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PLASMONIC PHENOMENA IN BICONICAL
AND BIPYRAMIDAL METAL NANOPARTICLES

The optical characteristics of metal nanoparticles with biconical and bipyramidal shapes have
been studied in the framework of the equivalent spheroid approach. The frequency dependences
of the diagonal components of the polarizability tensor, the absorption and scattering cross-
sections, and the frequencies of the longitudinal and transverse surface plasmon resonances
are calculated for the particles with the indicated shapes. It is found that the position of the
surface plasmon resonance significantly depends on the aspect ratio, if plasmon oscillations
occur along the larger nanoparticle size, and it does not depend on the aspect ratio for plasmon
oscillations along the smaller size. It is shown that the position and height of the maxima of
the absorption cross-section depend not only on the aspect ratio, but also on the particle cross-
section shape (a circle or a pentagon). In turn, a change in the nanoparticle material only
shifts the spectrum curves, preserving the relative positions and magnitudes of the mazxima of
the absorption cross-sections.
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1. Introduction

Plasmonic effects in the optical response of metal
nanostructures have been widely studied experimen-
tally and theoretically during the past several deca-
des. This interest was stimulated by wide possibilities
that those effects open for manipulating the optical
properties of nanoparticles by changing their shape,
size, structure, and composition [1-8]. This possibil-
ity arises due to the dependence of the frequencies
of the localized surface plasmon resonance (SPR) on
the nanoparticle morphology and the properties of
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the surrounding medium. Therefore, the SPR param-
eters can be adapted to specific applications [9]. This
fact favored the development of new methods for syn-
thesizing nano-objects of various shapes such as rods,
bipyramids, bicones, dodecahedrons, triangles, cubes,
and stars [10-16].

In contrast to spherical particles, prolate objects
such as metal rods, due to their anisotropy, have
two SPR peaks. However, along with attractive plas-
monic properties, they also have some substantial
drawbacks. In particular, flat ends of metal nanorods
restrict the amplification of the local electric field by
the nanorods, which weakens the signals of surface-
enhanced Raman spectroscopy (SERS) [17]. Further-
more, metal nanorods obtained in nanoparticle en-
sembles under real conditions usually differ in their
size and shape, which leads to a strong broadening of
plasmon peaks. Therefore, an active search is contin-
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Fig. 1. Possible shapes of nanoparticles: prolate (h > 2r)
bicone and bipyramid (a), oblate (h < 2r) bicone and bipyra-
mid (b)

ued for such nanostructures that, together with pre-
serving the useful plasmonic characteristics of metal
rods, would be able to create a larger local field ampli-
fication, with their shape and dimensions being sim-
ilar at that.

Examples of such nanostructures are metal bicones
and bipyramids. A considerable surface-enhanced Ra-
man scattering effect [18], a high sensitivity to the
dielectric constant variation [19], the photothermal
effect, and the photothermal stability are associated
with the unique structure of bicones and bipyramids
[20]. For instance, practically monodisperse metal bi-
cones were obtained using the seeded growth method
[21, 22]. In work [23], the possibility of detecting the
biotin-streptavidin interaction in an active plasmonic
nanoplatform using the LSPR and SERS methods
was proved. The substantial amplification of the elec-
tric field at the tips of bicones (bipyramids) is also
applied to monitor the enzyme-reagent interactions
and conformational changes [24, 25]. Despite consid-
erable efforts aimed at researching the properties of
gold nanobicones and nanobipyramids [20, 23, 26-31],
as well as their great importance for the biological
monitoring, molecular imaging, tumor treatment, and
other applications [27, 28, 31, 32], the issue of plas-
monic properties of such nanoparticles remains poorly
studied.

Therefore, the task of researching the optical phe-
nomena in metal nanostructures with the biconical
and bipyramidal shapes is challenging.
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2. Theoretical Model
2.1. General relationships

Consider biconical and bipyramidal metal nanoparti-
cles located in a medium with the dielectric constant
em (Fig. 1). Assume that the base of the bipyramid
is a regular pentagon.

