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EFFECT OF THE APPLIED
ELECTRIC FIELD ON THE THERMAL
PROPERTIES OF THE RELATIVISTIC
HARMONIC OSCILLATOR IN ONE DIMENSION

We study the relativistic harmonic oscillators (Dirac and Klein–Gordon ones) in a constant
external electric field. The solutions obtained are exact. These solutions allowed us to focus
on the effect of the external electric field on the thermal properties of such oscillators. These
properties are calculated by means of the Zeta-based method. Some figures have been built to
show the mentioned effect.
K e yw o r d s: relativistic harmonic oscillator, thermal properties, external applied field, par-
tition function, zeta function.

1. Introduction
The harmonic oscillator has been a basic tool in phy-
sics for many centuries. The importance of the har-
monic oscillator as a basis for the development of
theoretical physics probably appeared with the birth
of quantum mechanics. This was the first example
to which the quantification rules were applied, and
since then its spectra, wave functions, symmetries,
etc. have had countless applications not only in di-
rect calculations, but also as a model to increase our
understanding of more complex problems.

The Dirac oscillator (DO) was, for the first time,
studied by Ito et al. [1]. They estimated a Dirac equa-
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tion in which the moment 𝑝 is replaced by 𝑝−
− 𝑖𝑚𝜔𝛾0𝑟 of which 𝑟 is the position vector, 𝑚 the
mass of the particle, and 𝜔 the frequency of the oscil-
lator. Interest in the problem was revived by Moshin-
sky and Szczepaniak [2, 3], who gave it the name of
the Dirac oscillator, because, within the non-relativist
limit, it becomes a harmonic oscillator with a very
strong spin-orbit coupling term.

Bruce and Manning [4] were the first who consid-
ered a new type of linear interaction in the Klein–
Gordon equation known as the Klein–Gordon oscil-
lator (KGO). They introduced this interaction in the
same way as in the Dirac oscillator case as follows:

𝑃 → 𝑃 − 𝑖𝑚𝛾Ω̂𝑄, 𝑃 = −𝑖 𝜕
𝜕𝑞
, (1)

where

𝑃 = 𝜂𝑝, 𝑄 = 𝜂𝑞, (2)

with 𝜂2 = 1. Dvoeglazo [5], in the commentary on
Ref. [4], mentioned that the physical meaning for im-
plementing 𝛾 and 𝜂 matrices in [4] is obscure. He



A. Boumali, R. Allouani, A. Bouzenada et al.

found, when reformulating the Klein–Gordon equa-
tion into the Hamiltonian form [6, 7], that the intro-
duction of this interaction was just to replace 𝑝2 by
(𝑝−𝑖𝑚𝜔𝑟)(𝑝+𝑖𝑚𝜔𝑟). Recently, following Ref [8] and
instead of the definition of Dvoeglazo [5], the authors
chose to replace it by (𝑝 + 𝑖𝑚𝜔𝑟)(𝑝 − 𝑖𝑚𝜔𝑟). Un-
der this minimal substitution, the wave equation be-
comes quadratic in both the momentum and the co-
ordinates, vis. a harmonic oscillator for the squared
energies. Both oscillators have attracted a lot of in-
terest, both because it is one of the few examples that
have accurate solutions, as well as because of its many
applications in physics [3, 9–33].

Finally, it should also be noted that these os-
cillators have been demonstrated experimentally by
Franco–Villafane et al. [34]. The authors present, for
the first time, the experimental realization of the uni-
dimensional Dirac oscillator that can be considered
as a paradigm for resolvable relativistic systems.The
experiment is are based on a relation between the
Dirac oscillator and an associated strong coupling
system. This tight-linkage system is implemented as
a microwave system through a chain of coupled di-
electric discs, where the coupling is evanescent and
can be adjusted appropriately. The resonances of the
finite microwave system give the spectre of a uni-
dimensional Dirac oscillator with and without the
mass term. The flexibility of the experimental assem-
bly enables the implementation of other unidimen-
sional equations like the Dirac one.

