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IMPACT COLLISION
OPERATOR FOR UNBOUNDED ELECTRONS
IN A MAGNETIZED PLASMA MODEL

The shapes of spectral lines in plasmas contain information about plasma parameters and
can be used as a diagnostic tool. We have obtained a theoretical expression involving a Meijer
function for the plasma collision operator for electrons in the presence of an external magnetic
field. We have used the semiclassical theory and the impact approximation which concern the
interaction between the emitting systems (hydrogen-like ions in this study) and the plasma
electrons. We have calculated the collision operator amplitude for some hydrogen-like ions such
as Ar+17, V+22, Cr+23, Fe+25, and Ag+46 for high density intervals between 1018 cm−3 to
1026 cm−3 and at high temperatures between 106 K to 1010 K in a very strong magnetic field
between 100 T to 10,000 T. We have applied our results to the Lyman-alpha line, and the
comparison with experimental data and some theoretical results gives a good agreement.
K e yw o r d s: collision operator for electrons, external magnetic field, plasma spectroscopy.

1. Introduction
Magnetized plasmas are very important systems
found in stars and thermonuclear fusion. Therefore,
it is interesting to study the phenomena taking place
in these plasmas, especially the collision effects. Spec-
tral line profiles and shifts are used to determine
plasma parameters, in particular, in astrophysics,
where the plasma spectroscopy is the most used diag-
nostic technique. Nowadays, the latter covers a wide
range of electron densities from 10 particles (inter-
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stellar space) to 1025 particles per cm3 (star interiors,
inertial confinement fusion) and for temperatures be-
tween 105 K and 108 K. Furthermore, the spectral
line profile gives the distribution of the intensity of
the radiation emitted by a plasma around the cen-
tral frequency. It is a representation of the emitting
atom and its surrounding. The atom/or ion will re-
spond to the multiple microscopic interactions which
preceded or accompanied the emission by: a broad-
ening, a shift of its components, or by the removal of
a degeneracy. One part of the broadening of the line
profile is caused by the collision of the free electron
with the emitters (atoms/ions) [1].

The Stark effect is due to the action of the electric
field on the energy levels of an atom or ion emitters. It
is caused by the interaction between the electric mi-
crofield and the dipole of this emitter [2, 3]. A.A. Ge-
neral and Yu.O. Shpenik [4] studied a gas-discharge
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plasma in water vapor to improve the power charac-
teristics of the discharge plasma.

The presence of the electric microfield generated by
the unbounded (free) electrons induces a coupling be-
tween the energy levels which can be presented in the
formalism of isolated lines by a direct term 𝜑𝑑 and
by the interference term 𝜑int [5, 6]. The best evalua-
tions of the expressions of 𝜑𝑑 and 𝜑int were given in
[7], so the calculation of the electronic collision op-
erator has the interest for several researchers for a
long time [8, 9]. In the recent work by Arif et al. [9],
the collision operator was calculated in the relativis-
tic case in high-temperature plasma. The relativis-
tic effects related to the Lienard–Wiechert electric
field, created by the free electron at the emitter ion,
and a modification of the hyperbolic trajectory due
to the dependence of the mass on the free electron
velocity. The fine structure was considered in work
[9], and the results were confronted to the theoreti-
cal and experimental data available in the literature
therein.

In the framework of the dipolar approximation
and the impact theory, the electronic collision oper-
ator can be calculated for an emitter ion with elec-
tric charge (+Ze) perturbed by an unbounded (free)
electrons.

The action of a magnetic field on the energy levels
of atoms was studied by Zeeman in 1896 [10]. He ob-
served a decomposition of each emission line of the
atoms into several co-components: this is the Zee-
man effect. This effect comes from the interaction
of the magnetic field with the orbital magnetic mo-
ment due to the movement of the electron in its
orbit, and also with the magnetic moment associ-
ated with the spin of this electron. This eliminates
the degeneracy of the energy levels of the atoms or
the ions, where the degeneracy removal depends on
the intensity of the magnetic field. The presence of
magnetic fields increases the complexity of line-shape
calculations in plasmas. A magnetic field has three
essential effects on Stark-broadened spectral lines:
(i) partial polarization of the emitted light, (ii) ad-
ditional splitting according to the value of the mag-
netic quantum number m, and (iii) bending the col-
liding charged-particle trajectories into a helical path
around the magnetic lines of force [11]. The effect
of a magnetic field on the line profiles via a mod-
ification of the trajectories of the unbounded elec-
trons was widely studied. Under specific conditions,

the plasma at the edge of tokamaks has parameters
similar to those of white-dwarf magnetic stellar at-
mospheres [12–14], suggesting that the same line pat-
terns may be used.

Some white dwarfs have a magnetic field strong
enough, so that the quadratic Zeeman effect becomes
significant. The line profiles become asymmetric and
present more components [15]. About 10 percent of
white dwarfs are known to have a magnetic field
strength of to 50,000 Gauss (5 Teslas), as indicated by
spectroscopic observations and models [16,17]. An in-
terpretation of the profiles of absorption lines requires
the Zeeman effect be accounted in line broadening
models, as done in tokamak edge plasma spectroscopy
[18]. R. Brauer et al. simulated the Zeeman splitting
of the 1,665 MHz OH line with the 3D radiative trans-
fer (RT) extension ZRAD [19]. L. Godbert-Mouret et
al. [20] modified a model for the description of the
Stark broadening to include the effect of a uniform
magnetic field. This model is a convenient framework
for treating, in a non-perturbative approach, the si-
multaneously acting Zeeman and Stark effects, while
retaining the effect of ion dynamics [20]. So, the ef-
fect of an external magnetic field is studied theoreti-
cally and experimentally by many researchers [11, 21]
and [22]. O.O. Loginov et al. [23] gave an explanation
of the origin and the nature of the spatio-temporal
variations of the magnetic activity of the Sun; while
S. Nasrin and M. Bose [24] studied the effect of two
different temperatures in an auroral ionosphere.

