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SPECIFIC FEATURES OF SURFACE RESEARCH
OF ZnO–SiO2 FILMS BY MULTIFRACTAL ANALYSIS

On the example of the multifractal (MF) analysis of the images obtained for the surfaces of
nanofilms synthesized in the ZnO–SiO2 system using the sol-gel technology, the specific fea-
tures of this method relevant for measuring the quantitative surface characteristics have been
discussed. As the input information for the implementation of this approach to the description
of the surface state, Secondary-Electron Microscopy (SEM) images of the surfaces of speci-
mens synthesized under given conditions are used. Numerical calculations of the generalized
partition functions for the area and volume of spatial nanoforms show the linear dependences
of those nano-geometric parameters of the surface on spatial dimensions, which is the main
proof of their self-similarity and fractal symmetry. The necessity to enhance the reliability of
determining the parameters of MF spectra is emphasized, and the factors responsible for the
accuracy of the calculated absolute values of the Rényi numbers are analyzed. Recommenda-
tions have been made to minimize errors in order to obtain the most reliable data for the MF
surface parameters. The dependences of the Rényi numbers on the temperature of the sol-gel
synthesis of ZnO–SiO2 layers are presented. For the further implementation of the multifrac-
tal analysis (MFA) results in physical calculations, the attention is attracted to the necessity
of a correct choice of those Rényi numbers that include the required information about the
simulated fractal parameter. The physical origins for the appearance of a relation between, on
the one hand, the parameters of MF spectra for the surface area and the volume of nanoforms
formed on the film surface and, on the other hand, the conditions of their synthesis have been
discussed.
K e yw o r d s: nanorelief, multifractal analysis, determination errors of Rényi numbers, sol-gel
technology, nanolayer surface.

1. Introduction
The monitoring of the state and the control over the
parameters of nanoforms that were formed on a film
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surface during the synthesis process and, to a great
extent, determine the main operational characteris-
tics of optoelectronic devices comprise an important
technical and scientific task. This is especially rele-
vant, if the characteristic dimensions of the active
zones in a future device become comparable with
the characteristic dimensions of such a surface re-
lief. Therefore, the further development and improve-
ment of methods applied to experimentally research
and mathematically describe such surfaces in the
framework of small spatial scales has an important
and challenging theoretical and practical value. One
of the directions aimed at solving the problem of the
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mathematical description of the material surface state
is connected with the application of fractal analysis
(FA). The main advantage of such a non-trivial ap-
proach to the development of a mathematical descrip-
tion of the surface is its strict physical justification,
which is based on the principles of self-similarity and
fractal symmetry types.

We have accumulated a considerable experience in
the experimental and theoretical studies of the sur-
face layers of materials that were formed in a natu-
ral way during the film synthesis [1, 2], as well as in
the studies of the fractal structure of a periodic re-
lief created after the application of cyclic methods of
metal processing [3, 4]. In the cited works, on the ba-
sis of the developed software, the multifractal (MF)
spectra of the surface relief of the specimens were
obtained, and their quantitative fractal parametriza-
tion was carried out. Those quantitative results were
intended to assess the possibility of controlling the
relief parameters by adjusting the surface fabrication
conditions.

To control the state of the surface according to its
MF parameters, it is enough, in principle, to know
the main tendencies in its change depending on the
technological conditions of the surface formation. In
this case, the absolute value of those parameters is
not extremely critical. Indeed, knowing such correla-
tional dependences in the variations of the MF sur-
face spectra, it is not difficult to perform such a cor-
rection of the technology. However, there are a num-
ber of fundamentally important physical characteris-
tics of the surface whose values are strictly related
to the absolute values of the fractal surface param-
eters. An example of such a parameter is the sur-
face energy. For a fractal surface, its value depends
on the absolute value of the surface Hausdorff di-
mension. The problems that arise when finding the
absolute values of the fractal characteristics of physi-
cal systems are also pointed out in the main works
concerning the multifractal analysis (MFA) appli-
cations [5–8].

The problem of high-precision determination of the
values for the MF parameters automatically implies
the necessity to discuss issues related to the spe-
cific features of corresponding experimental proce-
dures and numerical (computational) algorithms. In
essence, this means the necessity to discuss errors that
arise at every stage when determining fractal charac-
teristics. Naturally, it must be considered in close re-

lation with the physical and technical factors respon-
sible for the appearance of those errors. The experi-
ence gained by the authors in performing the MFA at
the full scope – from synthesizing semiconductor lay-
ers under given technological conditions, through ob-
taining high-quality photographic images of the sur-
face, to calculating the MFA spectra for the selected
geometric surface parameters [1, 2] – allows such a
generalization to be made.

Nowadays, an ultrathin layer of zinc oxide is being
considered more and more frequently as a transpar-
ent electrode in modern IR photoelectronic and solar
energy optoelectronic devices. Zinc oxide is a wide-
bandgap semiconductor (𝐸𝑔 = 3.32 eV), which allows
it to remain a transparent material in the visible and
infrared intervals of electromagnetic wavelengths. De-
spite the substantial band-gap value, which is more
typical of insulators, this material has a relatively low
specific electrical resistance, which varies within an
interval of 10−2–10−4 Ω cm depending on the film
defect state. The latter fact means that the material
can be used as a conducting and optically transparent
electrode.

An important parameter of the ultrathin layer is
the surface morphology, which is determined by the
surface relief of the layer. Therefore, the study of
these parameters of the layers at the nanolevel is a
primary task on the way to their further application
in devices. In other words, the stated arguments make
it possible to consider the MFA of the surface of ultra-
thin ZnO films as an important fragment of research
concerning the technological process of formation of
active device media for hetero-compositions on the
basis of semiconductor solid solutions A2B6 [2].

