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COMPARISON BETWEEN THE THEORETICAL
CALCULATION OF COULOMB FORM FACTORS
AND EXPERIMENTAL DATA FOR '2C AND 2°Ne NUCLEI

The Coulomb form factors for the elastic and inelastic electron-nucleus scatterings have been
calculated for 2C and *°Ne nuclei in the ground and excited states with the same parity. We
use a microscopic theory involving the effects from high configurations outside the model space,
which are called the Core Polarization (CP) effects. For the core polarization matriz elements,
the realistic Michigan sum of the three-range Yukawa (M8Y) interaction and the Modified
Surface Delta Interaction (MSDI) are used as the two-body interactions. Additionally, the
Harmonic Oscillators (HO) potential is applied to calculate wave functions. In the final step,
a comparison has been made between the theoretical calculations of Coulomb form factors
based on (M3Y) and (MSDI) interactions and the available experimental data. It is noticed
that the Coulomb form factors for the (M3Y) interaction give a sensible delineation of the
measured data.
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core polarization effect.

1. Introduction

Electron scattering is considered as an efficient tool
for examining the structure of nuclei and nucleons.
The biggest advantage of the use of electrons is in that
they can be broadly produced within the research
facility, and since they are charged, and they can
promptly be accelerated [1]. Furthermore, the main
interaction between an electron and the target nu-
cleus is well understood in the framework of Quan-
tum Electrodynamics (QED) [2]. The origin of the
other reason that the electron scattering is a valuable
method for examining the properties of nuclear struc-
tures comes from its ability to identify the excited
states, spins, and parities through the calculations of
the reduced matrix elements of nuclear transitions.
Thus, a comparison between the electron scattering
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form factors obtained from the experimental measure-
ments and the ones obtained from theoretical calcu-
lations can contribute to a stringent test to approve
the structural properties of the studied nuclei [3].
Various microscopic theories have been developed
to study excitations in nuclei throughout the elec-
tron scattering process. One of these models is a shell
model with restricted Model Space (MS), which suc-
ceeded in representing the static properties of nuclei
like the nuclear mass, size, spin, and electric and mag-
netic moments [4]. The shell model is one of those
models that have been adopted to describe the nu-
clear structure, and it is quite successful, particu-
larly, to describe the closed-shell nuclei, light, and
near closed-shell nuclei [5]. The data on the elec-
tron scattering can not be reproduced using only the
model space wave functions in the form factor calcu-
lations. [6]. Therefore, the role of a core polarization,
which affects out of the Model Space, is necessary to
be included in the calculations. The Core Polarization
is a process that has been so important in determin-
ing the two-particle effective shell model interaction.
There have been many residual interactions for
the Core Polarization that were reported in the lit-
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erature such as the Modified Surface Delta Interac-
tion (MSDI) [7] and Michigan Three-Range Yukawa
(M3Y) Interaction [8]. The Core Polarization is a
method for generating long-range correlations in a
nucleus, beginning with a short-range interaction
[9]. The concept of Core Polarization was generally
applied in nuclear-structure calculations by Kuo and
Brown [10] and many others starting in the late 1960s
with abundant success. It is observed that the Core
Polarization (CP) effects were extremely valuable, be-
cause it is very attractive in verifying the agreement
between theory and experiment.

The first theory concerning the inelastic electron
scattering was developed by Snedden and Touschek
[11]. Later, the electron scattering including a form
factor was first considered by Lyman et al. [12]. They
had found the first experiment that was sensitive
to the nuclear size. The nuclear size could be cal-
culated by multiplying the nuclear form factor by
Mott’s cross-section. This form factor depends on the
charge, current, and magnetization distribution in the
nucleus.

Lukyanov et al. [13] calculated the elastic form fac-
tor for 12C in the plane-wave Born approximation and
by accounting for distortions of the electron wave’s by
the Coulomb field. They numerically solved the Dirac
equation in the calculation.

In recent years, Jassim and Sahib [14] studied Cs
and C; Coulomb form factors of 20, 2922Ne nu-
clei. The Tassie and Bohr-Mottelson collective mod-
els were used to calculate core polarization effects.
The wave functions are computed with three poten-
tials: Harmonic oscillator (HO), Wood—Saxon (WS),
and SKyrme (SKX).

Currently, the inelastic Coulomb electron scatter-
ing form factors for 6466:687n have been calculated
by Salman et al. [17]. The HO potential has been
adopted to compute the radial wave functions of
single-particle matrix elements. To obtain the results,
the following shell model codes were used: CP and
NUSHELL.