S. Ferri et al. [11] presented a Stark–Zeeman spec-
tral line-shape model and the associated numerical
code for strongly magnetized plasmas. Recent stud-
ies of how the B-fields influence electron trajectories
in hydrogen plasmas were performed in the context of
magnetic fusion and white dwarfs ([13,14], [25,26]). It
was shown that introducing helical trajectories re-
duces the characteristic duration of the perturbation
to the order of the inverse of the Larmor frequency,
i.e., 𝜏 ∼ 2𝜋/𝜔 ∼ 2𝜋𝑚𝑒 c/eB, which results in the
line-shape narrowing. Such results suggest a modifi-
cation of the electron collision operator generally used
to describe the electronic Stark effect in line-shape
modeling.

In the classical path approximation, the trajectory
of an electron near a neutral atom is a straight line,
while, near an ion, the trajectory is a hyperbola. In
the presence of a magnetic field, it can be proved that
the trajectory is helical [27].
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We have developed the expression for the electron
collision operator in magnetic plasma 𝜑𝐵 , when the
trajectory of electrons is changed by the magnetic
field, and we have used the collision operator to test
the broadening of spectral lines for some ions and
made a comparison with other expressions with and
without magnetic field to see the magnetic field effect.

This work is considered the first, because, through
it, we try to study the collisions that also occur in
the Sun and other stars, by accounting for the phys-
ical conditions (very strong magnetic field; very high
temperature, and very high electronic densities).

The interest of our work is to give the new for-
mula of the electronic collision operator in a haut
and dense plasma in the presence of an external mag-
netic field. We are interested in hot and dense plas-
mas such as thermonuclear fusion plasmas and cer-
tain stars. We treat the hydrogen-like ions such as
Ar+17, V+22, Cr+23, Fe+25, and Ag+46 for high den-
sity intervals between 1018 cm−3 to 1026 cm−3 and
high temperatures between 106 K to 1010 K and
in a very strong magnetic field between 100 T to
10 000 T. In our work, we will consider the follow-
ing hypothesis: the Maxwellian velocity distribution
is unaffected by the magnetic field, the impact pa-
rameter changes, when an external magnetic field is
applied in a plasma, the shielding is also not affected,
e.g., Debye screening. In principle, since the shielding
is provided by the motion/rearrangement of plasma
electrons and ions, any field that affects their motion
will also affect the shielding. However, as discussed
above, the normal Debye shielding is assumed [27].

This paper is organized in four sections. In the sec-
ond section, we will compute the collision operator ex-
pression in the presence of a magnetic field. The third
section is devoted to the discussion of the obtained re-
sults, and we present the spectral line with this novel
expression of the collision operator obtained in Sec. 2,
while the last section summarizes the results in the
conclusion.

2. Collision Operator Amplitude

Our departure point is Eqs. (5)–(6) of [7]. We will
consider the case of the absence of a fine struc-
ture. Then we have 𝜔1 = 𝜔2 = 0. Let us take the limit
of integrals over the time to be 𝑡− and 𝑡+ [26,27]. Un-
der these considerations, we have to compute (𝑎0 is
Bohr’s radius) the two “components” of the collision

operator amplitude (in unit Hz/cm2)

Φ𝑑 = −2𝜋𝑁𝑒𝑒
2

3~2

∞∫︁
0

𝑣𝑓(v)𝑑v

𝜌+∫︁
𝜌−

𝜌𝑑𝜌×

×
𝑡+∫︁

𝑡−

𝑑𝑡1

𝑡1∫︁
𝑡−

𝑑𝑡2𝜀(𝑡1)𝜀(𝑡2), (1)

Φint = −2𝜋𝑁𝑒𝑒
2

3~2

∞∫︁
0

𝑣𝑓(v)𝑑v

𝜌+∫︁
𝜌−

𝜌𝑑𝜌×

×
𝑡+∫︁

𝑡−

𝑑𝑡1

𝑡+∫︁
𝑡−

𝑑𝑡2𝜀(𝑡1)𝜀(𝑡2). (2)

It is clear from these two expressions that 𝜑int =
= 2𝜑𝑑. It is the reason to calculate 𝜑int = 𝑎20 Φint (in
Hz, and 𝑎0 is Bohr’s radius), i.e.,

𝜑int = −2𝜋𝑁𝑒

3

(︂
~

𝑚𝑒𝑒

)︂2 ∞∫︁
0

𝑣𝑓(v)𝑑v

𝜌+∫︁
𝜌−

𝜌𝑑𝜌×

×
𝑡+∫︁

𝑡−

𝑑𝑡1

𝑡+∫︁
𝑡−

𝑑𝑡2𝜀(𝑡1)𝜀(𝑡2) (3)

such that 𝜀 (𝑡𝑖) = 𝑒 u𝑖

𝑟2(𝑡𝑖)
is the individual electric mi-

crofield created by the unbounded electron that ro-
tates around the applied magnetic field 𝐵. We must
now solve the movement equations for this electron
and for the ion, both being subjected to the action
of magnetic and electric microfields. The movement
equations (in CGS units) are as follows:

𝑚
𝑑v

𝑑𝑡
=

[︂
−𝑍𝑒𝜀 (𝑡)− 𝑒

v ×B

𝑐

]︂
, (4)

𝑀
𝑑V

𝑑𝑡
=

[︂
𝑍𝑒𝜀 (𝑡) + 𝑍𝑒

V ×B

𝑐

]︂
, (5)

where 𝑍 is the net charge of the emitting ion (𝑍 =
= 𝑍𝑎 − 1 for the hydrogen-like ion), and 𝑐 is the speed
of light in the vaccum. We will take it equal to one,
and we will reconsider in the elaboration of the final
results (tables and figures). As the ratio of the masses
of an electron and the ion is very small (𝑚𝑒/𝑚𝑖 ≪ 1),
the electron dynamics is more affected by the mag-
netic field, whereas the ion dynamics is more affected
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by the electric microfield created by the electron. So,
we have

𝑚
𝑑v

𝑑𝑡
≃ −𝑒v ×B, (6)

𝑀
𝑑V

𝑑𝑡
≃ 𝑍𝑒𝜀 (𝑡) . (7)

Then

𝜀 (𝑡1) 𝜀 (𝑡2) ≡ 𝐶(𝑡1, 𝑡2) =

(︂
𝑀

𝑍𝑒

)︂2
𝑑V(𝑡1)

𝑑𝑡1

𝑑V(𝑡2)

𝑑𝑡2
. (8)

By using the momentum conservation P0 of the sys-
tem (ion-electron-magnetic field), we have

p+ 𝑒A+P− 𝑍𝑒A = P0, (9)

𝑚v +𝑀V + 𝑒A(𝑒)− 𝑍𝑒A(𝑖) = P0. (10)

Calculating the time derivative of the last equation,
we obtain

𝑚
𝑑v(𝑡)

𝑑𝑡
+𝑀

𝑑V(𝑡)

𝑑𝑡
+ 𝑒

𝑑A(𝑒)

𝑑𝑡
− 𝑍𝑒

𝑑A(𝑖)

𝑑𝑡
= 0, (11)

𝑑V(𝑡)

𝑑𝑡
= −𝑚

𝑀

𝑑v(𝑡)

𝑑𝑡
− 𝑒

𝑀

𝑑A(𝑒)

𝑑𝑡
+

𝑍𝑒

𝑀

𝑑A(𝑖)

𝑑𝑡
. (12)

By using the gauge

A(𝑒) =
𝐵

2

(︂−𝑦
𝑥
0

)︂
; A(𝑖) =

𝐵

2

(︃
−𝑌
𝑋
0

)︃
, (13)

we get

𝑑V(𝑡)

𝑑𝑡
= −𝑚

𝑀

𝑑v(𝑡)

𝑑𝑡
− 𝑒

𝑀

𝐵

2

(︃−𝑣𝑦
𝑣𝑥
0

)︃
+

+
𝑍𝑒

𝑀

𝐵

2

(︃−𝑉𝑦
𝑉𝑥

0

)︃
. (14)

By replacing (15) in Eq. (8), we find

𝐶(𝑡1, 𝑡2) =

(︂
𝑀

𝑍𝑒

)︂2
𝑑V(𝑡1)

𝑑𝑡1

𝑑V(𝑡2)

𝑑𝑡2
=

=

(︂
𝑀

𝑍𝑒

)︂2[︃
𝑚

𝑀

𝑑v(𝑡1)

𝑑𝑡1
+

𝑒

𝑀

𝐵

2

(︃−𝑣𝑦(𝑡1)
𝑣𝑥(𝑡1)

0

)︃
−

− 𝑍𝑒

𝑀

𝐵

2

(︃−𝑉𝑦(𝑡1)
𝑉𝑥(𝑡1)

0

)︃]︃[︃
𝑚

𝑀

𝑑v(𝑡2)

𝑑𝑡2
+

+
𝑒

𝑀

𝐵

2

(︃−𝑣𝑦(𝑡2)
𝑣𝑥(𝑡2)

0

)︃
− 𝑍𝑒

𝑀

𝐵

2

(︃−𝑉𝑦(𝑡2)
𝑉𝑥(𝑡2)

0

)︃]︃
. (15)

Here, we can neglect the last two terms in the right
brackets which are with 𝑍 factor. For the same reason
on the difference of masses, we can approximatively
write

𝐶(𝑡1, 𝑡2) =
(︁𝑚
𝑍𝑒

)︁2 𝑑v(𝑡1)

𝑑𝑡1

𝑑v(𝑡2)

𝑑𝑡2
+

+
𝐵2

4𝑍2
(𝑣𝑦(𝑡1)𝑣𝑦(𝑡2) + 𝑣𝑥(𝑡1)𝑣𝑥(𝑡2)) +

𝑚𝐵

2𝑒𝑍2
×

×

(︃
𝑑v(𝑡1)

𝑑𝑡1

(︃−𝑣𝑦(𝑡2)
𝑣𝑥(𝑡2)