To study plasmonic phenomena in biconical and
bipyramidal metal nanoparticles, let us apply the
“equivalent-spheroid” approach, which was used in
work [33] for rod-like nanoobjects. A basis for this
approach to be applied consists in that the calcula-
tion results concerning the dependence of the longi-
tudinal SPR frequency on the aspect ratio, i.e., the
ratio between the transverse and longitudinal dimen-
sions, obtained in the framework of this approach for
metal cylinders agree quite well with the experimental
ones. Therefore, to describe the plasmonic properties
of bicones and bipyramids, we may use expressions for
the diagonal components of the polarizability tensor
of spheroids,
et (W) — e

€m + CJ_(”) [El(”) (w) — Gm}

: (1)

aiw) =V
where V is the volume of the equivalent spheroid, w
is the frequency of incident light, £ () are the depo-
larization factors of the spheroid, and the expressions

for the diagonal components of the dielectric tensor
of the particle material in the Drude model look like

w2
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In formulas (2), € is the contribution of the crystal
lattice to the dielectric function, w, is the plasma
frequency, and the effective relaxation rate 'yjﬁ(u) is

determined by the additive contributions of the rates

of the bulk, Yhuik, and surface, ’ySJ'(H)

the radiative attenuation, fyrté”), as follows:
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If the bulk relaxation rate ~ypyuy is constant, then

v (D and 'yj;u(i”) are determined by the formulas [33]
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where ¢y is the electric constant, ¢ is the speed of
light, and o () are the diagonal components of the
conductivity tensor of the spheroid.

Note that two fundamentally different situations
are possible for nanoparticles with the examined
shapes: (i) h > 2r, where 7 is the radius of the bicone
base or the reduced radius of the bipyramid base, and
h is the bicone or bipyramid height (Fig. 1, a), and
(ii) h < 2r (Fig. 1, b). An equivalent spheroid is pro-
late in the former case, and oblate in the latter one.

The reduced radius of the bipyramid base can be
found from the condition that the base areas of the
bipyramid and the bicone are identical,

Shic = Sbip, (6)
whence )
5r T
Shic = 7T7’2, Sbip = %*icotg, (7)
where
Fred = 7| — T~ 1.35r (8)
red — 5 cot % ~ 1. .

In what follows, the expressions for the depolariza-
tion factors and the diagonal components of the con-
ductivity tensor will be given separately for each case.

2.2. Bicone and bipyramid
with h > 2r. Equivalent prolate spheroid

The formulas for the depolarization factors £y and
the diagonal components of the conductivity tensor
o1 (| of a prolate spheroid were obtained in work [33]:

£||: ngf 1 1n1+\/1_ggff_1 (9)
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In formula (11), v, 1 = vp/2r is the frequency of

transverse oscillations (vr is the Fermi velocity), gos
is the effective aspect ratio, and the size-dependent
functions .7 () (0est) are determined by the expres-
sions

T (oet) = (1 — Qgﬁ‘)_% X
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2.3. Bicone and bipyramid
with h < 2r. Equivalent oblate spheroid

The depolarization factors of an oblate spheroid are
determined by the formulas [34]

2
Q¢ / /
L= 7(92 ffl)g/g ( 02— 1 — arctgy /0% — 1), (14)
eff

1
L = 3 (1 - ‘CH)’ (15)
The form of the corresponding expressions for
o1 (| (w) coincides with that of expressions (11), but
with other formulas for the size-dependent functions

F 1)) (oetr) [34]:
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Hence, the formulas for the surface relaxation and
radiative attenuation rates have the following forms
that are identical in both cases:
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2.4. Effective aspect ratio

The effective aspect ratio is determined from the
equality of the ratios between the corresponding axial
moments of inertia for the bicones (bipyramids) and
the equivalent prolate (oblate) spheroids.