The main goal of the present work is to com-
pute the theoretical Coulomb form factors for '2C
and 2°Ne nuclei. To do this, by considering the role
of the Model Space (MS) with the Core Polariza-
tion (CP) effects with each Modified Surface Delta
Interaction (MSDI), and realistic interaction Michi-
gan three-range Yukawa (M3Y), we chose the har-
monic oscillator wave function as a single-particle
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one. Eventually, we will discuss the comparison be-
tween theoretical results and experimental data which
are taken from other papers.

2. Theoretical Framework

In the framework of the Plane-Wave Born Approxi-
mation (PWBA), the squared form factor |F7(q)|* of
a given multipolarity (J) is a function of the momen-
tum transfer (¢) and can be written in terms of doubly
reduced matrix elements (in a spin-isospin state) of
the transition operator [2]:

47
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[Es(@)* = (JrTel| Ty ||| JiT3) (1)
Here, J; and J; are the initial and final nuclear spins,
respectively, T; and T are the respective initial and
final isospin states, where T' = 0 or 1 for isoscalars
or isovectors, Ty represents the multipole operator
with multipolarities JT', and Z is the atomic number.

The reduced matrix elements can be expressed in
two parts; the first one is the Model Space (MS) ma-
trix element and the second one is the Core Polariza-
tion (CP) matrix element [16]. We have

(AT = (CANTRIT s + (CAAISTRT ) cr,

(2)
where I'; = J;T;, T'y = J¢Ty, and the multipolarity
A=JT.

The MS reduced matrix element (T'f|[|77[/|T:)ms
is given by:

(LRI s =
=Y OBDM(a, 8, J,7:) (BI|T}|l|e)ws- 3)
a8

The CP reduced matrix element (I'f|||677|||T;)cp
is given by:

(T AOTT3)cp =
:ZOBDM(avﬁa Jsz)<6H|5TX|Ha>CP7 (4)
ap

where «, [ represent the initial and final single-
particle states, respectively (isospin is included), and
OBDM is the One-Body Density Matrix elements in
the neutron-proton formalism.
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The single-particle matrix element (3||T7|||c)ns
is calculated from [18,19]:

(BINITRle)ms = (Gsll1Yallla) (nslslllis (@) llInala)ss.

(5)

The single-particle matrix element (8|[|077]||a)cp
can be represented in first-order perturbation theory
as [17]:

Q

BINOTY |y cp = <ﬁ||TXM
Q

+ (BllVew L T ©
where Eg and E, are the single-particle energies of
the states § and «, respectively, the interaction of
(MSDI) and (M3Y) are utilize for the residual inter-
action Vies.

In Eq. (6), the right-hand side terms can be pre-
senteded as [20, 21]:

mm@+

- Q
(PR Vil =
(—1)Fte=tt a B A
- M +1 { }
al,Z(X;,F €5 —€q—€q, tTEq, ( * ) az ap I 8

x \/(1+6ala)(1+5025) (001 [Vies|Baz) (|| T [[]ev1).-
(7)

Two terms with a7 and as exchanged with all over
minus sign.

The single-particle energies (e) are obtained from
the Harmonic Oscillator potential [18]:

€nlj = <2n+l— ;) hw +
—%(l + 1){(f(r))pm for j=1— %,
+ ) ) (8)
§l<f(r)>nl for j =1+ 3
with
(f(r))n ~ —20A75 (9a)
hw = 45475 — 25475, (9b)
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The ground-state charge density for the form factors
can be found from the formula [22]

, 1 _—xy?
pf(r —-r ) = \/W € @

Now, for the normalized folded-charge density, the
root-mean-square becomes:

Q = 0.6532 fm. (10)

1

)= [ 0n. ) oy =3y P ()

Now, we calculate the core polarization matrix ele-
ment for the Coulomb form factors with the interac-
tions M3Y and MSDI. The M3Y interaction has the
form [16]:
VM3Y = Vc + ‘/l.s + Vtenv (12)
where V;, Vi, and Vie, are used for the central term,

spin-orbit term, and tensor term, respectively [16].
The MSDI interaction gives [16]

VMsp1 = —47TAT5(I'1 — 1‘2)(5(1‘1 — Ro) + B(Tl 7-2) + C,
(13)

where, ry and ry are the position vectors of the two
interacting particles, §(ry —rq) and d(r; —Ry) are the
Dirac delta functions, Ry is the nuclear radius, (Ry =
= 1.2A'/3 fm), and A is the nuclear mass number [21].