Thus, the aim of this work was to use the fractal
parametrization of the surface of ZnO films that were
deposited by the sol-gel method in various modes,
as an example to reveal the physical origins of the
determination errors for the absolute values of the
MF parameters and minimize those errors. In essence,
this means the search for the main realization features
of the MFA of the surface of the layers that are formed
in a natural way at their synthesis.

The achievement of the indicated goal involves the
solution of the following basic technical and mathe-
matical tasks, which were the components of the con-
ducted research:

∙ to analyze the technical limitations and the
sources of errors that arise when obtaining images of
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the film surface after the film synthesis; to estimate
the magnitude of those errors;

∙ to consider the specific application features of the
available software for processing the photographic im-
ages of the surface of semiconductor layers used when
obtaining data on the MF spectra from various ge-
ometric parameters of nanoforms that were formed
during the material synthesis process;

∙ to develop recommendations for minimizing the
errors when calculating the MF parameters of the
specimen surface.

Those tasks were solved using, as an example, the
processing of photographic SEM images of the surface
of sol-gel synthesized ZnO nanolayers.

2. Peculiarities of the Layer
Synthesis and SEM Measurements

The process of producing ZnO–SiO2 films, which was
applied in this work, corresponds, in general, to a
typical process of semiconductor layer deposition per-
formed in the framework of the sol-gel technology
[1, 2]. The following chemical reagents were used to
form the layers: tetraethoxysilane Si(OC2H5)4, ethyl
alcohol (it was applied as a catalyst), hydrochloric
acid (as a precursor), and crystalline hydrate of zinc
nitrate Zn(NO3)2 · 6H2O.

The films were fabricated in several technological
stages. First, the reaction of tetraethoxysilane ether
hydrolysis was carried out at room temperature and
in the presence of ethyl alcohol and hydrochloric acid
with the addition of distilled water. The process of
chemical interaction was accompanied by a vigorous
stirring of the solution for 1 h. The resulting synthe-
sized orthosilicic acid formed the main chain of the
sol polymer molecule possessing film-forming proper-
ties [1, 2]. At the same stage, a calculated amount
of the precursor, zinc nitrate salt, was introduced
into the solution, which allowed the formation of a
transparent silica solution with the required composi-
tion. The largest number of experiments on the layer
synthesis were performed with a sol of the composi-
tion 50 wt% ZnO + 50 wt% SiO2.

The obtained sol solution was deposited onto sub-
strates, whose surfaces were preliminarily chemi-
cally etched using acid. Glass substrates were applied,
which made it possible to minimize the influence of
their crystallographic and mechanical properties on
the ultimate properties of synthesized layers.

The next technological stage of the gel layer for-
mation on the substrate surface was the centrifuga-
tion. As the control parameters of the process at this
stage, we have selected the time of the sol deposition
onto the substrate, the number of centrifuge revolu-
tions, and the substrate location site on the rotating
centrifuge unit. The main criterion for the quality of
this technological stage was the production of contin-
uous films of a required thickness. The following val-
ues of the indicated parameters of this process were
found to be optimal. The prepared sol was held for
2 h before the deposition. A sol amount of 50 𝜇l was
deposited onto a horizontally oriented substrate. The
centrifugation was carried out for 2 min at a rate of
3600 rpm.

At the final technological stage of the sol-gel film
formation, the films were annealed in two stages:
at low and high (final annealing) temperatures. This
procedure allowed the morphological quality of the
film surface to be substantially improved. The low-
temperature stage was performed at temperatures
of 80–90 ∘C. The temperature at the final annealing
stage was varied from 200 to 500 ∘C. All specimens
were annealed for 10 min at this stage.

The phase composition of the synthesized layers
was monitored via X-ray diffractometric measure-
ments [1, 2]. Distinct diffraction peaks in the diffrac-
tograms, which corresponded to the reflection of X-
ray radiation from the planes with the crystallo-
graphic orientations (100), (002), and (101), were a
strong confirmation of the existence of zinc oxide in
a crystalline phase with the wurtzite structure. To
study the surface morphology of the specimens, an
FEI Quanta FEG 250 scanning electron microscope
operating at a voltage of 10 kV was used.

Typical SEM and AFM (3D) images of the sur-
faces of the synthesized ZnO–SiO2 layers are shown
in Fig. 1. The 3D image allows one to understand
why the Hausdorff dimension of such a developed sur-
face exceeds the dimension 2 of an ideal flat surface.
Indeed, the analysis of the relief 3D pattern testi-
fies to the existence of interfacial micro-peaks and
micro-depressions; each of them has a lateral sur-
face and, as a result, contributes to the total surface
area. This “lateral” surface makes the film surface di-
mension value larger than two, a value corresponding
to an ideal plane. An analogous consideration of the
arrangement of the nanostructure elements from the
viewpoint of their “loose” layout with the formation
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of cavities gives grounds to assert that the Hausdorff
dimension for the volume of nanoforms cannot ex-
ceed three.

Similar SEM and AFM images of the surface were
obtained for a number of films synthesized under vari-
ous final annealing conditions, i.e., at the stage, when
the surface relief was ultimately formed. Those data
were the input information in the implementation of
the method of coarsened partitions in the MFA.

Before proceeding to the discussion of the calcula-
tion results, it is necessary to determine the physical
phenomena that are required to obtain high-quality
images of the surface used as input data for the fur-
ther analysis. An important stage of the technologi-
cal part of the work, which can substantially affect
the error value while determining the fractal param-
eters of the surface, is the stage of specimen prepara-
tion for SEM measurements. Before the image regis-
tration, the layer surface was cleaned with a stream
of dry air. No chemical treatment (etching, wash-
ing) was carried out. We estimated the variations of
the Rényi numbers for the surface without etching
and after its chemical treatment (with a hydrochloric
acid solution). By directly applying MFA operations
to various layers, it was found that, as a rule, after
the chemical cleaning, the surfaces gave larger values
of the Rényi numbers for the areas and, accordingly,
somewhat larger ones for the volumes. Such a result
seems quite understandable due to the effects of a
surface etching, which led to the formation of a non-
planar, developed surface. Calculations showed that
the deviation of the Rényi numbers from the values
for chemically untreated surfaces did not exceed 0.004
by magnitude.