0

)︃
+

𝑑v(𝑡2)

𝑑𝑡2

(︃−𝑣𝑦(𝑡1)
𝑣𝑥(𝑡1)

0

)︃)︃
. (16)

The movement equation for the electron allows us to
write

𝑚
𝑑v

𝑑𝑡
≃ −𝑒v ×B = −𝑒

(︃
𝑣𝑥(𝑡)
𝑣𝑦(𝑡)
0

)︃
×

(︃
0
0
𝐵

)︃
=

= −𝑒𝐵

(︃
𝑣𝑦(𝑡)
−𝑣𝑥(𝑡)

0

)︃
(17)

then

𝐶(𝑡1, 𝑡2) =
(︁𝑚
𝑍𝑒

)︁2 𝑑v(𝑡1)

𝑑𝑡1

𝑑v(𝑡2)

𝑑𝑡2
+

+
𝐵2

4𝑍2

∑︁
𝑖=𝑥,𝑦

𝑣𝑖(𝑡1)𝑣𝑖(𝑡2) +
𝑚𝐵

2𝑒𝑍2
×

×

(︃
𝑑v(𝑡1)

𝑑𝑡1

(︃−𝑣𝑦(𝑡2)
𝑣𝑥(𝑡2)

0

)︃
+

𝑑v(𝑡2)

𝑑𝑡2

(︃−𝑣𝑦(𝑡1)
𝑣𝑥(𝑡1)

0

)︃)︃
=

=
(︁𝑚
𝑍𝑒

)︁2 𝑑v(𝑡1)

𝑑𝑡1

𝑑v(𝑡2)

𝑑𝑡2
+

+
5𝐵2

4𝑍2

[︁
𝑣𝑦(𝑡1)𝑣𝑦(𝑡2) + 𝑣𝑥(𝑡1)𝑣𝑥(𝑡2)

]︁
. (18)

Then the amplitude of the collision operator becomes

𝜑int = 𝜑1 + 𝜑2, (19)

where

𝜑1 =
2𝜋

3
𝑁𝑒

(︂
~
𝑒𝑚

)︂2 ∫︁
𝜌𝑑𝜌

∫︁
𝑣𝑓(v)𝑑v

𝑡+∫︁
𝑡−

𝑡+∫︁
𝑡−

𝑑𝑡1𝑑𝑡2 ×

×
{︂(︁𝑚

𝑍𝑒

)︁2 𝑑v(𝑡1)

𝑑𝑡1

𝑑v(𝑡2)

𝑑𝑡2

}︂
(20)

and

𝜑2 =
2𝜋

3
𝑁𝑒

(︂
~
𝑒𝑚

)︂2 ∫︁
𝜌𝑑𝜌

∫︁
𝑣𝑓(v)𝑑𝑏𝑓𝑣

𝑡+∫︁
𝑡−

𝑡+∫︁
𝑡−

𝑑𝑡1𝑑𝑡2 ×

×
{︂
5𝐵2

4𝑍2
[𝑣𝑦(𝑡1)𝑣𝑦(𝑡2) + 𝑣𝑥(𝑡1)𝑣𝑥(𝑡2)]

}︂
. (21)
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Let first compute 𝜑1. It is easy to write

𝜑1 =
(︁𝑚
𝑍𝑒

)︁2 2𝜋

3
𝑁𝑒

(︂
~
𝑒𝑚

)︂2(︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑣 𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧 exp
(︁
− 𝑚

2𝐾𝑇
(𝑣2𝑥 + 𝑣2𝑦 + 𝑣2𝑧)

)︁
×

×
∫︁

𝜌𝑑𝜌

∫︁
𝑑𝑡1

𝑑v (𝑡1)

𝑑𝑡1

∫︁
𝑑𝑡2

𝑑v (𝑡2)

𝑑𝑡2
=

=
(︁𝑚
𝑍𝑒

)︁2 2𝜋

3
𝑁𝑒

(︂
~
𝑒𝑚

)︂2(︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧

√︁
𝑣20 + 𝑣2𝑧 exp

(︃
−
𝑚(𝑣2𝑥 + 𝑣2𝑦 + 𝑣2𝑧)

2𝐾𝑇

)︃
×

×
∫︁

𝜌𝑑𝜌

∫︁
𝑑𝑡1

𝑑v (𝑡1)

𝑑𝑡1

∫︁
𝑑𝑡2

𝑑v (𝑡2)

𝑑𝑡2
, (22)

𝜑1 =
(︁𝑚
𝑍𝑒

)︁2
(2𝜋)

2 𝑁𝑒

3

(︂
~
𝑒𝑚

)︂2(︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑑𝑣0𝑑𝑣𝑧𝑣0

√︁
𝑣20 + 𝑣2𝑧 exp

(︂
−𝑚(𝑣20 + 𝑣2𝑧)

2𝐾𝑇

)︂
×

×
∫︁

𝜌𝑑𝜌

∫︁
𝑑𝑡1

𝑑v (𝑡1)

𝑑𝑡

∫︁
𝑑𝑡2

𝑑v (𝑡2)

𝑑𝑡2

=
(︁𝑚
𝑍𝑒

)︁2
(2𝜋)

