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MATHEMATICAL MODELS

AND METHODS ON HIGHER DIMENSIONAL
BULK VISCOUS STRING COSMOLOGY

WITH THE FRAMEWORK OF LYRA GEOMETRY

We investigate a cosmological scenario generated by a cloud of strings containing particles
in the framework of the Lyra geometry by considering five-dimensional Bianchi type-1II line
element. We assume two physically plausible conditions (i) shear scalar (o) proportional to the
expansion factor (0), which leads to P = Q"; n # 0 s a constant, P and Q being scale factors
and (1) & = & = constant, & being the coefficient of bulk viscosity, deterministic models of our
Universe are obtained. We have solved the modified Einstein’s field equations of a homogeneous
Bianchi type-I1II metric. The bihaviors of cosmographic parameters for the different values of
time (t) and redshift (z) are presented in detail to study the proposed model. It has been found
that the displacement vector () behaves itself like the cosmological term, and the solution is
consistent with the recent observations of SNela. The physical and geometrical properties of
the model are premeditated, and it has been discussed in detail regarding the possibilities and
prospects that can be happen throughout the evolution of the Universe. It is found that the bulk
viscosity plays a crucial role in the evolution of the Universe, and the strings dominate in the
early Universe and eventually disappear from the Universe during a sufficiently large time. So,
our model can be treated as a realistic one.
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The generalization of gravitation theory by A. Ein-
stein in his general theory of relativity inspired sev-
eral authors to geometrize other physical fields. It is
familar to all of us that strings play a crucial role in
the initial stage of the evolution of the Universe. The
learning of the origin of the Universe and the early
stage of its creation is still a fascinating area of inves-
tigations to find out its mysterious facts that have still
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to be experienced to study the ultimate fate of the
Universe. The vast Universe contains various myste-
rious particles from different views of researchers and
from observational findings. So, to study the fate of
the Universe, a fresh exploration is required to clar-
ify the unknown fundamentals of the mysterious Uni-
verse. In the context of the general relativity, the
study of strings was made by Letelier [1,2] and Stachel
[3]. Lately, several renowned researchers worked in
the domain of cosmic strings in general relativity, as it
is fundamental to understand the early stages of the
evolution of the universe [4, 5] giving rise to density
perturbations due to which galaxies are formed [6, 7).

The observations of the Universe with the aid of
modern technological tools also prove that, in the
early Universe, there exists a large scale network of
strings. These strings possess the stress-energy and
are coupled with the gravitational field. Anisotropy
of the Universe is due to the presence of strings; how-
ever, strings are not visible nowadays. Strings do not
pose a threat to the cosmological models, however,
they show the way to incredibly exciting astrophys-
ical consequences, as opposed to domain walls and
monopoles. Strings are also useful to explain both
the nature and the fundamental configuration of the
early Universe. In string theory, all the matters and
forces are combined to give us a single theoretical
structure. The theory explains the initial state of
the formation of a Universe in terms of (vibrating)
strings. The string theory is very appropriate in de-
scribing the early evolution of the Universe. Many
researchers nowadays are focusing on studying the
cosmological models with strings of the universe to
gain a comprehensive understanding of the develop-
ment of the Universe. According to the GUT (grand
unified theories) [4-6,8-10], after the big-bang explo-
sion, these strings arose, when the cosmic tempera-
ture goes down below some critical value due to the
symmetry breaking throughout the phase transition
in the early Universe. These cosmic strings can couple
toward the gravitational field and possess the stress
energy. Therefore, it may be fascinating to study the
gravitational effect due to strings.

From the recent observations [11-13] it can be said
that the space-time Universe is not perfectly iso-
tropic. Rather, it is anisotropic. Therefore, the met-
ric components in the line element should be diffe-
rent functions of the time. To study the homogeneous
and anisotropic cosmological model with anisotropic
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property, Bianchi type space-times are used, and the
isotropization process of these models may also be
studied. From the theoretical perception, the aniso-
tropic cosmological models have possessed a better
generalization than the isotropic model of the Univer-
ses. Considering the spatial isotropy, [14, 15] showed
that the Bianchi-type string cosmological model gen-
eralizes FRW models over and above those with
asymptotics or less than SO (3) isotropy.