When discussing the errors that arise in the deter-
mination of Rényi numbers, it is necessary to empha-
size that the application of SEM spectroscopy allows
the surface images to be obtained with a higher res-
olution as compared to AFM images [1, 2, 9]. This
means that SEM photos make the fine component
of the surface fractal structure visible, which is in-
evitably reflected in the shift of the whole MF spec-
trum toward higher Rényi numbers for the surface
area or, equivalently, their small volume analogs. This
circumstance explains a systematic deviation of the
Rényi numbers for the films whose surface was stud-
ied using the AFM spectroscopy methods and the
SEM analysis. Therefore, when comparing quantita-
tive parameters that characterize the quality of the

a

b
Fig. 1. Typical SEM (a) and AFM (b) images of ZnO–SiO2

layers synthesized on glass substrates. The final annealing tem-
perature was 200 ∘C for 10 min. The initial sol composition
was 50 wt% ZnO + 50 wt% SiO2 The linear scale of the photo
is presented in the lower panel

film surface, the method of obtaining the data has to
be taken into account. This requirement is especially
necessary, when high-quality layers are compared for
which the contribution of small fractal forms avail-
able on their surfaces to the values of Rényi numbers
becomes significant.

In this work, before the MFA, the obtained SEM
images were not artificially improved using a special
software. At the same time, we estimated the influ-
ence of image corrections on the resulting MFA data,
i.e., on the Rényi numbers. The calculations showed
that the artificial processing of the images, e.g., by
changing their sharpness, can lead to absolute varia-
tions of the Rényi numbers of an order of 0.01, which
is quite substantial. Based on those data and in order
to exclude the appearance of unnecessary uncertain-
ties, we recommend not to perform any corrections of
the images before subjecting them to the MFA.
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The experience gained while calculating the MF
spectra showed that the specified features of data
preprocessing for the MFA have to be taken into ac-
count when processing the images numerically. Fur-
thermore, the influence of those factors on the final
MF parameter values can be minimized by the appli-
cation of simple technical solutions and correct mea-
surement operations. According to our estimations,
the ignorance of those effects can lead to errors of up
to 0.02 in the absolute values of the Rényi numbers or
even to the total unobservability of the self-similarity
effect and the fractal symmetry.

The most essential and important problems are re-
vealed at the stage of digital image processing. The
corresponding issues are discussed in the next section.

3. Specific Features
of MF Spectrum Calculations

The principle point of the MFA application to the de-
scription of the specimen surface state is the specific
choice of a physical parameter that most fully charac-
terizes this state and allows the fractal parametriza-
tion. A clear selection of such a physical parameter
will make it possible to use the quantitative informa-
tion obtained about it in the subsequent comparative
analysis of the surface state. In works [1, 2, 9], among
possible geometric parameters that describe spatial
forms formed on the film surface and the determina-
tion of which makes the calculation of the physical
characteristics of the system in the fractal approxi-
mation possible, the surface area and the volume of
the relief-forming nanoforms were chosen. It is obvi-
ous that the choice of the indicated scalar quantities is
also the best from the mathematical viewpoint. Fur-
thermore, the availability of a quantitative informa-
tion about the MFA results obtained for the distri-
butions of the surface nanoform areas and volumes
will allow the recommendations to be made concern-
ing the indicated geometric parameters of the system
most accurately reflecting the surface state.

In essence, the aforesaid can be reduced to answer-
ing the question “Which of the indicated parameters
is more sensitive to changes in the technological con-
ditions for the relief creation (the synthesis of lay-
ers) and, therefore, can be most effectively used to
monitor the surface quality. The availability of such
quantitative data will make it possible to make an
unambiguous choice between those system character-

istics in order to control the relief parameters in prac-
tice. Further, it should be added that the fractal pa-
rameters of the surface, which are regarded as pa-
rameters that account for its complicated geometry,
should be used to analyze and calculate its physical
characteristics, for example, the surface energy. All
the aforesaid should be considered as a physical jus-
tification of the necessity to perform the MFA of real
surfaces with respect to both the areas and volumes
of nanoforms that form the surface relief.

According to the principal works [5, 6] concerning
the application of the FA to a number of physical
systems, there is no direct correlation between the
area and volume of fractal geometric figures. Such a
theoretical conclusion means that the surface areas
and elementary volumes of fractal figures located on
the specimen surface form independent sets of mea-
sures, which allows them to be used as an indepen-
dent input variable for the quantitative description of
the surface relief. Such a formulation of the task, in
essence, assumes the implementation of the MFA in
two independent cases. The distribution of areas of
elementary relief-forming nanoforms is used in one of
them, and the volume distribution in the other.