In this direction, we also mention the work by Fu-
jiwara et al. [35] on the experimental realization of
a relativistic harmonic oscillator. They experimented
and quantitatively studied a harmonic oscillator in
the relativistic regime using ultra-cold lithium atoms
in the third band of an optical network. In addition,
these oscillators were well designed and realized by
the model of a system of trapped atomic ions. Using
this model, the Dirac oscillator is well achievable ex-
perimentally as predicted by Bermudez [12, 31] and
Blatt [32].

In addition, Yang et al. [36] proposed to introduce
the Dirac oscillator on an entirely relativistic base
that possesses all the desired attributes of the or-
dinary harmonic oscillator while incorporating nat-
urally a strong spin-orbit coupling. This choice is due
to the power and flexibility of the base of the Dirac
oscillator in solving the problems of a nuclear struc-
ture within the framework of the theory of covari-

ant density functional. There results reproduce with
great precision those obtained using the Runge–Kutta
method and suggest a clear way for a generalization
to systems with axial symmetry. Therefore, they sug-
gest expanding their study to the consideration of
systems without spherical symmetry, as required in
constrained calculations of nuclear excitations.

Now, after briefly introducing the Dirac and Klein–
Gordon oscillators, we are ready to set out our main
objectives of this paper. These goals can be expressed
as follows:

∙ First, we determine the form of the energy spec-
trum of the unidimensional KGO in the presence of
a constant electric field. Laba and Tkachuk [37] re-
cently reviewed the case of one-dimensional DO. They
obtained the exact expression for the energy spectrum
using the supersymmetry method (SUSY).

∙ Through the form of the spectrum of energy, all
the thermal properties of the KGO in the presence
of a constant electric field can be determined by a
method based on the Zeta function [16, 38–41].

∙ Finally, the thermal properties of DO in a con-
stant electric field are calculated in the same manner
as for the above element.

The paper is organized as follows. Section II is
devoted to the presentation of solutions for a one-
dimensional relativistic harmonic oscillator in the
presence of an eternal electric field. In Section III,
the thermal properties of these oscillators are estab-
lished. Finally, Section IV will be a conclusion. In all
of the paper, we put ~ = 𝑐 = 1 and 𝑚𝜔 = 1.

2. The (1 + 1)-Dimensional Harmonic
Relativistic Oscillators in the Presence
of a Constant Electric Field

2.1. A one-dimensional KGO

The general equation for a KGO is [8, 19, 20, 42, 43][︀
(𝑝𝑥 + 𝑖𝑚𝜔𝑥) (𝑝𝑥 − 𝑖𝑚𝜔𝑥)− 𝐸2 +𝑚2

]︀
𝜓 = 0. (3)

In the presence of the electric constant field, this
equation becomes[︁
(𝑝𝑥 + 𝑖𝑚𝜔𝑥) (𝑝𝑥 − 𝑖𝑚𝜔𝑥)− (𝐸 − 𝜅𝑥)

2
+𝑚2

]︁
𝜓 = 0.

(4)

The potential 𝑉 = 𝑞𝜁𝑥 = 𝜅𝑥 is associated with the
electric field 𝜁 in one dimension with 𝜅 = 𝑞𝜁.
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Equation (4) can be written in the detailed form as

[𝑃 2
𝑥 +

(︀
𝑚2𝜔2 − 𝜅2

)︀
𝑥2 + 2𝐸𝜅𝑥−

−𝐸2 −𝑚𝜔 +𝑚2]𝜓 (𝑥) = 0. (5)

By reorganizing all the terms of the equation above,
we obtain[︃
𝑃 2
𝑥 +

(︀
𝑚2𝜔2 − 𝜅2

)︀(︂
𝑥2 +

2𝐸𝜅𝑥

𝑚2𝜔2 − 𝜅2

)︂
−

−𝐸2 −𝑚𝜔 +𝑚2

]︃
𝜓 (𝑥) = 0, (6)

or[︃
𝑃 2
𝑥 +

(︀
𝑚2𝜔2 − 𝜅2

)︀(︂
𝑥+

𝐸𝜅

𝑚2𝜔2 − 𝜅2

)︂2
−

− 𝐸2𝜅2

(𝑚2𝜔2 − 𝜅2)
− 𝐸2 −𝑚𝜔 +𝑚2

]︃
𝜓 (𝑥) = 0. (7)