Several researchers [16-21] have investigated the
dynamics of the Universe in different contexts by for-
mulating the cosmological models containing cosmic
strings in the fluid. Recently in [22-33, 35-40, 59, 60]
some cosmological models with various modified the-
ories of relativity in different contexts were studied
in a Bianchi-type space-times. To obtain exact so-
lutions of the Letelier string cosmological model, in
[41, 42], Bianchi type II, VIO, VIII, and IX line el-
ements in different contexts were analyzed. Conside-
ring the Bianchi type I space-time, in [43], a string
cosmological model was studied, and exact solutions
of it were obtained by taking the bulk viscosity coef-
ficient in terms of a power function of the energy den-
sity. Assuming a hybrid expansion law for the aver-
age scale factor, Vinutha et al. [44] obtained Bianchi
types I and IIT dark energy cosmological models with
strings in the Saez—Ballester theory. Consideing the
sum of the energy density and tension density as zero,
Adhav et al. [45] determined a cosmological model
with strings in the B-D theory. Not only the above-
mentioned authors [46-73] investigated cosmological
models with cosmic strings in different contexts and
in various geometries. Recently, Pradhan and Jaiswal
[74] studied Bianchi type V geometries with massive
strings and determined a class of anisotropic & ho-
mogeneous cosmological models.

Here, we will study a Bianchi type III string cos-
mological model in the Lyra geometry. Some physical
and dynamical properties of the model universes are
studied, and it will be seen that throughout the evolu-
tion of the proposed model universe, the strings disap-
pear, whereas the particles will remain. Interestingly,
it is seen that the bulk viscosity plays a great role
throughout the evolution of the model Universe, and
our model can be thought of a realistic universe sup-
porting the present-day observational findings. This
paper is organized as follows. The field equations and
line elements are presented in Section 2; in Section 3,
we obtain the exact solutions of the field equations. In
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Section 4, the dynamical and Physical properties of
the model are discussed in detail, and Section 5, deals
with conclusions.

2. The Metric and Field Equations

The Bianchi type III metric for a five-dimensional
cosmological model Universe is taken as

ds®> = P? (da:Q + e 2%y 4+ dzz) +Q%dm? — dt*, (1)

where P(t) and Q(t) are the scale factors, o # 0 is a
constant, m is the space-like fifth coordinate [75] and
the spatial curvature is set to be zero. [76]

Einstein’s field equations for Lyra’s manifold in the
normal gauge [77, 78] read

1 3 3
Gi; = Ryj — iRgij + §¢i¢j - Zgz‘jcbkfbk =-T;, (2)

with 8’;—9 = 1 in geometrical units, where R;;, R,
T;;, and ¢; are, respectively, the Ricci tensor, Ricci
scalar, energy-momentum tensor, and displacement
vector field. Let us define ¢; as

;= (0’070707ﬁ(t))' (3)

The energy-momentum tensor 7;; for a bulk viscous
fluid is taken as

Tij = puU;U; — /\Jﬁil‘j - fa(gij + U;i’u]‘), (4)

where, p = A+ p,, is the energy density for a cloud of
strings (loaded with particles), A denotes the string
tension density, p, is the particle energy density,
0= uf“k is the expansion factor, £ is the bulk viscosity
coefficient, * is the unit space-like vector represent-
ing the direction of strings, and u' is the five-velocity
vector of a fluid flow.

The velocity vector u? and direction of a string z*
are given by

u' = (0,0,0,0,1) (5)

and

:ci—(ooolo) (6)
b b 7@7 *

In co-moving coordinates, the velocity vector u’ and
direction of a string z* satisfy the conditions

wu! = —z;2t = —1 and wlz; = 0. (7)
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Therefore, we get

T} =T; =T = ~0; T =\~ ¢&6;

T2 = —p and Tji:O for i#j.