3. Results and Their Discussion

The Core Polarization (CP) effects are calculated
according to Eq. (6) with M3Y and MSDI interac-
tions. A computer program (written in FORTRAN
2008) is used with the shell model code OXBASH to
obtain the results. The (M3Y) parameters are from
the SE interaction with Elliot parameters [23]. The
MSDI strength parameters have isospin representa-
tion and represented by A, B, and C, where T in-
dicates the isospin equal to 0 or 1. These parameters
are different for every nucleus, because they depend
on the mass number of the nucleus, and we took them
from Ref. [21]. The OBDM elements used in this pa-
per are in the neutron-proton formalism. Moreover,
the ground-state OBDM elements are found macro-
scopically by including the occupation numbers for
neutrons and protons, but the OBDM for the ex-
cited states can be determined with OXBASH code
[24]. The calculated root-mean-square (rms) charge
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radii with the folding effect (effect of a proton size)
are used for finding the elastic charge form factors.

In all graphs below, the form factors with Model
Space and Core Polarization effects including the re-
alistic M3Y interactions are the dashed curves, the
form factors with MSDI as residual interaction are
presented by solid curves, and the small filled cir-
cles represent the experimental values for the electron
scattering form factors.

3.1. Carbon nucleus 2C

The carbon nucleus could be a particularly engag-
ing target for such studies, as one can specifically
test protons from specific nuclear shells; s and p [27].
Three isotopes of carbon exist naturally, '2C and
1BC being stable, while '*C is a radionuclide. The
isotope carbon-12 (}2C) forms 98.93% of the car-
bon on the Earth. Therefore, we choose it for our
work. The structure of stable carbon nucleus 2C con-
sists of six protons and six neutrons. It has eight
nucleons outside the closed core He* nucleus dis-
tributed over (1p3/2, 1p1/2). They are four pro-
tons and four neutrons in the Model Space. Under
the electro-excitation, the nucleus is excited from
the ground state (070) to the excited state (270)
with the energy E = 4.4 MeV [28]. That means
only one transition from the ground state is investi-
gated. The Harmonic Oscillator size parameter is b =
= 1.692 fm [29]. This parameter plays a role in deter-
mining the form factor. Here, the squared Coulomb
form factors are plotted as functions of the momen-
tum transfer (¢). With the multipolarities, J = 2 of
C5 transition.

3.1.1. Elastic Coulomb form factors for (070) state

Based on the structure of the '2C nucleus, Table 6
summarizes the calculated rms for the ground state
with J™T' = 070 and without folding. To calculate
the Cy-multipole, the values of OBDM elements are
taken into account. Table 1 lists them. In Fig. 1, the
experimental data on the Cy Coulomb form factors
are compared with the theoretical calculations. It was
noticed that the calculation of form factor with the
realistic interaction (M3Y) very well describes the ex-
perimental data for the whole momentum transfer in-
terval. In contrast, the calculation with MSDI has few
similarities with the measured data in the momentum
transfer regions (¢ > 3 fm~1).
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3.1.2. Inelastic Coulomb form factor for 270 state

For the isoscalar transition (270) with energy £ =
= 4.4 MeV, the calculated Coulomb coefficients Co
are plotted as a function of the momentum transfer
(q) for the transitions. The theoretical electron scat-
tering form factors with CP effects using MSDI and
M3Y interactions with the measured data are dis-
played in Fig. 2, where the OXBASH code used to
evaluate OBDM is given in Table 2. As can be ob-
served, the calculation with (M3Y) brings the theo-
retical results closer to the experimental ones at the
interval of momentum transfers (0.5 < ¢ <2 fm™1),
while, in the current study, the calculation with MSDI
is overestimated at (¢ < 1.5 fm~!), but it is extremely
interesting in the interval (1.5 < ¢ <2 fm~!), where
the calculation fits the data perfectly.

3.2. Neon nucleus 2° Ne

There are three stable isotopes of neon: 2°Ne, 2!Ne,
and ?2Ne. In addition, 17 radioactive isotopes rang-
ing from '°Ne to 3*Ne, all of which being short-lived,
have been discovered. 2°Ne is a well-known exam-
ple, because it forms (90.48%) of a neon gas and
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Fig. 1. Ground state Coulomb form factors for 2C. The data
were taken from Ref. [28]

Table 1. The calculated OBDM
elements for the Coulomb Cj transition of 12C

j1 jo OBDM(n) OBDM(p)