2 𝑁𝑒

3

(︂
~
𝑒𝑚

)︂2 (︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑑𝑣0𝑑𝑣𝑧𝑣0

√︁
𝑣20 + 𝑣2𝑧 exp

(︂
−𝑚(𝑣20 + 𝑣2𝑧)

2𝐾𝑇

)︂
×

×
∫︁

𝜌𝑑𝜌 [v (𝑡+)− v (𝑡−)] [v (𝑡+)− v (𝑡−)] (23)

such that 𝑡− ≤ 𝑡𝑖 ≤ 𝑡+ [26] and

𝑡− = −
√︀
𝑅2

max − (𝜌− 𝑟𝐿)2

|𝑣𝑧|
(24)

𝑡+ = 𝜏 +

√︀
𝑅2

max − (𝜌− 𝑟𝐿)2

|𝑣𝑧|
(25)

and

𝑣𝑥 = �̇� = 𝜐0 cos(Ω𝑡), (26)

𝑣𝑦 = �̇� = 𝜐0 sin(Ω𝑡), (27)

𝑣𝑧 = 𝑣0𝑧. (28)

We calculated the product [v (𝑡+)− v (𝑡−)]×
× [v (𝑡+)− v (𝑡−)]. It is also easy to show that

[v (𝑡+)− v (𝑡−)] [v (𝑡+)− v (𝑡−)] =

= 2𝜐2
0

[︃
1− cosΩ

(︃
𝜏 + 2

√︀
𝑅2

max − (𝜌− 𝑟𝐿)2

|𝑣𝑧|

)︃]︃
. (29)

Finally, we get

𝜑1 =
(︁𝑚
𝑍𝑒

)︁2
* 2 (2𝜋)2 𝑁𝑒

3

(︂
~
𝑒𝑚

)︂2 (︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑑𝑣0𝑑𝑣𝑧𝑣
3
0

√︁
𝑣20 + 𝑣2𝑧 exp

(︂
−𝑚(𝑣20 + 𝑣2𝑧)

2𝐾𝑇

)︂
×

×
∫︁

𝜌𝑑𝜌

[︃
1− cos

(︃
𝜏 + 2

√︀
𝑅2

max − (𝜌− 𝑟𝐿)2

|𝑣𝑧|

)︃]︃
. (30)

Following the same steps as for 𝜑1, it is easy to find

𝜑2 =

(︂
5𝐵2

4𝑍2

)︂
2

Ω2
(2𝜋)

2 𝑁𝑒

3

(︂
~
𝑒𝑚

)︂2 (︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑑𝑣0𝑑𝑣𝑧𝑣
3
0

√︁
𝑣20 + 𝑣2𝑧 exp

(︂
−𝑚(𝑣20 + 𝑣2𝑧)

2𝐾𝑇

)︂
×

×
∫︁

𝜌𝑑𝜌

𝑡+∫︁
𝑡−

𝑡+∫︁
𝑡−

⎛⎝∑︁
𝑖=𝑥,𝑦

𝑣𝑖(𝑡1)𝑣𝑖(𝑡2)

⎞⎠ 𝑑𝑡1𝑑𝑡2 =

=

(︂
5𝐵2

4𝑍2

)︂
2 (2𝜋)

2

Ω2

𝑁𝑒

3

(︂
~
𝑒𝑚

)︂2(︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁
𝑑𝑣0𝑑𝑣𝑧𝑣

3
0

√︁
𝑣20 + 𝑣2𝑧 exp

(︂
−𝑚(𝑣20 + 𝑣2𝑧)

2𝐾𝑇

)︂
×

×
∫︁

𝜌𝑑𝜌

[︃
1− cosΩ

(︃
𝜏 + 2

√︀
𝑅2

max − (𝜌− 𝑟𝐿)2

|𝑣𝑧|

)︃]︃
(31)

and the complete form of the amplitude of the col-
lision operator in the presence of a magnetic field
is summerised in the following expression (𝜑int =
= 𝜑1 + 𝜑2):

𝜑int =

(︃(︁𝑚
𝑍𝑒

)︁2
+

(︂
5𝐵2

4𝑍2

)︂
1

Ω2

)︃
2 (2𝜋)

2 𝑁𝑒

3

(︂
~
𝑒𝑚

)︂2
×

×
(︁ 𝑚

2𝜋𝐾𝑇

)︁3/2∫︁
𝑣30

√︁
𝑣20+𝑣2𝑧 ×

× exp
(︁
− 𝑚

2𝐾𝑇
(𝑣20+𝑣2𝑧)

)︁
𝑑𝑣0𝑑𝑣𝑧 ×

×
∫︁

𝜌𝑑𝜌

[︃
1− cos

(︃
𝜏 + 2

√︀
𝑅2

max − (𝜌− 𝑟𝐿)2

|𝑣𝑧|

)︃]︃
. (32)
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The first factor can be simplified as:(︃(︁𝑚
𝑍𝑒

)︁2
+

(︂
5𝐵2

4𝑍2

)︂
1

Ω2

)︃
=

=
1

𝑍2

(︃(︁𝑚
𝑒

)︁2
+

5𝐵2

4( 𝑒𝐵𝑚 )2

)︃
=

9

4

(︁𝑚
𝑍𝑒

)︁2
. (33)