For the line element (1), essential physical parameters
like the spatial volume V', the average scale factor R,
the expansion factor 8, the Hubble expansion factor
H, the shear scalar 02, and the mean anisotropy pa-
rameter A are found as follows:

V=Rt = P, (®)
9:u§;=3§+%, 9)
e A EE ]
AH = 0= ui—3 +g, (11)

s=ix (M7 m

where Hj; j = 1,2,3,4 are, respectively, the di-
rectional Hubble’s parameter along the direction of
x,y, 2 & m which are defined as
p Q

Hy=H;=H3;=— and H,=—.

1 2 3= p 150
Henceforth, overhead dots are used to denote deriva-
tives with respect to the time t¢.

Using Egs. (1)—(7), in the system of co-moving co-
ordinate, we have the survival field equations as

2£+g+§zm£g+iﬁw, (13)
2ﬁ+g+z+2ig—ﬁ+iﬁ2:£9, (14)
3§+3§—%+%62=A+§9, (15)
3£2+3£g;‘iiﬂ2ﬂ (16)
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3. Solution of the Field Equations

Considering & = y(constant), the determinate solu-
tions of the above field equations (13)—(16) are ob-
tained in the following section.

Note that there are 4 highly nonlinear indepen-
dent equations (13)—(14) involving 6 unknown vari-
ables (P, @, 8, A, p, and 6). To get determinate solu-
tions of the above system of equations, we need two
extra equations. We assume the following two physi-
cally plausible conditions.

(i) Considering shear scalar (o) proportional to the
expansion factor (#), we can obtain
where n # 0 is a constant. The above assumption
is based on the observations of the velocity and red-
shift relation for an extragalactic source and predicts
that the Hubble expansion is 30%-isotropic, which is
supported in the works by Thorne [79]; Kristian and
Sanchs [80]. In particular, it can be said that & <
< 0.30, where o and H are, respectively, shear scalar
& Hubble constant. Collins et al. [81] showed that if
the normal to the spatially homogeneous line element
is congruent to the homogeneous hypersurface, then
% = constant, 6 being the expansion factor.

(ii) Berman’s [82] suggestion regarding a variation
of Hubble’s parameter H provides us a model universe
that expands with a constant deceleration defined by

RR
¢ = ——— = const.
R2

(18)
It is well known that, whenever ¢ (deceleration pa-
rameter) is negative, then the model universe is ex-
panded with acceleration, whereas a positive ¢ ex-
plains a decelerating universe. Although the present
observations like CMBR and SNela suggested the
negative value of ¢ (accelerating model universe), but
it can be remarkably state that they are not able to
deny about the decelerating expansion of the Uni-
verse. Vishwakarma [83] showed that the decelerating
Universe is also not inconsistent by means of these ob-
servations. Solving Eq. (18) for ¢ = constant, it can
be found that

R = (at +b) T, (19)
where a # 0 & b are integrating constants, and ¢ >
> —1 for the accelerating model Universe.
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Now, from Egs. (8), (17), and (19), we have

P = (at + b)@baTD
Q = (at + b)TFOITD .
Taking a =1 and b = 0 in Egs. (20) and (21), which
do not affect the generality, by the suitable choice of
the coordinate, we reduce Egs. (20) and (21) to
P = tGFsaTD

Q = tEFFD

Using Egs. (22) and (23), the metric (1) can be writ-
ten as

ds? — tETDaTD (do? + e72%dy? + dz?) +

TS dm?2 — . (24)
The model given by Eq. (24) represents the bulk vis-
cosity in the Bianchi type III model in the Lyra ge-
ometry, where ¢ > 1 is a constant.