The parameters of the MF spectra were determined
using the method of coarsened partitions and fol-
lowing the standard procedure. It is known that this
method is most effective for calculating the parame-
ters of the multifractal spectra of systems [5–8]. Ac-
cording to this approach, the measure of each spa-
tial cell was generated by partitioning the base space
into 𝑁 cells. As a cell measure by area, 𝜇𝑆,𝑖, and
volume, 𝜇𝑉,𝑖, the relative sizes of the nanoform area
and volume turned out in a cell were adopted as the
area, 𝜇𝑆,𝑖, and volume, 𝜇𝑉,𝑖, respectively, cell mea-
sures. Then

𝜇𝑆,𝑖 =
𝑆𝑖

𝑆
, 𝜇𝑉,𝑖 =

𝑉𝑖

𝑉
, (1)

where 𝑆𝑖 and 𝑉𝑖 are the surface area and the volume,
respectively, of a small selected element of the surface
relief, and

𝑆 =

𝑁∑︁
𝑖

𝑆𝑖, 𝑉 =

𝑁∑︁
𝑖

𝑉𝑖 (2)

are the area and volume, respectively, of the whole
analyzed surface, which were found according for the
data on its 3D image.
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Further, generalized partition functions were
formed for the surface areas and the volumes of the
cells with a given size:

𝑍𝑆(𝑞, 𝑙𝑘) =

𝐾∑︁
𝑖=1

𝜇𝑞
𝑆,𝑖, 𝑍𝑉 (𝑞, 𝑙𝑘) =

𝐾∑︁
𝑖=1

𝜇𝑞
𝑉,𝑖, (3)

where 𝑙𝑘 is the normalized current value for the cube
edge length used at the current step of the method of
coarsened partitions, and 𝑞 is a growth factor. In the
calculations, the cell scales were changed (the sizes
of the cubes were enlarged) according for the depen-
dence 𝑙𝑘+1 = 2𝑙𝑘 (𝑘 = 1, 2, 3, ...).

The calculation of the MF spectra requires the
calculation of elementary surface areas and vol-
umes of nanoforms that find themselves in a given
spatial cell, when the method of coarsened parti-
tions is applied. Of course, the initial information
for such calculations was obtained from micropho-
tographs. When calculating the volumes of surface
nanoforms, the parameters of only those nanoforms
that were directly responsible for the formation of the
specimen surface relief were taken into account. This
basic set of parameters included the total material
volume calculated from the depth of the minimum
depression to the height of the maximum peak on the
surface. In essence, this choice of the volume of the
entire analyzed state corresponded to the analysis of
the state of the whole surface layer formed during the
film synthesis.

The volumes of the prisms under the elementary
surface sites were calculated using the formulas of
classical geometry and the data for the surface equa-
tions, which, in turn, were found by approximating
the digital image of a real surface using the trian-
gulation method [1–4, 9]. The choice of this method
for generating approximating surface equations was
made due to its higher accuracy in comparison with
the cube method. This reason becomes relevant, if
the emphasis in calculations is shifted toward finding
the absolute values of the Rényi numbers. Note that
the transition from the method of calculating the sur-
face area using the triangle method in calculations by
the cube method gives a difference of up to 0.02 for
the final values of the Rényi numbers 𝐷0, 𝐷1, and
𝐷2. Such a value is comparable with the image reg-
istration errors discussed in Introduction. This result
should be regarded as a confirmation of the neces-
sity to correctly select the approximation methods

Fig. 2. Dependences of the generalized partition functions
𝑍𝑆 (black) and 𝑍𝑉 (red) on 𝑙𝑘 for the nano-image presented in
Fig. 1 for various 𝑞 = −3 (*), −2 (∘), 0 (×), 2 (+), and 4 (�)

when preprocessing initial data for the FA. Attention
should be paid to the indicated feature when com-
paring the values of the Rényi numbers obtained by
different authors and using different methods.

The calculation procedure for the characteristic
MFA functions for each of the selected values of the
growth factor 𝑞 was terminated, when the magnitude
of every next Rényi number 𝐷(𝑞) began to repeat the
previous one to within a given accuracy. As a rule, for
the indicated image sizes, the growth factor value did
not exceed 30.

In Fig. 2, the experimental dependences of the gen-
eralized partition functions on ln 𝑙𝑘 obtained for the
surface areas and volumes of nanoforms located on
the ZnO film surface, the photo of which is presented
in Fig. 1, are exhibited. Within the whole set of 𝑞-
values, a distinct tendency for the experimental data
to group along straight lines is observed. This result
proves the existence of a fractal symmetry for the
indicated geometric parameters of nanoforms. Note
that such plots were observed for the majority of
the calculation results, which confirms once more the
statement about the general character of the fractal
symmetry in physical systems expressed in the prin-
cipal works [5, 10].

At the same time, the existence of such linear de-
pendences does not mean a high reliability of the cal-
culation results obtained for the Rényi number on
their basis, because they may reflect the influence of
other factors, besides those that were taken into con-
sideration. The main contribution to the error asso-
ciated with the performance of MFA calculation pro-
cedures will be analyzed below when discussing the
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Fig. 3. Dependences of the Rényi number 𝐷0 (the Haus-
dorff dimension) on the edge length (the number of pixels)
of a square cut out from the original photo obtained for the
surfaces of ZnO film synthesized using the sol-gel method at
various temperatures 𝑡 = 200 (red), 250 (green), 300 (blue),
350 (black), and 500 ∘C (blue-green curve). The solid curves
were obtained by approximating the experimental results as
cubic polynomials

sizes of statistical samples, i.e., the number of image
pixels that would provide the account for all available
elements with the fractal symmetry that are located
on the surface when calculating the MFA spectrum.

The data processing based on the obtained depen-
dences of the generalized partition functions was car-
ried out in accordance with the classic cornerstones
of the MFA [4–7]. The parameters of a linear regres-
sion between the partition functions and the cell sizes
were calculated in the framework of the least squares
method for every selected value of the growth factor
𝑞. The data obtained for the linear regression coef-
ficient were considered as a basis for the calculation
of all MFA functions; namely, the generalized corre-
lation functions 𝜏(𝑞), the spectra of fractal dimen-
sions 𝛼, 𝑓(𝛼), and the spectra of Rényi numbers for a
current 𝑞-value, 𝐷(𝑞) [5–8]. All those functions were
calculated numerically.

Because of the statistical basis of the fractal analy-
sis, which implies the application of the least squares
method when determining the Rényi numbers, its
successful realization is possible only for samples
with considerable sizes. Actually, this means the ex-
istence of a minimum possible image size of the re-
searched surface, through which the fractal averaging
is made. This condition can be reformulated for the
case of image processing by imposing a restriction on
the minimum pixel number, which has to be taken
into account in the calculation program.