Putting

𝑦 = 𝑥− 𝑥0, (8)

with
𝑥0 = − 𝐸𝜅

𝑚2𝜔2 − 𝜅2
, (9)

(7) becomes[︃
𝑃 2
𝑦

2𝑚
+

1

2
𝑚

(︂
𝑚2𝜔2 − 𝜅2

𝑚2

)︂
𝑦2

]︃
𝜓 (𝑦) = �̃�𝜓 (𝑦), (10)

with

�̃� =
1

2𝑚

[︂
𝐸2𝑚2𝜔2

(𝑚2𝜔2 − 𝜅2)
+𝑚𝜔 −𝑚2

]︂
. (11)

Here, 𝑥0 can be interpreted as the equilibrium posi-
tion of the oscillator in question.

Equation (10) refers to the differential equation for
a standard harmonic oscillator in one dimension. So,
the eigenvalues are given by

�̃� =
1

2𝑚

[︂
𝐸2𝑚2𝜔2

(𝑚2𝜔2 − 𝜅2)
+𝑚𝜔 −𝑚2

]︂
=

=

√︂
𝑚2𝜔2 − 𝜅2

𝑚2

(︂
𝑛+

1

2

)︂
. (12)

The new frequency of the oscillator in the presence of
the electric field, 𝜔′ reads as follows:

𝜔′ = 𝜔

√︂
1−

(︁ 𝜅

𝑚𝜔

)︁2
. (13)

Fig. 1. The variation of the ratio 𝜔′

𝜔
with the parameter 𝜅

Figure 1 shows the variation of the ratio 𝜔′

𝜔 with the
parameter 𝜅. In the absence of an electric field rep-
resented by the 𝜅 = 0 condition, the two frequencies
are equal. Now, when the field increases, the ratio
decreases until it is cancelled at 𝜅 = 1. This situa-
tion can be argued in the following way: in the very
strong electric field, a very strong force emerges and
acts very strongly on the oscillator. Therefore, there
is no chance of getting the oscillator back.

Now, rearranging all the terms of Eq. (12), we reach
the form of the energy spectrum as

𝐸𝑛 (𝑟, 𝑎) =

= ±𝑚
√︁
𝑟 (1− 𝑎2)

3/2
(2𝑛+ 1) + (1− 𝑟) (1− 𝑎2),

(14)

with 𝑎 = 𝜅
𝑚𝜔 and 𝑟 = 𝜔

𝑚 to be a parameter which
controls the nonrelativistic limit. Taking 𝑚𝜔 = 1,
Eq. (14) becomes

𝐸𝑛 = ±𝑚
√︁
𝑟 (1− 𝜅2)

3/2
(2𝑛+ 1) + (1− 𝑟) (1− 𝜅2).

(15)

Equation (15) shows the energy spectrum of the
one-dimensional KGO in the presence of an electric
field. In the absence of the field (𝜅 = 0), the usual
one-dimensional KGO energy spectrum is recovered
[16]. Now, when the electric field value is higher than
the critical value |𝜅| > 1, eigenvalues become com-
plex, which means that the bounded eigenstates are
not present.

Before discussing the thermal properties of the
KGO, let us briefly review the proper values of the
one-dimensional (1D) DO in the presence of an elec-
tric field.
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2.2. The one-dimensional DO

The general equation for the (1 + 1)-dimensional DO
reads [16]

[𝜎𝑥 (𝑝𝑥 − 𝑖𝑚𝜔𝑥𝜎𝑧) + 𝜎𝑧]𝜓𝐷 = 𝜀𝜓𝐷, (16)

where

𝜎𝑥 =
(︁
0 1
1 0

)︁
, 𝜎𝑦 =

(︁
0 −𝑖
𝑖 0

)︁
, 𝜎𝑧 =

(︁
1 0
0 −1

)︁
, (17)

are Pauli matrices, and 𝜓𝐷 = (𝜓1, 𝜓2)
𝑇 . In the pres-

ence of the exterior electric field, the eigenvalue equa-
tion for the DO is given by