4. Some Physical
and Geometrical Properties

The energy density p is obtained from Egs. (13) and
(16) as follows:

4¢, 4(2n +1)(¢ —3)

P70+t Gnr)d+q2e2

2 —8n
— G aFo |

(25)

From Egs. (13) and (15), the value of A (tension den-
sity) is obtained as

A(n —1)(¢ =3)

2 —8n
- _ — a2t @I (Te

(3n +1)(1 + q)%t2

(26)

Therefore, by using Eqgs. (25) and (26) in the relation
p = A+ pp, the energy density of particles is found as
follows:

_ 4% 8(n+2)(¢—3)
P01t Brnr)d+q22

(27)

The displacement vector 8 can be obtained from
Eq. (13) as

2 = 166
3(1+q)t
3 64(3n%+2n+1) —16(2n + 1)(3n + 1)(1 + q) (28)
3(3n + 1)2(1 + )22 '
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From Egs. (8)—(12), (19), and (24), the physical and
geometrical quantities like V, R, 0, H, 0%, and A are
obtained as follows:

R=tT7, (29)
V =ttt (30)
P 31
=TT o (31)
1
“ Ut ot (82)
2 _ 6(n — 1)2
7T B 121+ g2 (33)
and
n—1)2
= M = (const). (34)

The redshift z defined by z = —1+ %, where R(t) is

the average scale factor, and Ry is the present value
of R(t), is found as
z=—1+1t T, (35)
and the EoS parameter @ defined by @ = £ is given
by

480 + (4(2"+1)(q_3) + a2t_(3n+flsw

— _ (149)t 3n+1)(1+q)3t2 —
“= _4(n=1)(g=3) + 275_(3”&% Y=
Gnih(t+g2e T ¢
4B+ 1)1+t +4C2n+1)(g=3)
A(n — 1)(q — 3)+a2(3n+1)(1+4¢)2> @rrvars
. 0?(3n + 1)(1 + ¢)** T
A(n —1)(q — 3)+02(3n + 1)(1 + q)2> T
(36)
Equations (32) and (35) lead to
H = Hp(1 + 2)'*9, (37)

where Hy is the present value of the Hubble pa-
rameter.

It is worth to note that we constrain the model
parameters of the Universe in the derived model by
using 46 H(z) data sets. The complete list of H(z)
data points are compiled in Refs. [84, 85]. The quan-
tity x2 for H(z) data is read as

27 (38)

H (Zl) — HO g(21)
2 _ th b
XH(z) = Z { o

i=1
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Fig. 1. Two-dimensional contours in the Ho — g plane at 1o,

20 and 30 confidence regions by bounding our model with H(z)
data

where Hyn(z;) and Hops(z;) denote the theoretical
and observed values, respectively, and o denotes the
standard deviation of each Hops(2;).

Figure 1 depicts two-dimensional contours at 1o,
20, and 30 confidence regions by bounding our
model with 46 H(z) data sets. We constrained the
model parameters Hy and ¢ as 68.87 km/s/Mpc and
—0.50. That is why, we choose ¢ = —0.50 for the
graphical analysis of various parameters of the de-
rived model.

5. Physical Interpretation of the Solutions

In this section, we have presented the analysis of
cosmological parameters to study the nature of the
proposed model. For this model, the expressions for
the average scale factor R, volume V', and expansion
scalar 6, as obtained in Egs. (29)—(31), show that the
model Universe begins with the initial singularity at
t =0 from V =0, i.e., our model Universe starts from
the zero volume at t = 0 with the big-bang. As the
time progresses, it is expanding, i.e., when ¢t — oo,
V — oo. From Eq. (31), it is seen that % is nega-
tive, indicating that the expansion rate in the model
is accelerating. But when ¢t — oo, 8 — 0 showing that
the expansion stops at the infinite time. These behav-
iors of the model parameters are presented in Figs. 2
and 3.

From the value of the redshift given by Eq. (35), it
has been observed that z — —1 as t — oo. This vari-
ation can be seen from Fig. 4 depicting the nature of

441



M.R. Mollah, K.P. Singh, A.J. Meitei et al.