It is reasonable to take advantage of the standard
FA software Gwiddion [11] in order to make allowance
for the influence of the specimen pixel size (or, equiv-
alently, the side length of a square image subjected to
the processing) on the values of the Rényi numbers
[2–4]. The application of our MFA software program
[2–4] for the same purpose would be time-consuming,
especially if processing the images with large pixel
sizes. At the same time, the Gwiddion software pro-
gram performs calculations rather quickly, it has no
special restrictions on the processed image size, and
its results obtained for the Hausdorff dimension com-
pletely coincide with the results of our software.

The calculation results obtained for the parameter
𝐷0 for films synthesized at various temperatures are
shown in Fig. 3. The plotted dependences were ob-
tained, when an original image of the type shown in
Fig. 1 was divided into smaller photos, which were
later used to calculate the fractal parameters. The
application of high-quality films with uniform surface
properties in the measurements gave us hope to de-
tect the indicated statistical effect. It was principally
important that the fragments of the same photo were
used in this procedure. Therefore, we may assert that
those images were taken under the same conditions,
only the dependence of the Rényi number 𝐷0 on the
sample size is registered, and it is not hidden by other
photo effects.

For instance, Fig. 3 demonstrates that, for small
image sizes, the value of 𝐷0 changes substantially, if
the size of the used image (the sample size) or the
number of pixels in it increases. As the pixel number
in the photo increases, the obtained dependences sat-
urate and almost achieve a constant value. The pres-
ence of such a low-gradient section means that the cal-
culated value of the Hausdorff dimension (the Rényi
number 𝐷0) ceases to depend on the calculation con-
ditions. Just such values of the Rényi numbers have
to be adopted as their true values. We did it in this
work throughout the further analysis.

The results obtained for the dependence of the
Rényi numbers on the processed image size made it
possible to substantiate the minimum number of pix-
els in the image that provides the minimum error from
this effect. We adopted that such a minimum size cor-
responded to the pixel number at a level of 270-300
along each side of the processed square image. With
such a choice, the amount of output data for a fur-
ther calculation of the areas of microscopic sites that
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approximate the whole area of the surface relief was
found to be quite sufficient for a stable implementa-
tion of the statistical component of the fractal anal-
ysis [1, 2, 5–9].

It should be emphasized that the application of im-
ages with small pixel sizes makes it possible to calcu-
late the MF spectra rather quickly for the values of
the growth factor 𝑞 up to 80–100. At the same time,
larger image pixel numbers lead to the narrowing of
the convergence interval of the whole software due to
the necessity to express small values of current vari-
ables as large negative power exponents of 𝑞. In turn,
the limitation on the negative values of the growth
factor 𝑞 is a dangerous procedure, because there is a
danger that not the total amount of the data on the
MF spectrum of the system would be processed. The-
refore, an important practical task when performing
the calculations of MF spectra is to ensure a com-
promise between the processed image size and the 𝑞-
value. The experience gained while performing calcu-
lations showed that the stable operation of the MFA
software program [1, 2, 9] that was used in the analy-
sis was observed for images of 300× 300 pixels in size
and a 𝑞-value not exceeding 30.

Thus, as the principle result of Fig. 3, one should
recognize a substantial variation in the values of the
Rényi numbers, if the size of the photos used for the
fractal averaging changes. Indeed, the calculation un-
certainty induced by the mentioned effect can reach a
value of ±0.15. This is almost an order of magnitude
larger than the errors of technical origins discussed
earlier. The circumstance makes it possible to assert
that this stage of fractal calculations has to attract a
special attention when determining the fractal char-
acteristics of the epitaxial film surface.

The efficiency of the stated considerations concern-
ing the method used to perform the MFA will be
confirmed when describing the surfaces of nanofilms
synthesized in the ZnO–SiO2 system via the sol-gel
technology. The results of such a processing will be
commented from the viewpoint of revealing the de-
pendences of the MF surface parameters on the tech-
nological conditions of the film synthesis.

4. Results and Discussion

As a proof that the indicated features have to be
taken into account when performing the MFA in order
to provide its information saturation and efficiency,

let us consider its application on the example of the
surface image processing of sol-gel synthesized films
of the ZnO–SiO2 system. A typical photo image is
exhibited in Fig. 1.

According to the developed recommendations, at
the first stage of the numerical data processing with
the help of the standard software program Gwid-
dion [11], we searched for a size interval of the surface
photo image in which the dependence of the Rényi
number 𝐷0 on the photo size was absent or relatively
weak (Fig. 3). This procedure can be done rather sim-
ply, if the whole original image is used as input data
for the calculation of the Hausdorff dimension (the
Rényi numbers 𝐷0) and, afterward, its fragments of
various linear sizes (in pixels).

The found image size intervals served as a basis
for choosing the final working size (300 × 300 pix-
els). Further, this value was fixed throughout the cal-
culation cycle, and photos of this size were sent to the
MFA program for the processing. Such an approach
in calculations allowed us to assert about the mini-
mization of the calculation errors induced by the indi-
cated effect and hope for the reliability of the magni-
tudes of Rényi numbers that would be obtained using
the MFA.

Typical experimental dependences that form the
basis of MFA and are the main evidence of the fractal
symmetry that exists between the volumes and areas
of surface microforms are presented in Fig. 2. This
figure illustrates a typical dependence of the general-
ized partition functions 𝑍(𝑞, 𝑙𝑘) for the surface areas
and volumes of microforms on the edge length 𝑙𝑘 of
the spatial unit cell in the method of coarsened par-
titions for various 𝑞-values. It can be seen from the
data that the plotted dependences have a tendency
to group their data along the corresponding straight
lines. Such a behavior is observed for both the surface
areas and the volumes of microforms. The presented
data make it possible to assert about the existence of
the self-similarity and fractal symmetry between the
indicated geometric parameters of the surface.