[𝜎 (𝑝𝑥 − 𝑖𝑚𝜔𝑥𝜎𝑧) + 𝜎𝑧]𝜓𝐷 = (𝜀− 𝜅𝑥)𝜓𝐷. (18)

Using the new transformation [37]

𝜓𝐷 = (𝜎𝑥𝑝𝑥 − 𝜎𝑦𝑚𝜔𝑥+𝑚𝜎𝑧 + (𝜀− 𝜅𝑥))𝜓𝐷, (19)

Eq. (19) becomes

[𝑝2𝑥 +𝑚2𝜔2𝑥2 +𝑚2 − (𝜀− 𝜅𝑥) 2 +

+(−𝑚𝜔𝜎𝑧 + 𝑖𝜅𝜎𝑥)]𝜓𝐷 = 0. (20)

Putting now

𝜓𝐷 = 𝜒𝜑 (𝑥)𝐷, (21)

where 𝜒 is the spin part of the wave function satisfy-
ing the equation [37]:

(−𝜎𝑧 + 𝑖𝜅𝜎𝑥)𝜒 = 𝜆𝜒. (22)

Using (17), the eigenvalues of (22) are

𝜆 = ±
√︀
1− 𝜅2, (23)

and the Eq. (20) is transformed into[︁
𝑝2𝑥 +𝑚2𝜔2(1− 𝜅2)𝑥2 + 2𝑚𝜔𝜀𝜅𝑥−𝑚𝜔

√︀
1− 𝜅2

]︁
×

×𝜑 =
(︀
𝜀2 −𝑚2

)︀
𝜑. (24)

This equation can be cast into(︀
𝑝2𝑥 +𝑚2𝜔2

(︀
1− 𝜅2

)︀
(𝑥− 𝑥0)

2
)︀
𝜑 = 𝜖𝜑, (25)

where

𝜖 =
𝜀2

1− 𝜅2
−𝑚2 +𝑚𝜔

√︀
1− 𝜅2, (26)

and

𝑥0 = − 𝜅𝜀

𝑚𝜔 (1− 𝜅2)
, 𝜔′ = 𝜔

√︀
1− 𝜅2. (27)

Equation (10) describes the differential equation
for the standard harmonic oscillator in one dimen-
sion. The eigenvalues are given by

𝜀𝑛 = ±𝑚
√︂

(1− 𝜅2)
(︁
2𝑟
√︀

1− 𝜅2𝑛+ 1
)︁
, (28)

with 𝑟 = 𝜔
𝑚 .

Equation (14) shows the energy spectrum of the 1D
DO in the presence of an electric field. In the absence
of a field 𝜅 = 0, we recover the well-known energy
spectrum of a one-dimensional DO [16]. It is of inter-
est to note that when the value of the electric field
is larger than the critical one |𝜅| > 1, the bounded
eigenstates are absent.

2.3. Results and Discussion

Figures 2 and 3 show the energy spectrum 𝐸𝑛 as a
function of both the quantum number 𝑛 and the pa-
rameter 𝜅 for the two oscillators. In the light of these
figures, the following observations may be made:

∙ There is no degeneration of the energy spectrum.
∙ For the curves, where the variation is with the

quantum number 𝑛, they are all below the curve of the
habitual relativistic harmonic oscillator, when 𝜅 = 0.

∙ Now, for the curves, where the variation is a func-
tion of the field via the parameter 𝜅, all curves con-
verge at 𝜅 = 1, and bounded states with 𝜅 > 1 are
not permitted. When the electric field value is greater
than 𝜅 = 1 (critical value), the energy spectrum be-
comes imaginary. When 𝜅 = 1, the energy spectrum
𝐸𝑛 = 0. This state corresponds to the vacuum state
and signifies that the bound states in this region are
not allowed, and any states can not exist, when 𝜅 ≥ 1.