100 |- 7

Volume

(=) -3

> =)
T T
1 L

200 .

oftmemesrm—m—m—— . ..
0.0 0.5 1.0 1.5 2.0

Time (Gyr)

Fig. 2. The graph of volume V' vs. cosmic time ¢ for n = 2,
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Fig. 3. The graph of expansion factor 6 vs. cosmic time ¢ for
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Fig. 4. The graph of redshift z vs. cosmic time ¢ for n = 2,
q=-05,a=—-1land & =1

changes in the redshift z with the changes in the cos-
mic time. From this result, we can say that our model
Universe corresponds to the expanding Universe.
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Equation (33) gives us an idea about the shear
scalar o which approaches the zero, as t — oo, ex-
plaining a shear-free model Universe at the infinite
time. For all values of ¢, the anisotropy parameter
A #0Oforn# 1 Butif n =1, A = 0. Thus, the
model Universe is anisotropic for n # 1 and isotropic,
whenever n = 1 throughout its evolution.

From the expressions for the energy density p and
tension density A given by Egs. (25) and (26), we have
observed that both of them are negative at the initial
epoch of the time. But, as the time progresses, they
will change the sign from negative to positive and fi-
nally becomes zero, when ¢t — oc. Figures 5, a and
b present the variations of the energy density with
respect to the cosmic time ¢ and the redshift z, re-
spectively. Figures 5, a and b clearly indicate that,
at the infinite time (or when z — —1), p — 0. The
nature of the variations of the tension density A ver-
sus the time ¢ and the redshift z are, respectively,

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 7



Mathematical Models and Methods on Higher Dimensional

10 1
,‘? L
g 5f B
3
2 |
= L
S L
Z
£ L
Y
-5 -
0 1 2 3 4 5
Time (Gyr)
a
| / 1
0
z
§ -s5p .
a
=
£
2 —10
V)
[
—15[ 1
-20 1
-2 -1 0 1 2 3 4
Red Shift
b

Fig. 6. The graph of tension density A vs. time ¢ (a) and
redshift z (b) forn =2,¢=—-05,a=—-1and § =1

depicted in Figs. 6, a and b. From Figs. 6, a and b,
we can conclude that, when ¢ — 0 (or z — 00), A is
negative. But, with the passage of the cosmic time,
it changes the sign from negative to positive. Finally,
at the infinite time (i.e., when z — —1), it becomes
zero, which is supported by Letelier [2].

For the model Universe, the expression for the par-
ticle density p,, as found in Eq. (27), and its vari-
ations versus the cosmic time and redshift, respec-
tively, in Figs. 7, a, b show that p, is always positive
and decreases from p, = o0 ast = 0 to p, = 0, as
t — oo.

Figure 7 depicts that the tension density dimin-
ishes more rapidly than the particle density. Thus,
our model begins from the infinite density with a big
bang at t = 0, and then the strings will disappear
leaving the particles only. Hence, our model is a real-
istic one.
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In this model Universe at the initial epoch of the
time, the gauge function 32 given by Eq. (28) is found
to be negative, increases gradually with the time, and
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Fig. 10. The graph of EoS parameter w vs. time ¢t (a) and
redshift z (b) forn =2,¢=—-0.2, a=0.1and § =1

changes the sign from the negative one to a finite
positive value. Then it again decreases, as the time
increases. Finally, the gauge function 82 — 0, when
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t — oo. This is in agreement with the recent observa-
tions of SNela ([86-93]).

The variations of the EoS parameter (@) given by
Eq. (36) are presented in Figs. 10, a and b with re-
spect to the cosmic time (¢) and redshift (z), re-
spectively. From both figures, we observe that the
model Universe starts with the matter-dominated
era. Then, with the progress of the time, it enters the
dark energy era (quintessence type). Finally, it moves
toward the phantom era.