The availability of the indicated linear dependen-
cies for various values of the parameter 𝑞 at high val-
ues of the correlation coefficients in the least squares
method allows us to assert the existence of the fractal
symmetry and self-similarity in the system for various
input variables. The latter is equivalent to the state-
ment that just the MF spectrum is typical of such
surfaces, and just the MFA is a promising method
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Fig. 4. Dependences of the Rényi numbers for the volumes
(𝐷𝑉,0, 𝐷𝑉,1, 𝐷𝑉,2𝑇 ) and surface areas (𝐷𝑆,0, 𝐷𝑆,1,𝐷𝑆,2) of
nanoforms and the MFA on the synthesis temperature of the
films of the ZnO–SiO2 system. Symbols denote experimental
data obtained in this work. Black lines correspond to 𝐷0, red
ones to 𝐷1, and blue ones to 𝐷2

to describe the systems of this kind. Hence, these are
the MF parameters of the system that should be used
to describe the state of the surface of the specimens
obtained using the sol-gel technology.

The analysis of typical calculation results obtained
for the characteristic MFA functions 𝜏(𝑞), 𝑓(𝛼), and
𝐷(𝑞) showed that they correspond to their canonical
forms. This fact means that the sequence of Rényi
numbers is descending, the functions 𝑓(𝛼) have a
characteristic maximum, and the dependences 𝜏(𝑞)
have a cusp characteristic of the MFA. No specimen
with deviations in the behavior of the characteris-
tic functions from the forms predicted by the theory
[5–8] was revealed among the analyzed images. This
result is not a less important proof that a system of
relief-forming microforms has the properties of self-
similarity and fractal symmetry. Thus, the obtained
data made it possible to apply the developed MFA
software for the quantitative description of a fractal
symmetry for the indicated geometric parameters of

the relief-forming nanoforms and calculate the MF
spectra and their parameters for the layer surface in
the ZnO–SiO2 system.

According to the recommendation given in
works [5–8], the most informative for the quantitative
description of the fractal structure of the surface are
the Rényi numbers and the fractal ordering parameter
Δ = 𝐷1−𝐷𝑞→∞ (the degree of fractal symmetry vio-
lation). The values of the Rényi numbers 𝐷0, 𝐷1, and
𝐷2 calculated for various temperatures of the final
layer annealing are presented in Fig. 4. Analogously
to works [2, 9], during the MFA of the film surface
of the ZnO–SiO2 system, it is found that the magni-
tudes of the first Rényi numbers for the distributions
of both the elementary areas and volumes of the ele-
ments of the nanofilm are quite close to one another,
𝐷0 ≈ 𝐷1 ≈ 𝐷2. This fact was explained as a result
following from the description of a rather smooth nat-
ural surface relief of a film by means of elements of
rather small sizes. Therefore, the obtained surface ap-
proximations described the real surface rather accu-
rately in the approximations for the degrees 𝑞 = 0, 1,
and 2. So, the closeness of the values of the obtained
Rényi numbers was a result of this fact.

At the same time, one can see from Fig. 4 that
the differences between the first Rényi numbers ex-
ceed the errors of their determination, which are es-
timated at a level of ±0.01. Taking into account that
the obtained fractal characteristics model the sys-
tem through power-law functions, which strongly de-
pend on the power exponent value, such variations
of the Rényi numbers can substantially distort the
real picture in physical calculations. Such a situation
demands a discussion concerning which of those num-
bers is preferable when describing the thermodynamic
properties of a system with the fractal symmetry.

Before discussing this issue, recall that 𝐷0 >
> 𝐷1 > 𝐷2, and they have a physical interpretation.
Namely, they are the Hausdorff, information, and cor-
relation, respectively, dimensions for simulated sys-
tem [5–8]. According to the MFA, the numbers 𝐷0

are calculated by linearizing the dependence of the
partition functions 𝑍𝑆(𝑞 = 0, 𝑙𝑘) or 𝑍𝑉 (𝑞 = 0, 𝑙𝑘) on
the cell size 𝑙𝑘, when the filling fraction 𝜈𝑞=0

𝑉,𝑖 of the
current cell is raised to the zero power. Therefore, if
the current cell contains even a small part of the stud-
ied parameter, its filling fraction is equated to one,
which is evidently independent of the filling fraction
itself. Such an approach can be considered as justi-
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fied and giving a reliable information provided that
unit cells of very small sizes are used in the method
of coarsened partitions, and the surface relief is a
smooth function. This is exactly the situation that
was observed in work [2, 9] when analyzing the sur-
face of a semiconductor film that was created in a
natural way during the layer synthesis.

Such a situation is partially excluded, if the empha-
sis in further physical calculations is shifted toward
the application of the number 𝐷1. Indeed, the calcu-
lation for the numbers 𝐷1 involves the linearization
of the partition functions 𝑍𝑆(𝑞 = 1, 𝑙𝑘) or 𝑍𝑉 (𝑞 =
1, 𝑙𝑘). In this case, those functions are formed from
the specific values of the relative surface area or vol-
ume of the substance in each cell. In this regard, it
becomes clear why the parameter 𝐷1 is called the in-
formation dimension [5–9]. Indeed, this is a number
that includes an informational component about the
most probable area (volume) spatial distribution of
the substance. Therefore, when discussing the results
of the fractal description of the system, besides the
numbers 𝐷0 (the Hausdorff dimension), the applica-
tion of the set of the Rényi numbers 𝐷1 (the informa-
tion dimension) and 𝐷2 (the correlation dimension)
is also quite justified and useful in practice. There-
fore, for their further physical applications and the
discussion of the features of the fractal description of
the nanolayer surface, those data are also exhibited
in Fig. 4.