∙ To argue the above item, we have 𝜅 = 𝑒𝜁 = 1
which implies an electric field value around 1018 V/m.
As we know, the large electric fields produce elect-
ron-positron pairs by means of the so-called Schwin-
ger effect [44]. The Schwinger effect is a physics-pre-
dicted phenomenon by which the matter is created by
a strong electric field. When the electric field is high
enough, near the Schwinger limit 1018 V/m, the pro-
duction by pair drains the energy of the field, which
reduces it. Electric fields larger than the Schwinger
limit are unstable, since they would “decay” into
charge pairs. Based on this argument, we can under-
stand why the energy spectrum of the two Klein–Gor-
don and Dirac oscillators is not allowed in the 𝜅 > 1
region. In this region, the sufficiently strong electric

238 ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 4



Effect of the Applied Electric Field

a

b
Fig. 2. Spectrum of energy of the 1D KGO in the presence of
an external electric field: here, 𝑟 = 0.9. Spectrum of energy 𝐸𝑛

versus: the quantum number 𝑛 (a) and the parameter 𝜅 (b)

field destroys the bounded states. So, there are no
bounded eigenstates.

Moreover, our results indicate that we have ob-
tained the equilibrium positions of the two oscilla-
tors 𝑥0. Figures 4 and 5 present the equilibrium po-
sition 𝑥0 as a function of 𝑛 and 𝜅 for the two oscil-
lators. Based on these figures, we can summarize our
results as follows:

∙ The equilibrium positions of both oscillators are
quantified, contrary to the usual case. The reason for
this quantification is that an external electric field is
present.

∙ Each energy level oscillates according to its own
equilibrium position.

∙ In both 𝜅 = 0 and 𝜅 = 1 boundary cases, we have:
(i) the first boundary in which 𝜅 = 0 gives us a rel-
ativistic oscillator in the absence of an electric field:
in that case, all the levels have the same equilibrium
point at 𝑥 = 0. (ii) In contrast, at the other boundary,
where 𝜅 = 1, the energy spectrum of the two oscilla-
tors is zero (unstable region as described above).

∙ Finally, the equilibrium position of the two oscil-
lators shows two signs: the positive sign corresponds

a

b
Fig. 3. Spectrum of energy of 1D DO in the presence of an
external electric field: here, 𝑟 = 0.9. Spectrum of energy 𝐸𝑛

versus the quantum number 𝑛 (a) and the parameter 𝜅 (b)

to the antiparticles, but the negative sign corresponds
to the particles.

After discussing the results obtained from the
eigensolutions, we are ready to discuss the effect of an
applied electric field on the thermal properties of the
Klein–Gordon and Dirac oscillators in one dimension.

3. The Thermodynamic Properties
of the Relativistic Harmonic Oscillator
in One Dimension

3.1. Methods

First, we focus on calculating the partition function
𝑍 in order to obtain all thermodynamic quantities of
the relativistic oscillators in question. The partition
function is defined by

𝑍 =
∑︁
𝑛

𝑒−𝛽𝐸𝑛 =
∑︁
𝑛

𝑒−𝛽𝑎
√
𝑛+𝑏. (29)

In order to evaluate the above partition function, we
use the formula of the Mellin transformation [16, 38,
45]. The Mellin transformation ℳ is the operation
mapping the function 𝑓 into the function 𝐹 defined
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a

b
Fig. 4. Equilibrium position of 1D KGO in the presence of
an external electric field: here, 𝑟 = 0.9. Equilibrium position
versus the quantum number 𝑛 (a) and the parameter 𝜅 (b)

on the complex plane by the relation [46]:

ℳ [𝑓, 𝑠] ≡ 𝐹 (𝑠) =

∞∫︁
0

𝑥𝑠−1𝑓 (𝑥) 𝑑𝑥. (30)

The inverse transform is

{ℳ𝐹}−1
(𝑥) ≡ 𝑓 (𝑥) =

1

2𝜋𝑖

𝑐+𝑖∞∫︁
𝑐−𝑖∞

𝑥−𝑠𝐹 (𝑠) 𝑑𝑠. (31)

In the case of the exponential function, the Mellin
transform of 𝑒−𝑥 is

Γ (𝑠) =

∞∫︁
0

𝑥𝑠−1𝑒−𝑥𝑑𝑥, (32)

where Γ (𝑠) is the gamma function. The inverse trans-
form gives

𝑒−𝑥 =
1

2𝜋𝑖

𝑐+𝑖∞∫︁
𝑐−𝑖∞

𝑑𝑠𝑥−𝑠Γ(𝑠), (33)

a

b
Fig. 5. Equilibrium position of 1D DO in the presence of
an external electric field: here, 𝑟 = 0.9. Equilibrium position
versus the quantum number 𝑛 (a) and the parameter 𝜅 (b)

where 𝑐 ≥ 0 is real. This integral is known as the
Cahen–Mellin integral [38].