6. Conclusion

We have investigated a homogeneous and anisotropic
space-time described by the 5-dimensional Bianchi
type III metric in the Lyra geometry with a constant
deceleration parameter. Exact solutions of Einstein’s
field equations have been obtained. In this model, the
Universe starts evolving with the null volume at the
time ¢ = 0 with big-bang and is expanding with accel-
eration. During the evolution of the Universe, it has
been also observed that the strings disappear leaving
only the particles. The shear scalar ¢ becomes zero
as t — oo. So, our model represents a shear-free in-
flationary cosmological model Universe for large val-
ues of the cosmic time. It is worth to note that we
obtained n = 1, which shows that the anisotropy,
as well as the shear scalar, vanish, and the evolu-
tion of the Universe isotropizes. From Figs. 9 and
10, we also observe that the dynamical behavior of
the EoS parameter corresponds to the accelerating
phase of the have also observed that the model Uni-
verse starts with the matter-dominated era. Then,
with the progress of the time, it enters the dark en-
ergy era (quintessence type). Finally it moves to the
phantom era. In our model, the gauge function 3?2 is
found to be negative, increases gradually with the
time, and changes the sign from negative to a fi-
nite positive value. Then it again decreases, as the
time increasesS. Finally, it tends to zero in the late
time, which is in agreement with the recent observa-
tions of SNela. It is worth to not that we have ob-
tained ¢ = —0.50 to describe the behavior of the
physical parameters of the derived model by con-
straining our model with 46 observational Hubble’s
data. This shows the consistency of the model with
observations. So, our investigation will be of interest
to the young researchers to study the evolution of the
present-day Universe.
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MATEMATWYHI MOJEJII I METOIU
BATATOBMMIPHOI KOCMOJIOTII CTPYH
3 OB’€MHOIO B’A3KICTIO

B PAMKAX 'EOMETPII JINPU

HocniizKyerbcst KOCMOJIOTIYHMM CIieHapiil, 38 SIKUM €BOJIIOIIO-
HY€ CyKyIHICTb CTPYH Ta YaCTUHOK, B paMKax reomerpil Jlu-
pu, 6epy4n [0 yBaru I’ ATHBAMIpHMIL iniitauil enement B’sauki
Tuiy I11. 3pobiieno apa dizuyHO NPaBIONOAIOHI TPUITYIIEHHS:
1) ckamsap 3cyBy (o) € nponopuiliauM HakTOpy PO3HIMPEHHS
(0), mo nae P = Q™; n # 0 e koncrauroo, P ta Q € mac-
mrabauMu Koedirjenramu; 2) £ = {o = const, e & € xoedi-
nieHTOM 06’e€MHOI B’A3KOCTI. 3HANIEHO PO3B’A3KU IJis MOIU-
dikoBaHUX TOJILOBUX PiBHAHL EifHINITEHHA 3 OJHOPIIHOIO Me-
Tpukoro B’auki Tumy III. /g BUBUYeHHS 3aIIpOIIOHOBAHOI MO-
neni 1eTajbHO PO3IVISIHYTO MOBEAiHKY KocMmorpadidHux mapa-
MeTpiB JyIsl pi3HuX 3Ha4YeHb vacy (t) 1 uepBoHOro 3cyBy (2).
BusiBsieno, mo BekTop 3uimenHs () moBoguTh cebe SK KO-
CMOJIOTiYHMII 4JIeH, i PO3B’A30K y3rOKYy€E€ThCs i3 HEIoIaBHIMU
criocrepexkerrsimu SNela. 3uaiiieHo, mo o6’eMHa B’sI3KiCTb Bi-
airpae NpUHIMIIOBY pOJib B eBoJstonil Bcecsity, a cTrpynu Jo-
MiHYIOTH y paHHBOMY BcecBiTi i 3HHKAIOTh IPOTArOM JOBOJIL
3HAYHOIO 4acy. TaKuM YMHOM, HAIlla MOJIEJIb MOXKe PO3IJIsiia-
THCH K PeaiCTUYHA.

Katwwoei caoea: reomerpisa Jlupu, 06’emua B’a3KicTb, €BO-
Jonisi, panuiit BeecsiT, crpyHa.
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