For the correct interpretation of the obtained data,
one should bear in mind that, within the fractal for-
malism framework, a volume located near the sur-
face and completely filled with the substance is as-
signed the 𝐷𝑉,0- and 𝐷𝑉,1-number values equal three,
whereas the Rényi numbers equal two for a perfectly
flat surface. The deviation of the Rényi numbers from
the indicated values for a planar surface corresponds
to the solution of the problem concerning the deter-
mination of the dimension of a surface that is not
planar, but porous and developed at the nanolevel.

It is most effective to analyze the validity and infor-
mation content of the obtained MFA data by consid-
ering their dependence on the technological parame-
ters of the synthesis process. Really, exactly in such
dependencies, the influence of various physical pro-
cesses responsible for the surface relief state and gov-
erning the values of the fractal parameters can be
detected rather distinctly. A set of such dependences
of the Rényi numbers and the ordering parameters

Fig. 5. Dependences of the ordering parameters for volumes
(Δ𝑉 , ∙) and surface areas (Δ𝑆 , ∘) of nanoforms on the synthesis
temperature of the films of the ZnO–SiO2 system

Δ’s on the conditions of the final layer annealing
are presented in Figs. 4 and 5. The straight lines in
the plots were drawn according to the averaging of
the experimental dependences of the MF parameters
on the corresponding technological conditions in the
framework of the least squares method. In essence,
the presented results should be considered as the in-
fluence of the annealing temperature on the variation
of the self-similarity and fractal-symmetry parame-
ters of nanoforms on the specimen surface.

The data presented in Figs. 4 and 5 testify to the
existence of stable relations between the MF param-
eters and the temperature of the layer synthesis for
the distribution of both the surface areas and the vol-
umes of nanoforms. This fact allows us to assert that
it is the values of the MF parameters that quanti-
tatively tracked and described the differences in the
surface structure of the specimens with the same com-
position, but formed at different temperatures. Such
a quantitative result is confirmed while visually an-
alyzing the images of the layer surfaces. It follows
from the photos that the sizes of the crystallites on
the layer surface slightly increase, as the tempera-
ture grows. As a result, the fraction of areas with a
flat surface appearing on the layer surface becomes
larger. The latter is reflected in the results presented
in Fig. 4, which quantitatively demonstrate that, as
the substrate temperature increases, the dimension of
the film surface area (the number 𝐷𝑆) decreases and
approaches a value of two, whereas the corresponding
parameter for their volumes (the number 𝐷𝑉 ) tends
to grow and approach a value of three. Such pro-
files of the dependences under consideration reflect
the system’s tendency to faster form flat surfaces at
higher substrate temperatures, when the rate of sur-
face chemical reactions increases.
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In Fig. 4, besides the dependences for the Rényi
number 𝐷0, the results of similar calculations for the
Rényi numbers 𝐷1 and 𝐷2 are also depicted. The
necessity to consider the behavior of these charac-
teristic numbers was pointed out earlier. It follows
from Fig. 4 that the indicated parameters change
with the temperature in almost the same way as
the number 𝐷0. However, quantitative differences be-
tween their values are substantial. Concerning the
aforesaid, we can assert that the data obtained for
various Rényi numbers for the volumes and surface
areas of microforms complement one another and
form a common picture of the fractal symmetry in
the system.

If different signs of the corresponding derivatives
𝜕𝐷𝑆/𝜕𝑇 and 𝜕𝐷𝑉 /𝜕𝑇 are excluded from considera-
tion, then the slope magnitudes of the dependences of
all Rényi numbers on the temperature become prac-
tically identical. This fact was noticed when plotting
the data, and the experimental results were straight-
ened using the least squares method. It is impossible
to make a strict theoretical justification for the physi-
cal or geometric origins of such a behavior of the indi-
cated derivatives at the current stage of research. The
absence of direct correlations between the volume and
surface geometric parameters of any shapes (in partic-
ular, relief-forming forms) in the fractal approxima-
tion was marked in the principal works [5, 6, 10]. At
the same time, the possibility of the existence of
such a relation cannot be excluded; it can be ob-
served in Fig. 4 as a synchronous behavior of the
plots for the volume and surface parameters, when
they were formed in a common physical process of
crystal phase growth.

The results obtained for the Rényi numbers for the
surface areas of nanoforms (Fig. 4) and their volumes
lead to the following recommendation concerning the
application of the MFA to the description of the sur-
face state in the fractal approximation. When per-
forming a complete analysis of the surface state of a
substance with respect to the conditions of its synthe-
sis and developing final recommendations concerning
the correction of the phase formation conditions, it
is advisable to use the whole complex of MF studies
of the areas and volumes of the relief-forming surface
nanoforms. Only their joint consideration will make
it possible to reveal the physical factors responsible
for the formation of such a surface and develop rec-
ommendations for the correction of surface proper-

ties. If the data body is limited or the complete set
of parameters is absent, it may turn out at the pre-
liminary research stage that the data on the distribu-
tion of the surface areas of microforms are more infor-
mative and, therefore, more useful. Therefore, when
performing the MFA, just these results should be ob-
tained and applied, first of all, when choosing pro-
cessing conditions.

Not less important parameters of the MF spectrum
for the volumes and surface areas of nanoforms are
the fractal ordering parameters Δ𝑆 and Δ𝑉 . Their
dependences on the final annealing temperature in
the framework of the sol-gel method are shown in
Fig. 5. The data in Fig. 5 demonstrate a steady
tendency of the system to narrow the width of its
MF spectrum, as the final annealing temperature in-
creases. Such a tendency of the analyzed dependences
reflects the system’s “intention” to form “monofractal”
structures on the surface, which are characterized by
a reduction in the values of the fractal ordering pa-
rameters and a narrowing of the spectrum of Rényi
numbers. Thus, it can be asserted that the data ob-
tained for the MF parameters of the system quantita-
tively confirmed that the increase of the temperature
of layer synthesis within the indicated interval leads
to an increase of the planarity of the obtained layers,
i.e., to the formation of a less “defect” surface, whose
geometry becomes closer and closer to planar.