The sum in (29) is transformed into an integral as
follows:∑︁
𝑛

𝑒−𝛽𝑎
√
𝑛+𝑏 =

1

2𝜋𝑖

𝑐+𝑖∞∫︁
𝑐−𝑖∞

𝑑𝑠 (𝛽𝑎)
−𝑠
∑︁
𝑛

(𝑏+ 𝑛)
−𝑠
2 ×

×Γ (𝑠) =
1

2𝜋𝑖

𝑐+𝑖∞∫︁
𝑐−𝑖∞

𝑑𝑠 (𝛽𝑎)−𝑠𝜁𝐻

(︁𝑠
2
, 𝑏
)︁
Γ (𝑠), (34)

with 𝑥 = 𝛽𝑎
√
𝑛+ 𝑏, Γ(𝑠) and 𝜁𝐻

(︀
𝑠
2 , 𝑏
)︀

are, respec-
tively, the Euler and Hurwitz zeta function [38]. As is
known, the gamma function [47] has simple poles at
the non-positive integers for all 𝑠 = −𝑛, 𝑛 ∈ N, and
their residues at negative poles are

Re {Γ,−𝑛} =
(−1)

𝑛

𝑛!
. (35)

On the other hand, the Hurwitz zeta function
𝜁𝐻 (𝑠′, 𝑏) =

∑︀∞
𝑛=0

1

(𝑛+𝑏)𝑠
′ [38]. It is a series that con-

verges only when ℛ (𝑠′) > 1 and ℛ (𝛼) > 0. It can
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be extended by analytic continuation to a meromor-
phic function defined for all complex numbers 𝑠′ with
𝑠′ ̸= 1. At 𝑠′ = 1, it has a simple pole with residue
1. In addition, the condition on the convergence of
the series is 𝑠′ = 𝑠/2 ≥ 1 that implies 𝑐 ≥ 2. The
integration in (34) can be closed only in the neg-
ative parts of the complex plane, where the poles
𝑠 = {0, 2,Z−}. So, applying the theorem of residues
to Eq. (34) gives [48] (see Fig. 6)∑︁
𝑛

𝑒−𝛽𝑎
√
𝑛+𝑏 = (𝛽𝑚𝑎)

−2
+ 𝜁𝐻 (0, 1 + 𝑏)+

+

∞∑︁
𝑛=1

𝜁𝐻

(︁
−𝑛
2
, 1 + 𝑏

)︁ (−𝛽𝑚𝑎)𝑛

𝑛!
. (36)

The desired partition function 𝑍 is written down in
terms of the Hurwitz zeta function using the theorem
of residues for the poles 𝑠 = {0, 2,Z−} by [48]

𝑍 (𝛽) = (𝛽𝑎)
−2

+ 𝜁𝐻 (0, 1 + 𝑏)+

+

∞∑︁
𝑛=1

𝜁𝐻

(︁
−𝑛
2
, 𝑏
)︁ (−1𝛽𝑎)

𝑛

𝑛!
. (37)

Equation (37) can be written for both relativistic os-
cillators as follows:

∙ For the case of 1D KGO with the substitutions

𝑎 =
√
2𝑟
(︀
1− 𝜅2

)︀3/4
, 𝑏 = 1 +

(1− 𝑟)

2𝑟
√
1− 𝜅2

, (38)

and Eq. (37) becomes

𝑍KGO (𝛽, 𝜅) =
1

2𝑟 (1− 𝜅2)
3/2

1

𝛽2
+

+ 𝜁𝐻

(︂
0.2 +

(1− 𝑟)

2𝑟
√
1− 𝜅2

)︂
+

(1− 𝑟)

𝑟
√
1− 𝜅2

+

+

∞∑︁
𝑛=1

𝜁𝐻

(︂
−𝑛
2
, 2 +

(1− 𝑟)

2𝑟
√
1− 𝜅2

)︂
×

×

(︁
−𝛽

√
2𝑟
(︀
1− 𝜅2

)︀3/4)︁𝑛
𝑛!