Now, we can write

𝜑int =
2

3

(︂
9

4𝑍2

)︂
𝑁𝑒

(︂
ℎ

𝑒2

)︂2(︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
×

×
∫︁

𝑑𝑣0𝑑𝑣𝑧𝑣
3
0

√︁
𝑣20 + 𝑣2𝑧 exp

(︂
−𝑚(𝑣20 + 𝑣2𝑧)

2𝐾𝑇

)︂
×

×
𝜌+∫︁

𝜌−

𝜌𝑑𝜌

[︃
1− cosΩ

(︃
𝜏 + 2

√︀
𝑅2

max− (𝜌− 𝑟𝐿)2

|𝑣𝑧|

)︃]︃
, (34)

and

𝜌− = max(0, 𝑟𝐿 −𝑅max),

𝜌+ = 𝑟𝐿 +𝑅max

. (35)

Here, Ω = 𝑒𝐵/𝑚𝑒 and 𝑟𝐿 = 𝑣0/Ω are the Lar-
mor frequency and radius, respectively. If we assume
𝜌− = = 𝑟𝐿 −𝑅max [26] and put the change 𝑦 = (𝜌−
− 𝑟𝐿)/𝑅max, the amplitude of the collision operator
becomes

𝜑int =
2

3

9

4𝑍2
𝑁𝑒

(︂
ℎ

𝑒2

)︂2 (︁ 𝑚

2𝜋𝐾𝑇

)︁3/2
𝑅max ×

×
+∞∫︁

−∞

𝑑𝑣𝑧

∞∫︁
0

𝑣30

√︁
𝑣20 + 𝑣2𝑧 exp

(︁
− 𝑚

2𝐾𝑇
(𝑣20 + 𝑣2𝑧)

)︁
𝑑𝑣0 ×

×
1∫︁

−1

(𝑅max𝑦 + 𝑟𝐿) 𝑑𝑦×

×

[︃
1− cosΩ

(︃
𝜏 + 2𝑅max

√︀
1− 𝑦2

|𝑣𝑧|

)︃]︃
(36)

or, after managing the last integral and replacing Lar-
mor radius 𝑟𝐿 by its expression (the term containing
𝑅max vanishes, because the integral of an odd func-
tion vanishes),

𝜑int =
𝑁𝑒

3

9

4𝑍2

(︂
2ℎ

𝑒2

)︂2 (︁ 𝑚

2𝜋𝐾𝑇

)︁3/2 𝑅max

Ω
×

×
+∞∫︁

−∞

𝑑𝑣𝑧

∞∫︁
0

𝑣40

√︁
𝑣20 + 𝑣2𝑧 exp

(︁
− 𝑚

2𝐾𝑇
(𝑣20 + 𝑣2𝑧)

)︁
𝑑𝑣0 ×

×
1∫︁

0

𝑑𝑦

[︃
1− cosΩ

(︃
𝜏 + 2𝑅max

√︀
1− 𝑦2

|𝑣𝑧|

)︃]︃
. (37)

To perform the above integrals, we must to fix the
parameters 𝜏 = 5

𝜔𝑝
, 𝑅max = 5

2𝜆𝐷 and make changes
the velocities√︂

𝑚

2𝐾𝑇
𝑣0 = 𝑉0, (38)√︂

𝑚

2𝐾𝑇
𝑣𝑧 = 𝑉𝑍 (39)

to get a more suitable expression for the amplitude
of the collision operator

𝜑int =
9

12𝑍2
(𝐽1 + 𝐽2 + 𝐽3), (40)

where we have defined (𝑈(− 1
2 ,−2, 𝑧2) is the Kummer

function)

𝐽1 = 2𝐴(1− cos( ̃︀𝐹 ))×

× 3

√
𝜋

8

∞∫︁
0

𝑑𝑧 exp(−𝑧2)𝑈

(︂
−1

2
,−2, 𝑧2

)︂
=

= 2𝐴(1− cos( ̃︀𝐹 ))× 3

√
𝜋

8

15𝜋

32
=

= 1.9576𝐴 (1− cos( ̃︀𝐹 )) (41)

and

𝐽2 =
3

8
𝜋
√
𝜋𝐴 ̃︀𝐹𝐶 cos( ̃︀𝐹 )×

× 1

4
𝐺3,1

2,5

⎛⎝(︃̃︀𝐹𝐶

2

)︃2 ⃒⃒⃒⃒
⃒
⃒⃒⃒⃒
⃒ 1

2 ,
5
2

0, 1
2 , 3,−1, 0

⎞⎠, (42)

𝐽3 =
3

8
𝜋
√
𝜋𝐴 ̃︀𝐹𝐶 sin( ̃︀𝐹 )×

× 1

4
𝐺3,1

2,5

⎛⎝(︃̃︀𝐹𝐶

2

)︃2 ⃒⃒⃒⃒
⃒
⃒⃒⃒⃒
⃒ 1

2 ,
5
2

0, 1
2 , 3,−1, 0

⎞⎠, (43)

where 𝐺3,1
2,5(...) is the Meijer function and 𝐴, ̃︀𝐹 , 𝐶 are

defined as

𝐴 = 40
√
𝜋
𝑚𝜆𝐷𝑁𝑒

𝑒𝐵

(︂
~
𝑒2

)︂2(︂
2𝐾𝑇

𝑚

)︂2
, (44)
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𝐹 =
5𝑒𝐵

𝑚𝜔𝑝
= 5

Ω

𝜔𝑝
, (45)