Attention is attracted by practically parallel varia-
tions of the temperature dependences of the ordering
parameters in Fig. 5. This fact means that these pa-
rameters of the fractal spectrum for the volumes and
surface areas of the synthesized nanoforms have the
same feature in their behavior as the corresponding
Rényi numbers (Fig. 4). This situation can be con-
sidered as a kind of confirmation of the existence of
a relation between the volume and surface parame-
ters of nanoforms formed in a natural way on the
film surface.

It should also be noted that the typical values of
the fractal ordering parameters Δ𝑆 and Δ𝑉 are rela-
tively high, which corresponds to a substantial width
of the fractal spectrum for the geometric elements
of the surface. The data obtained for those parame-
ters show that their typical values are at the level of
0.67–0.77. On the other hand, for rather high-quality
and homogeneous surfaces of polycrystalline Zn–Cd–
Te epitaxial films, the corresponding parameters do
not exceed 0.35 [2, 9].

832 ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 12



Specific Features of Surface Research

5. Conclusions

The discussion concerning the peculiarities in the
implementation of the MFA and the interpretation
of the MF parameters that quantitatively character-
ize the geometry of nanoforms on the surface of the
films of the ZnO–SiO2 system synthesized using the
sol-gel technology allowed us to draw the following
conclusions.

1. Conditions for producing high-quality ZnO–SiO2

layers under various final annealing temperatures in
the framework of the sol-gel technology have been
found and implemented. The surfaces of the synthe-
sized layers have been studied using the SEM method
with regard for the dependence on the temperature
of their final formation.

2. The MFA has been applied to process the SEM
images of the surface of the layers produced using the
sol-gel method. The MF spectra from the surface ar-
eas and volumes of the relief-forming nanoforms that
were formed on the layer surfaces have been calcu-
lated and analyzed.

3. Recommendations have been made to provide a
high efficiency of calculations of the absolute values of
fractal parameters for the surface areas and volumes
of the relief-forming nanoforms. It is shown that the
largest uncertainty of the MFA application to the de-
scription of a surface relief can be associated with an
incorrect choice of the dimensions of the images for
which the fractal averaging is performed.

4. By accounting for the indicated features of the
MFA implementation and the interpretation of the
obtained MFA parameters, we managed to demon-
strate the existence of a correlation between the Rényi
numbers, the ordering parameters, and the tech-
nological conditions of the final annealing process
for the layers in the ZnO–SiO2 system. The anal-
ysis of the relations between the MF parameters
and the layer synthesis temperature made it pos-
sible to quantitatively confirm the fact of produc-
ing the layers with a higher degree of their frac-
tal symmetry (i.e., more structurally perfect) by
increasing the annealing temperature from 200 to
500 ∘C.

5. The obtained data on the relation between the
MF surface parameters of the ZnO layers and the an-
nealing temperature of the latter make it possible to
substantiate the choice of conditions for a technologi-
cal process aimed at the formation of heterostructures

on the basis of ultra-thin 0.1-𝜇m-films with a given
surface relief.

The realization of those recommendations will con-
siderably enhance the reliability of the values de-
termined for the fractal parameters of the surface
nanorelief. This circumstance will be a stimulus for
the further application of the FA while developing
the effective and data-intensive quantitative methods
for the description of the state of complicated surfaces
and the usage of such data in physical and technical
calculations.
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ОСОБЛИВОСТI ДОСЛIДЖЕНЬ
ПОВЕРХНI ПЛIВОК ZnO–SiO2 МЕТОДОМ
МУЛЬТИФРАКТАЛЬНОГО АНАЛIЗУ

На прикладi мультифрактального аналiзу (МФА) зобра-
жень поверхонь наноплiвок, що синтезувалися золь-гель те-
хнологiєю в системi ZnО–SiO2, обговорюються особливостi
застосування цього методу при отриманнi кiлькiсних ха-
рактеристик поверхнi. Вхiдною iнформацiєю для реалiзацiї
цього пiдходу до опису стану поверхонь були Second electron
microscopy (SEM) зображення поверхнi зразкiв пiсля їх син-
тезу в заданих умовах. Чисельними розрахунками узагаль-
нених статистичних сум для площi та об’ємiв просторо-
вих наноформ показано iснування їх лiнiйних залежностей
вiд просторових розмiрiв, що є основним доказом наявно-
стi самоподiбностi та фрактальної симетрiї серед зазначе-

них геометричних параметрiв поверхнi. Наголошується на
необхiдностi пiдвищення надiйностi визначення параметрiв
МФ спектрiв та аналiзуються причини, що контролюють
точнiсть абсолютних значень чисел Реньї. Вироблено реко-
мендацiї для мiнiмiзацiї похибок з метою отримання най-
бiльш вiрогiдних даних щодо МФ параметрiв поверхнi. На-
ведено залежностi чисел Реньї вiд температури синтезу ша-
рiв ZnO–SiO2 золь-гель методом. Звертається увага на те,
що для подальшого застосування результатiв МФА у фi-
зичних розрахунках необхiдно коректно вибирати тi числа
Реньї, якi несуть у собi необхiдну iнформацiйну компонен-
ту за модельованим фрактальним параметром. Обговорюю-
ться фiзичнi причини появи взаємозв’язку мiж параметра-
ми МФ спектрiв для площi поверхнi та об’ємiв наноформ,
що формуються на поверхнi плiвок, та умовами їх синтезу.

Ключ о в i с л о в а: нанорельєф, мультифрактальний ана-
лiз, похибки визначення чисел Реньї, золь-гель технологiя,
поверхня наношарiв.
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