The axial moments of inertia for bicones (bipyra-
mids) are determined by the expressions

3 1 1 /3
L=2m (=% + —h%) = =m (202 + 2
m(QOT —|—1Oh> 5m<2r +h7,

20
5 (20)
I, = —mr-.
5
Whence we obtain
I, 1 1
—==-4 — 21
7. =313 (21)
where
r
= — 22
e=7 (22)

is the aspect ratio for the bicones (bipyramids) in
both examined cases.
For the equivalent prolate spheroids,

1 2
Iy =-m(a®+b*), I = gmbz, (23)

5

where a and b are the major and minor semiaxes,
respectively. Therefore,

I 1 1
=4 — 24
I, 2 + 20%" (24)
where
b
off = — 25
ot = — (25)
is the effective aspect ratio.
For the equivalent oblate spheroids,
1 2
I, = Fm (a®* +0?), I, = 5ma2. (26)
Since now the effective aspect ratio equals
a
QCH = 67 (27)

then the expression for I,/I, coincides with for-
mula (24).

Equating formulas (21) and (24), we obtain the fol-
lowing relation between the aspect and effective as-
pect ratios:

3

Qeff = 50

5 (28)
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3. Calculation Results
and Their Discussion

The frequency dependences of the diagonal compo-
nents of the polarizability tensor, as well as the ab-
sorption and scattering cross-sections, were calcu-
lated for the bicones and bipyramids with various
sizes and compositions. The parameters of the metals
are quoted in Table 1.

In Fig. 2, the frequency dependences of the real
and imaginary parts and the absolute values of the
longitudinal and transverse components of the polar-
izability tensor calculated for the bicones and bipyra-
mids with A > 2r are shown. It should be noted
that the results of calculations of Re o, Im « , and
|o) | for the bicones and bipyramids are slightly dif-
ferent, whereas the maxima of Im « (i.e., for the

transverse SPR) are reached at the same frequencies,

1lbec _ , ,Lbp
Wap ¢ = wgp P

At the same time, the frequency of the longitudi-
nal SPR for the bipyramids is higher than that for
the bicones. The maxima of Re o (fw) and |a) (hw)]
have the same relative positions.

In the case of bicones and bipyramids with h <
< 2r (Fig. 3), the situation is opposite: the re-

sults for Re o), Im q), and |o)| practically coin-

. b b .
cide, w!pc = wﬂpp, whereas the frequencies of the

transverse SPR are different (for the bicones, they
are higher than for the bipyramids). In addition, if
max{Im aﬁ’c} < max{Im aﬁp}, then max{Im af°} <
< max{Im a?_p}.

The results of calculations obtained for the fre-
quency dependences of the absorption, Cyy,s, and scat-
tering, Cyca, cross-sections of the bicones and bipyra-
mids with A > 2r and h < 2r are shown in Figs. 4
and 5, respectively.

Each of those dependences has two maxima cor-
responding to the longitudinal and transverse SPRs,
except for the case of Cyen(hw) for the bicones and

Table 1. Parameters of metals
(see, e.g., [34, 35] and references therein)

Parameter Al Cu Au Ag Pt Pd

rs/ao 2.07 2.11 3.01 3.02 | 3.27 | 4.00
m*/me 1.06 1.49 0.99 0.96 | 0.54 | 0.37
€ 0.7 12.03 9.84 3.7 4.42 | 2.52
Thbulk s fs 8 27 29 40 9.5 7.2
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Re a, 10° nm®
[

Imo, nm

|, nm®

1 2 3 4 5
ho, eV
Fig. 2. Frequency dependences of the real (a) and imaginary
(b) parts and the absolute value (c) of the longitudinal and
transverse components of the polarizability of the prolate (r =
=10 nm, h = 60 nm) biconical and bipyramidal gold particles

bipyramids with h < 2r. The latter occurs, because
the second maximum of C;é‘;(bp) disappears at the

given value of the aspect ratio. Note that such pa-
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Fig. 3. Frequency dependences of the real (a) and imaginary
(b) parts and the absolute value (¢) of the longitudinal and
transverse components of the polarizability of the oblate (r =
= 60 nm, h = 10 nm) biconical and bipyramidal gold particles

rameters of maX{C;)tfs(bp), C’:i;(bp)} as the position and

the relative magnitude behave themselves similarly to

max{Im aﬁc(bp), Im aﬁc(bp)}.
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2 3
ho, eV