𝐶 = 𝜔𝑝𝜆𝐷

√︂
𝑚

2𝐾𝑇
, ̃︀𝐹 = 2𝜋𝐹. (46)

Finally, the collision operator in the presence of a
magnetic field reads

𝜑int =
15𝑄

4 ̃︀𝐹𝐶

(︁
1− cos( ̃︀𝐹 )

)︁
+𝑄(cos( ̃︀𝐹 ) + sin( ̃︀𝐹 ))×

×𝐺3,1
2,5

⎛⎝(︃̃︀𝐹𝐶

2

)︃2 ⃒⃒⃒⃒
⃒ 1

2 ,
5
2

0, 1
2 , 3,−1, 0

⎞⎠. (47)

The direct collision operator amplitude 𝜑𝑑 = 𝜑int

2 ,

𝜑𝑑 =
15𝑄

8 ̃︀𝐹𝐶

(︁
1− cos( ̃︀𝐹 )

)︁
+

𝑄

2
(cos( ̃︀𝐹 ) + sin( ̃︀𝐹 ))×

×𝐺3,1
2,5

⎛⎝(︃̃︀𝐹𝐶

2

)︃2 ⃒⃒⃒⃒
⃒ 1

2 ,
5
2

0, 1
2 , 3,−1, 0

⎞⎠ , (48)

is such that

𝑄 =
9𝜋

√
𝜋

128

𝐴 ̃︀𝐹𝐶

𝑍2
, (49)

with̃︀𝐹 = 9.7902 × 107
𝐵(Tesla)√︀
𝑁𝑒(cm−3)

, (50)

̃︀𝐹𝐶 = 6.9227× 107 * 𝐵(Tesla)√︀
𝑁𝑒(cm−3)

, (51)

𝐴 ̃︀𝐹𝐶 = 3.7198× 105 * 𝑇 5
2 . (52)

3. Results and Discussion

We have calculated the collision operator numerically
using expressions (47)–(52) for hydrogen-like ions for
various plasma parameters to show the variation of
this operator. First, we can see clearly from these ex-
pressions that the collision operator variation with a
magnetic field is related to the combination of four
functions 1

𝐵 , cos(𝐵), sin(𝐵), and the Meijer func-
tion. We present now the variation of 𝜑𝐵 as a func-
tion of the magnetic field 𝐵 for 𝐵 = 100 to 10 000 T
at 𝑇 = 100 eV and at densities 𝑁𝑒 = 1022 cm−3

for hydrogen-like Ag+46 and hydrogen-like Ar+17 in
Figs. 1 and 2. It is seen that the variation of the col-
lision operator as a function of the magnetic field has

Fig. 1. The amplitude of the collision operator versus the
magnetic field 𝐵 for Silver hydrogen-like (Ag+46)

Fig. 2. The amplitude of the collision operator versus the
magnetic field 𝐵 for Argon hydrogen-like (Ar+17)

a sinusoidal shape enveloped by an increasing ampli-
tude which returns to

(︀
1
𝐵

)︀
function. We can explain

it by the fact that the electron has a helical trajec-
tory. Therefore, at increasing the value of the mag-
netic field, the electron moves away from the emit-
ter ion, and the collisions become less strong. We can
note the same takes place for Ar+17 (Fig. 2). As a
function of the density, in the range of 1018 cm−3 to
1026 cm−3, we have plotted the collision operator am-
plitude 𝜑𝐵 at the 100-eV temperature and for 100 T
to 1 000 T. Figure 3 for hydrogen-like Fe+25 shows
that, with increasing the density, the collision opera-
tor amplitude 𝜑𝐵 decrease, but always remains very
large for the strong field. The same remarks can be
made for Ag+46, but with less amplitudes (see Fig. 4).

In Fig. 5, we give the collision operator amplitude
𝜑𝐵 versus the temperature and for different densi-
ties of hydrogen-like Ar+17 for 𝐵 = 100 T. We can
see that this variation is a function as 𝑇 5/2, so, in
a very hot plasma, the amplitude of the collision
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Fig. 3. The amplitude of the collision operator versus the
density for different magnetic fields 𝐵 for Iron hydrogen-like
(Fe+25)

Fig. 4. The amplitude of the collision operator versus the
density for different magnetic fields 𝐵 for Silver hydrogen-like
(Ag+46)

Fig. 5. The amplitude of the collision operator for Argon
hydrogen-like (Ar+17) versus the temperature for the magnetic
field 𝐵 = 100 T for different densities

operator increases with the temperature. This is ex-
pected, because, in the extra hot plasma, the elec-
trons become more in motion, and, therefore, the col-

Fig. 6. The line profile of Lyman-alpha for Silver hydrogen-
like (Ag+46) plotted for three magnetic fields

Fig. 7. The line profile of Lyman-alpha for Vanadium
hydrogen-like (Vn+22) plotted for three magnetic fields

Table 1. The FWHM broadened by free
electrons for three magnetic field values (100, 500,
and 1,000 T) and by Doppler effect in eV
for the temperature 𝑇𝑒 = 3.48×109 K and the density
𝑁𝑒 = 1026 cm−3: the first line corresponds
to CrXXIV and the second to FeXXVI,
and the experimental width is from Ref. [28],
whereas Δ𝜔𝑐 is from [9]

Δ𝜔exp, eV Δ𝜔𝐷, eV Δ𝜔𝐶 , eV
𝐵

our Δ𝜔, our Δ𝜔+

Shot Z1141 without 𝐵 without 𝐵 eV +Δ𝜔𝐷

Cr+23 Cr+23 Cr+23 100 17.2218 51.597
50 34.375 15.52 500 17.3276 51.703

1000 17.4118 51.787

Fe+25 Fe+25 Fe+25 100 12.5582 51.758
65 39.2 11.16 500 12.6199 51.820

1000 12.6967 51.897

lisions increase. We have also calculated the Lyman-
𝛼 line of hydrogen-like ions without fine structure at
𝑇 = 100 eV and 𝑁𝑒 = 1022 cm−3 for different values
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of magnetic field 𝐵. We have just included the broad-
ening by electron collisions, as well as the Doppler
broadening.