151/2 1.51/2 1.4142 1.4142
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Fig. 3. Ground state Coulomb form factors for 2°Ne. The
data were taken from Ref. [32]

a nearly inert noble gas. It consists of ten protons
and ten neutrons. The nucleons of the core (160)
are eight protons and eight neutrons which are in-
ert in the (1s1/2,1p3/2,1p1/2) J = 0,T = 0 config-
uration, and the remaining nucleons are distributed
over all possible combinations of the (1d5/2, 2s1/2,
1d3/2) orbits according to the Pauli exclusion prin-
ciple [31]. There are two protons and two neutrons
in the Model Space. We present here some results
concerning the ground state (J™I' = 070), excita-
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tion states (J™T' = 270) and £ = 1.63 MeV for
Cy transition and (J™T = 470) F = 4.25 MeV
[32] for the Cy transition of 2°Ne for which the data
have been recently measured. The squared form fac-
tors are plotted with the transferred momentum. In
addition, the parity of these transitions remain con-

stant, and with a Harmonic Oscillator size parameter
b =1.869 fm [33].

3.2.1. Elastic Coulomb form factor for (070) state

The elastic Coulomb form factors of 2°Ne nucleus
with J™T = 070 are presented in Fig. 3. The OBDM
elements for the ground state were calculated with
the effect of occupation numbers and are displayed in
Table (3). Furthermore, the computed ground-state
root-mean-square charge radii are demonstrated in
Table 6. The results with the Core Polarization inter-
action M3Y, as shown in the figure, are in marginally
better agreement with the experimental data of the
other workers for the momentum transfer regions
(0.4 < ¢ < 2.0 fm~1), but the approximation with
the experimental data at high values of ¢ is poor. On
the other hand, the form factors with MSDI interac-
tion underestimate the data along with all momentum
transfer points.

3.2.2. Inelastic Coulomb form factor for 270 state

In this state, the nucleus 2°Ne is excited from the
ground state (070) to the excited state (270) with
the excitation energy of 1.63 MeV. By applying the
parity and angular momentum selection rules, one

Table 2. The calculated OBDM
elements for the Coulomb Cs transition of 12C

J1 J2 OBDM(n) OBDM(p)
1P1/2 1P3/2 0.5370 0.5370
1P3/2 1P1/2 —0.3545 —0.3545
1P3/2 1P3/2 -0.2192 -0.2192

Table 3. The calculated OBDM
elements for the Coulomb Cy transition of 20Ne

J 32 OBDM(n) OBDM(p)
151/2 151/2 1.4142 1.4142
1P3/2 1P3/2 2.0000 2.0000
1P1/2 1P1/2 1.4142 1.4142
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can get the multipolarity C3. The calculated C5 form
factors including the CP effect with M3Y and MSDI
interactions are displayed in Fig. 4, and the eval-
uated OBDM elements are listed in Table 4. It is
clear that the M3Y and MSDI results do not coin-
cide completely with the low and high values of (g),
but they both agree with the experimental data up
to (¢ =2 fm~1).

3.2.3. Inelastic Coulomb form factor for 470 state

Here, the nucleus is excited by the electron from the
ground state (070) to the excited state (470) with
the excitation energy E = 4.248 MeV. We present
it in Fig. 5. The OBDM elements evaluated with
OXBASH code are displayed in Table 5.

The calculations include the Core Polarization ef-
fects with the M3Y and MSDI as residual interac-

Table 4. The calculated OBDM
elements for the Coulomb Cs3 transition of 29Ne

1 o OBDM(n) OBDM(p)
1d3/2 1d3/2 ~0.0620 ~0.0620
1d3/2 1d5/2 0.0700 0.0700
1d3/2 2s1/2 0.1532 0.1532
1d5/2 1d3/2 ~0.0591 ~0.0591
1d5/2 1d5/2 -0.2836 -0.2836
1d5/2 2s1/2 -0.3204 -0.3204
2s1/2 1d3/2 ~0.1049 ~0.1049
2s1/2 1d5/2 —0.2698 —0.2698

Table 5. The calculated OBDM

elements for

the Coulomb C4 transition of 20Ne

Ji J2 OBDM(n) OBDM(p)
1d3/2 1d5/2 0.2073 0.2073
1d5/2 1d3/2 —0.1772 -0.1772
1d5/2 1d5/2 -0.2904 -0.2904

Table 6. The calculated and measured
charge radii for the ground-state nuclei
Charge radii in Fermi
Nuclei With folding Without folding Exp. [34]
6Li 2.534 2.657 2.589
e 2.467 2.594 2.470
20Ne 2.945 3.052 3.005
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Fig. 5. Inelastic C4 Coulomb form factors for 470 state of
20Ne with F = 4.248 MeV. The data were taken from Ref. [32]

tions separately. At a momentum transfer of (0.9 <
< ¢ <2 fm™1), both results lead to give an improve-
ment in the measured Coulomb C} form factors. But,
at the other position of (g), there is no measured data
to be compared with the theoretical results.