2 3
ho, eV

Fig. 4. Frequency dependences of the absorption (a) and
scattering (b) cross-sections for the prolate (r = 10 nm, h =
60 nm) biconical (curves 1) and bipyramidal (curves 2) gold

Fig. 5. Frequency dependences of the absorption (a) and
scattering (b) cross-sections for the oblate (r = 60 nm, h =
= 10 nm) biconical (curves 1) and bipyramidal (curves 2) gold

particles

Table 2. Calculated SER
frequencies for a prolate bicone

particles

Table 3. Calculated SER
frequencies for an oblate bicone

Au Cu Au Cu
4 4
wj-p, eV wﬂp, eV wjp, eV wlslp, eV wﬁ;,, eV wlslp, eV wj;,, eV wgp, eV
0.05 2.598 0.570 3.322 0.788 1.05 1.856 2.766 2.467 3.501
0.10 2.589 0.951 3.312 1.305 1.10 2.165 2.640 2.835 3.367
0.15 2.578 1.235 3.300 1.682 1.15 2.288 2.533 2.977 3.251
0.20 2.565 1.455 3.286 1.966 1.20 2.348 2.454 3.045 3.164
0.25 2.551 1.628 3.271 2.185 1.25 2.378 2.403 3.079 3.107
0.30 2.537 1.767 3.256 2.358 1.30 2.391 2.376 3.094 3.076
0.35 2.523 1.881 3.240 2.497 1.35 2.396 2.367 3.099 3.066
0.40 2.508 1.975 3.224 2.611 1.40 2.394 2.370 3.097 3.070
0.45 2.493 2.054 3.207 2.705 1.45 2.389 2.382 3.091 3.083
0.50 2.478 2.122 3.191 2.785 1.50 2.381 2.398 3.082 3.101
0.55 2.463 2.180 3.175 2.852 1.55 2.371 2.416 3.071 3.121
0.60 2.449 2.230 3.158 2.910 1.60 2.360 2.435 3.058 3.142
0.65 2.434 2.274 3.142 2.961 1.65 2.348 2.454 3.045 3.164
0.70 2.420 2.313 3.126 3.005 1.70 2.336 2.472 3.031 3.184
0.75 2.406 2.347 3.110 3.044 1.75 2.323 2.490 3.017 3.204
0.80 2.391 2.377 3.094 3.078 1.80 2.311 2.507 3.003 3.222
700 ISSN 2071-0194. Ukr. J. Phys. 2028. Vol. 68, No. 10
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2 3
ho, eV

Fig. 6. Frequency dependences of the absorption cross-sec-
tions for the biconical (@) and bipyramidal (b) gold particles:
r =10 nm, h = 60 nm (1); » = 10 nm, h = 100 nm (2);
r = 10 nm, h = 200 nm (3); » = 20 nm, h = 100 nm (4);
r =50 nm, h = 100 nm (5)

Figures 6 and 7 demonstrate the frequency depen-
dences of the absorption cross-sections for the bicones
and bipyramids with various aspect ratios. Note that,
in the case of particles with h > 2r (Fig. 6), the dis-
tance between the maxima decreases as the aspect
ratio increases, and, for each aspect ratio value, the
distance between the maxima is always smaller for
the bipyramidal nanoparticles. In the case of particles
with h < 2r (Fig. 7), the distance between the max-
ima of the absorption cross-sections is smaller than
in the case h > 2r, the magnitude of the second max-
imum is substantially smaller than the magnitude of
the first maximum, and, as the aspect ratio increases,
the magnitude of the second maximum decreases un-
til it disappears completely.