Figure 6 shows the line profile of hydrogen-like
Ag+46 including only the collision broadening just to
check the influence of the magnetic field. We see that,
with increasing the magnetic field 𝐵, the line profile
becomes more broadened.

To make our work more valid, we have compared
our results with some published researches: in Table,
we presented the FWHM (Full Width at Half Maxi-
mum) broadened by free electrons for three magnetic
field values and by the Doppler effect in eV unit’s
for the temperature 𝑇𝑒 = 3.48 × 109 K and the den-
sity 𝑁𝑒 = 1026 cm−3: the first line corresponds to
CrXXIV and the second to FeXXVI, and the experi-
mental width Δ𝜔exp is from Ref. [28], while the classi-
cal width is from Ref. [9]. In fact, the paper by Haines
(2006) [28] is devoted to the measurement of the elec-
tron and ion temperatures for a magnetically confined
plasma, by using the K-shell emission lines. In the ex-
perience, they considered some 𝑍 pinches (Z1137 and
Z1141), as example, shot Z1141 on the 𝑍 accelera-
tor at Sandia, which employed a 450 g = cm nested
stainless-steel wire array with an initial outer array
diameter of 55 mm, inner one of 27.5 mm and a 2 : 1
mass ratio. The measured electron temperature from
line ratios and the continuum slope is found to be
3 keV at stagnation. In addition to the dominating
Cr and Fe lines, Mn and Ni ones are apparent. The
agreement was again quite good, well within the error
associated with that of the measurement.

It is clair that the Doppler broadening is domi-
nant. However, in the presence of a magnetic field,
our results become more important than the classi-
cal width, when the magnetic field increase, and ap-
proaches the experimental values.Therefore, we can
confirm that our results are in good agreement with
experiment.

In another side, we have plotted the spectral line
shape of hydrogen-like 𝑉 +22 at 𝑇 = 109 K and the
densities about 𝑁𝑒 = 1022 cm−3 studied in work
[29], we note that only the electronic broadening is
included here. Figure 7 shows the comparison be-
tween the line broadened by electronic collisions in
no-magnetized plasma (Griem profile) and magnetied
plasma for different magnetic field values. It is clear
that, in magnetized plasma, the line becomes more
broadened, as compared to Griem profile. With in-

creasing the magnetic field, the line becomes more
and more broadened.

4. Conclusion

The various broadening mechanisms in magnetized
plasmas increase the complexity of the analysis of line
shapes. However, the complexity provides the possi-
bility that an accurate model of the perturbed emitter
may lead to more information on the plasma condi-
tions. In this work, we have traited and calculated
the operator of electronic collisions in the presence of
a magnetic field. Our model allows us to analyze the
collision operator, as well as the spectra of different
emitters for a wide range of plasma conditions. For
hot and dense plasma at laboratories under the con-
ditions of thermonuclear fusion, in some stars, and
in astrophysical plasmas (tokamaks, e.g.) for very
strong field values, the collision operator amplitude
calculations show a signifcant effect. We have studied
the Lyman-𝛼 line for some emitters such as hydrogen-
like V+22, Ag+46, Cr+23, and Fe+25, neglecting the
ionic Stark broadening, the comparaison with experi-
ence and with another researches gives a good agree-
ment. So, in magnetized plasma, the collisions be-
come more important, and the line profile becomes
more broadened.
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ОПЕРАТОР ЗIТКНЕНЬ
ДЛЯ НЕЗВ’ЯЗАНИХ ЕЛЕКТРОНIВ
У МОДЕЛI НАМАГНIЧЕНОЇ ПЛАЗМИ

Форми спектральних лiнiй плазми мiстять iнформацiю що-
до параметрiв плазми i можуть бути використанi для її дiа-
гностики. Отримано формулу з функцiєю Мейєра для опе-
ратора зiткнень електронiв плазми в зовнiшньому магнi-
тному полi. В рамках деякого наближення розглядається
взаємодiя мiж випромiнюючими системами (воднеподiбни-
ми йонами) та електронами плазми. Розраховано амплiту-
ду оператора зiткнень йонiв Ar+17, V+22, Cr+23, Fe+25 та
Ag+46 в iнтервалi густин 1018–1026 см−3 при температурах
106–1010 К в дуже сильному магнiтному полi 100–10 000 T.
Результати для Лайман-альфа лiнiї добре узгоджуються з
експериментальними даними та iншими теоретичними ре-
зультатами.

Ключ о в i с л о в а: оператор зiткнень для електронiв, зов-
нiшнє магнiтне поле, спектроскопiя плазми.
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