ical description of the phase transition at the mi-
croscopic level, the critical exponents are completely
determined by the critical regime region. The tran-
sition of the classical critical exponents (the region
of Gaussian fluctuations of the order parameter) to
non-classical ones is determined by the quantity 7*
and takes place, only if there is the critical regime of
fluctuations. This quantity determines the size of the
critical region.

The size of the critical region is an important
element of each theoretical scheme describing the
phase transition. The Ginzburg criterion for deter-
mining the size of the critical region of temperatures
is well known (see, for example, [29,30] and references
cited herein). In this paper, an alternative option is
described.

Let us estimate the order of magnitude of 7*. The
solutions of the renormalization group type (23) cor-

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 9

Table 1. The quantities appearing

in Eq. (32) for the critical temperature and the values
of the dimensionless critical temperature for liquid
alkali metals (Na and K). The constant D

is the energy parameter for the Morse

potential (D = 0.9241 x 10~!3 ergs for Na

and D = 0.8530 x 10~ 13 ergs for K [14])

kT./D|kT./D

Metal| ¢ | w* | a2 | aa |W(0)/D|kTc/D

[14] (28]
Na |1.236|3.626|0.324|0.038| 17.769 | 4.028 | 5.874 | 3.713
K ]0.880(1.839|0.313|0.039| 16.072 | 3.304 | 5.050 | 3.690

Table 2. The coefficients c11, c20, and c21
appearing in Egs. (35) and (36) and the values
of the relative temperatures 77, 75,

and 7* obtained for Na and K

Metal c11 C20 €21 T 73 ™
Na 0.942 | —2.894 | —1.755 | 0.039 | —0.352 | 0.04
K 0.735 | —0.910 | —2.020 | 0.023 | —0.162 | 0.02

respond to the region of the critical regime. In these
solutions, the terms proportional to EF describe the
entry to the critical regime, and the terms pro-
portional to EJ describe the exit from the critical
regime. The condition for the critical regime existence
is that the exit from the critical regime for n — 1
should not prevail over the entry to this regime. Using
solutions (23) and this condition, we can determine
the temperature range 7 < 7% in which the critical
regime occurs. The temperature 7° will be equal to
the magnitude (the absolute value) of the smallest
root (71 or 75) of the two equations

c1(71)Ea = co(17 ) RE3,
Cl(Tg)R]_EQ = Cg(TQ*)E‘g.

(33)

Equations (33) accurate to within 7* assume the
following form:

RO
0117'1*E2 = (620 —+ Clef)i\/u—*Eg,

(34)
c1172*R§0)\/17E2 = (e20 + e2173) .

The first and second equations (34) have the solutions

. €20 %E%
T = RO (35)
ciliy —co1 B
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and
c20 L3

011R§0)\/1FE2 - 021E37
respectively. The quantities R(©), R§°), FE5, and Ej3
are presented in Egs. (25) and (26). The values of the
fixed point coordinate u* for Na and K are given in
Table 1. Table 2 contains numerical estimates for ¢11,
c20, and co1, as well as for 71, 75, and 7*. Thus, we
obtain 7* = 71 &~ 0.04 (in the case of liquid sodium)
and 7* = 7 & 0.02 (in the case of potassium).

*
To =

(36)

5. Conclusions

A calculation technique for estimating the critical
temperature and the size of the critical region for a
fluid system is elaborated within the cell fluid model
framework. For this purpose, we use expressions (23)
for solutions of recurrence relations between the coef-
ficients of the effective measure densities. Solutions
(23) have the general form of the renormalization
group solutions obtained by Wilson (see, for exam-
ple, [31]) and differ from them by explicit expressions
for ¢; and cs.

In this paper, the calculations are performed for the
Morse potential parameters characterizing real sub-
stances (sodium and potassium metals).

The equation for the critical temperature is ob-
tained. The critical temperature is calculated and not
introduced into the Hamiltonian of the system phe-
nomenologically, as is done in the field theory ap-
proach or in the Landau theory. In the Landau the-
ory, the quantity T'— T, is included in the coefficient
of the second power of the order parameter.

Our values of the critical temperature for liquid al-
kali metals (Na and K) agree more closely with the
experimental data [28] than the Monte Carlo simula-
tion results from [14].

Expression (35) makes it possible to find the value
of the temperature 7* at which the coordinate of the
point of entry to the critical regime coincides with the
coordinate of the point of exit from it. This means
that there is no region of the critical regime for the
temperature range 7 > 7%, but such a region exists
for the temperature range 7 < 7*. The value of the
temperature 7* determining the critical region size
is of the order of a few hundredths (7* = 0.04 in
the case of liquid sodium and 7* = 0.02 for potas-
sium). The region of interest for most applications
of supercritical fluids covers this temperature value
(usually 1 < T/T,. < 1.1 (or 0 < 7 < 0.1) [32]).
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1.B. Muarox, M.I1. Kosaoscorut, O.A. Hobyw

AHAJIITUYHUN PO3PAXYHOK KPUTUYHOTL
TEMIIEPATYPU TA OITHKA BEJIMYNHU KPUTUYHOT

OBJIACTI OJId MOAEJII ITJIMHY

Pozpobiieno anasiTuyHy NIpolEeaypy PO3paxyHKY KPUTHYHOL
TEeMIIEpaTyPH Ta OIiHKU PO3Mipy KPUTHUYHOI 00JIacTi i KO-
MipkoBol Mozeni mamHy. Hami umciioBi po3paxyHKH HpOLTIO-
CTPOBaHO Ha IPUKJIAA] apamMeTpis norenniaay Mopse, mo xa-
PaKTepU3yIOTh JIy?KHI MeTasn (HaTpiit i kasiit). Kpuruasi rem-
rneparypu, 3HaiAeH] 115 PIIKUX HATPIIO Ta KAJIIIo K PO3B’S3KU
OTPHMAHOTO KBa/IpDATHOT'O DIiBHSIHHS, Y3TOJKYIOTbCH 3 €KCIle-
PUMEHTAJBHUMY JaHUMU. BUXOAs9n 3 yMOBU iCHYBaHHS KpH-
TUYHOT'O PEXKUMY, OJIEPKaHO BUPAa3 JJjIs BiJTHOCHOI TeMIIEpaTy-
pH, IO BH3HAYAE BEJMYHUHY KPUTHIHOI ObsacTi. Y BHIagKax
HaTpilo i KauIiio 3HavYeHHs IIi€]l TeMIepaTypy CTAHOBUTDH KiJIbKa
COTHX.

Ka104wo061i ¢a06a: KOMIpKOBA MO/JIEJIb IJIMHY, TOTEHIIIaJl B3a-~
emozil Mop3e, BelnKa CTaTHUCTUYHA CyMa, PEKYPEHTHI CIIiBBi-
HOIIIEHHS, KDUTUYHA TeMIIeparTypa, KpUTUIHA 00J1acTh.
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