The described behavior of the maxima in the ab-
sorption cross-sections of the bicones with h > 2r and
h < 2r is confirmed by the calculations of the frequen-

cies of the transverse and longitudinal SPRs (Tables 2

and 3). In particular, the inequality w!p < wﬁ;, al-

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 10

2 3
ho, eV

Fig. 7. Frequency dependences of the absorption cross-sec-
tions for the biconical (a) and bipyramidal (b) gold particles:
r =60 nm, h = 10 nm (1); » = 60 nm (2), h = 20 nm;
r = 60 nm, h = 50 nm (3); » = 100 nm, h = 20 nm (4);
r =200 nm, h =20 nm (5)

ways holds for the nanoparticles with h > 2r, and
the inverse inequality w‘slp > wslp always holds for the
nanoparticles with h < 2r. It should also be noted
that, as the effective aspect ratio of the particles with
h > 2r increases, the maxima in the absorption cross-
section “attract” each other (i.e., the frequency split-
ting value Aw,, = w3, —wﬂp diminishes). At the same
time, for the particles with h < 2r; the opposite ef-
fect takes place: as the effective aspect ratio increases,
those maxima “repulse” each other, and the frequency
splitting value Aw,p = w!p — wﬁp increases. This oc-
curs, because if gog decreases in the case h > 2r or
increases in the case h < 2r, the shape of the equiva-
lent spheroid more and more deviates from the sphe-
rical one.

The frequency dependences of the absorption cross-
sections of the bicones and bipyramids made of var-
ious metals are shown in Figs. 8 and 9. Note that,
for the nanoparticles with h > 2r the maxima of the
absorption cross-sections corresponding to the longi-
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1 2 4 5

o, eV3
Fig. 8. Frequency dependences of absorption cross-sections
for the prolate (r = 10 nm, A = 100 nm) biconical (a) and
bipyramidal (b) particles of various metals

1 4 5

2 3

ho, eV
Fig. 9. Frequency dependences of absorption cross sections
for the oblate (r = 60 nm, h = 20 nm) biconical (a) and
bipyramidal (b) particles of various metals
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tudinal SPR in the bipyramids are reached at higher
frequencies than in the case of bicones, whereas their
transverse SPR frequencies are identical. In the case
of the bicones and bipyramids with A < 27, the sit-
uation is opposite: the longitudinal SPR frequencies
for the bicones and bipyramids coincide, whereas the
transverse SPR frequencies for the bicones are higher
than for the bipyramids. The Caps (fiw) curves for dif-
ferent metals are shifted with respect to one another,
because the bulk plasmon frequencies in them are dif-
ferent, and, as a result, the frequencies of the longi-
tudinal and transverse SPRs are also different.

4. Conclusions

To summarize, the size and frequency dependences of
the diagonal components of the polarizability tensor
and the absorption and scattering cross-sections of
nano-sized bicones and bipyramids have been calcu-
lated. The results of calculations of the frequency de-
pendences of the diagonal polarizability components
of the bicones and bipyramids, when their heights are
larger than their diameters (reduced diameters), tes-
tify that the real and imaginary parts and the abso-
lute value of the transverse component of the polariz-
ability tensor of the bicones and bipyramids are prac-
tically identical, and the transverse surface plasmon
resonance is excited at the same frequencies. In turn,
the frequency of the longitudinal SPR for the bipyra-
mids in this case is higher than for the bicones. In the
case of the bicones and bipyramids, whose height is
smaller than the diameter, the frequency dependences
of the real and imaginary parts and the absolute value
of the longitudinal component of the polarizability
tensor for the particles of both forms are practically
identical, whereas the transverse SPR frequencies are
different, being higher for the bicones.