4. Summary and Conclusions

In this work, we have calculated the Coulomb form
factors for carbon-12 and neon-20 with two different
methods. First of all, we made a theoretical calcula-
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tion to find the form factors. The model out of the
model space is used. It is known as the core polar-
ization effect. The core polarization matrix elements
are found by using M3Y and MSDI interactions. We
compared our results with the original experimen-
tal data. For the nuclei under consideration, the de-
gree of agreement between the calculated Coulomb
form factors F(g) and those of the experimental
data became better, when the Core Polarization ef-
fects with the M3Y interaction were involved. This
is obvious for all Coulomb coefficients Cy and coef-
ficients C'y transitions, because the M3Y interaction
is a more realistic nucleon-nucleon interaction used
in the CP calculation, whereas the MSDI interaction
is dealing with the surface nucleons only. Thus, it is
less compatible with the experimental data, partic-
ularly for 12C nucleus. In the case of °Ne nucleus,
for both the M3Y and MSDI interactions, the agree-
ment of high multipolarity such as Cy transitions are
more clear than for Cy transitions, when compar-
ing with experimental results. This indicates that the
HO wave function succeeded in representing the ra-
dial wave functions perfectly. Likewise, the calculated
rms charge radii for the ground states of our nuclei
show a very good agreement with the experimental
data. There are many differences between our work
and the works of other researchers. The main differ-
ence is in that we use the M3Y and MSDI interac-
tions together. Moreover, we study both similarities
and differences between the M3Y results and exper-
iment, on one side, and the MSDI ones and experi-
mental data, on the other side. These two nuclei 2C
and 2°Ne, which are used in our work, have never
been studied before in this way.

The first author’s M.Sc. thesis includes this work.
The authors gratefully acknowledge the University of
Sulaimani for their support in completing this study.
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IIOPIBHAHHA TEOPETUYHOT'O

POBPAXVYHKY KVYJIOHIBCbKUX ®OPM®AKTOPIB
TA EKCIIEPUMEHTAJIBHUX JAHUX

JJIS SIJTEP 12C I 20Ne

PospaxoBano kysoniBceki dpopmbakTOpu A1 IPYKHOIO i He-
IpPy?KHOTO PO3CIIOBaHHS eJleKTpoHiB Ha sapax 12C i 29Ne B
OCHOBHOMY UM 30y[2KEHHX CTaHaxX OfHiel mapHocTi. 3acToco-
BaHO MIKPOCKOIIYHY TeOpilo, siKa MIiCTUTH edeKTH BiJl BUIIAX
KOHMIrypariif 3a MeKaMH MOJEJIBLHOTO IPOCTOPY, IO MAalOTh
Ha3By edeKTH nosspusanii kopa. s 3HaxomKeHHs eJIeMeHTiB
MaTPpUIll HoJsipu3allil Kopa JIBOYACTHHKOBA B3a€MO/Iisl IPEJ-
craBjeHa peayicTnaHor Midiran B3ae€MOMIE0 y BUIJISIL JIi-
HilfHOT KoMbinarii Tprox norennianis FOkasu piznoro paziycy
(M3Y), abo MoaudikOBaHOK TOBEPXHEBOIO I€JIbTa-B3aEMOIIEI0
(MSDI). lomaTkoBO B po3paxyHKax XBHJILOBUX (DYHKIH BH-
KOPHCTAHO IIOTEHIiaJl TapMOHIYHOIO OCHUJIsITOpa. TeoperuyHi
pe3yabraTu, orpuMani Ha 6a3i M3Y Ta MSDI, nopisusiHO 3 eKc-
[IEPUMEHTAJIbHUMY JaHUMU. MU 3ayBarKyeMo, 110 KYJIOHIBCbKI
dopmdarTopu, obunciieHi i3 Bzaemojiero M3Y, kpailie onucy-
IOTb €KCIIEPUMEHTAJIbHI JaHi.

Katwwoei caoea: HeNpyKHe PO3CIIOBaHHSI, KyJOHIBCHKUI
dopmdbaKkTOp, rapMOHIYHHI OCHUISTOP, XBUJIbOBa (DYHKIIIS,
edekT nosisipusaliii Kopa.
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