The frequency dependences of absorption and scat-
tering cross-sections for the particles with the stud-
ied shapes and any ratio between their height and
diameter are found to have two maxima each, except
for the scattering cross-section for the bicones and
bipyramids with the height smaller than the diameter
for some values of the aspect ratio, when the second
maximum disappears

It is shown that if the bicone (bipyramid) height
exceeds the diameter, the distance between the max-
ima decreases, as the aspect ratio increases, with the
distance between the maxima for the biconical parti-

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 10
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cles being always larger than for the bipyramidal ones
at any aspect ratio. At the same time, in contrast to
the previous case, for the particles of all examined
forms with the height smaller than the diameter, the
distance between the maxima in the absorption cross-
section is larger, and the magnitude of the second
maximum is substantially smaller than that of the
first maximum and, as the aspect ratio grows, de-
creases until its complete disappearance.

It is proved that the positions of the maxima in
the absorption cross-sections correspond to the calcu-
lated values of the transverse and longitudinal SPR
frequencies. The more the shape of the equivalent
spheroid differs from the spherical one, the larger the
difference between those frequencies.

All specific features in the frequency dependences
of the absorption cross-sections for the biconical and
bipyramidal gold nanoparticles are found to survive
in the corresponding dependences for the nanoparti-
cles of other metals. The only difference consists in
a relevant shift of the spectrum because of different
bulk plasmon frequencies.
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A.B. Kopomymn

IIJTASBMOHHI $IBUIITA
VY BIKOHIYHUX I BITITPAMIJAJIBHUX
METAJIEBUX HAHOYACTUHKAX

B pobGoti B pamkax mizxo/y ekBiBasieHTHOro cdepoima mociii-
JPKYIOTBCSl ONTUYHI XapaKTEPUCTUKHM MeTaJIeBUX HAaHOYACTH-
HOK Gikoniunol Ta Gimipamizansuol dopm. IIposeneno pospa-
XYHKH YaCTOTHHUX 3aJIE?KHOCTE JiaroHajJIbHUX KOMIIOHEHT TeH-
30pa MOJIAPU30BHOCTI, epepi3iB MOrIMHAHHS Ta PO3CIIOBAHHS
i 94acTOT HO3/0BXKHBOI'O Ta IIOIIEPEYHOrO ITOBEPXHEBOT'O IIjIa-
3MOHHOI'O PE€30HaHCY 9aCTHUHOK BKa3aHUX (bOpl\I. ]SCTaHOB.J'IeHO7
110 IIOJIO?KEHHHA ITIOBEPXHEBOI'O IIJIA3MOHHOT'O PE30OHAHCY CyTTEBO
3aJIE2KUTh BiJ] aCIIEKTHOT'O BiTHOIIEHHS, KOJIU IJIA3MOHHI KOJIH-
BaHHS BiIOyBaIOTHCS B3JOB2K O1IBIIOr0 PO3MIpY HAHOYACTHHKH
i He 3aJIe?KUTh BiJ[ aCIIEKTHOIO BiJHOIIEHHS JUISI IJIA3MOHHUX
KOJIMBaHb B3J0B2K MeHIIIoro po3mipy. Ilokazano, 1o moJsioxxen-
Hs ¥ aMILITyZla MAKCUMYMiB Iepepidy MOIVIMHAHHS 3aJIeXKaTh
He JIMIIE Bij| aCIIeKTHOIrO BiJIHOIIEHHs, a i Bij dpopMu morepe-
YHOrO mepepidy wactuakm (Koo abo N'ATHKYTHHK). B cBoo
4epry, 3MiHa MaTepiajly HAHOYACTHMHOK Ma€ HACJIiJIKOM JIMIIe
3CyB CIEKTPAJIbHAX KPUBUX 31 30€pEKEHHIM BiTHOCHUX II0JIO-
JKEHb 1 BEJIMYMH MAKCHUMYMIB IIepepi3iB IOrJIMHAHHS.

Katrwoei cao6a: MeTageBa HAHOIACTUHKA, OiKOHyC, Oimipa-
MiJia, NJIa3MOHHUI PE3OHAHC, MOJISIPH30BHICTD, €KBIBaJIEHTHUIA
cdepoin, acleKTHE BiJHOIIEHHSI.
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