. (39)

∙ Now, in the the case of 1D DO, we have

𝑎 =
√
2𝑟
(︀
1− 𝜅2

)︀3/4
, 𝑏 =

1

2𝑟 (1− 𝜅2)
1/2

, (40)

that gives

𝑍DO (𝛽, 𝜅) =
1

2𝑟 (1− 𝜅2)
3/2

1

𝛽2
+

+ 𝜁𝐻

(︃
0,

1

2𝑟 (1− 𝜅2)
1/2

)︃
+

a b
Fig. 6. Contour of both Γ and 𝜉𝐻 (𝑛, 𝑠) functions (a). Con-
tour of the Mellin transformation of our problems (b). (Figure
from Ref. [48])

+

∞∑︁
𝑛=1

𝜁𝐻

(︂
−𝑛
2
, 1 +

1

2𝑟(1− 𝜅2)1/2

)︂
×

×
(︀
−𝛽

√
2𝑟(1− 𝜅2)3/4

)︀𝑛
𝑛!

. (41)

Now, having determined the partition function for
the two relativistic oscillators, all the thermal proper-
ties of these oscillators can be determined. The most
important thermal quantities, namely, free energy 𝐹 ,
mean energy 𝑈 , entropy 𝑆, and specific heat 𝐶𝑣 may
be obtained from the following expressions:

𝐹

𝑚
= −𝜏 ln (𝑧) , 𝑈

𝑚
= 𝜏2

𝜕 ln (𝑧)

𝜕𝜏
, (42)

𝑆

𝑘𝑏
= ln (𝑧) + 𝜏

𝜕 ln (𝑧)

𝜕𝜏
,

𝐶𝑣

𝑘𝑏
= 2𝜏

𝜕 ln (𝑧)

𝜕𝜏
+ 𝜏2

𝜕2 ln (𝑧)

𝜕𝜏2
,

(43)

where 𝜏 = 1
𝛽𝑚 corresponds to the reduced tempera-

ture, and 𝑘𝑏 is the Boltzmann constant.

3.2. Results and discussion

It is worth to mote that we have limited ourselves
to stable states with positive energy, because the two
oscillators have an exact Foldy–Wouthuysen (FWT)
transformation [49] which is one of the corner stones
of relativistic quantum mechanics. It offers a simple
and practical way to get an adequate physical inter-
pretation of relativistic wave equations. The very ex-
istence of the exact FWT for the considered relativis-
tic problem justifies its quantum mechanical treat-
ment, inasmuch as, in this case, the transitions be-
tween positive and negative energy states are for-
bidden [50]. Therefore, positive and negative energy
solutions never mix. Consequently, we assume that
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a b

c d
Fig. 7. Thermal properties of 1D KGO as a function of 𝜏 in the presence of an electric field: here, 𝑟 = 0.9. Free energy 𝐹/𝑚

versus 𝜏 (a), total energy 𝑈/𝑚 versus 𝜏 (b), entropy 𝑆/𝑘𝑏 versus 𝜏 (c), specific heat 𝐶𝑣/𝑘𝑏 versus 𝜏 (d)

a b

c d
Fig. 8. Thermal properties of 1D DO as a function of 𝜏 in the presence of an electric field: here, 𝑟 = 0.9. Free energy 𝐹/𝑚

versus 𝜏 (a), total energy 𝑈/𝑚 versus 𝜏 (b), entropy 𝑆/𝑘𝑏 versus 𝜏 (c), specific heat 𝐶𝑣/𝑘𝑏 versus 𝜏 (d)
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only positive-energy particles are available to deter-
mine the thermodynamic properties of the oscillators
in question.

Figures 7 and 8 represent the one-dimensional ther-
mal properties of the Dirac and Klein–Gordon oscil-
lators, when the electric field is present. The values of
this field are limited to the interval 0 < 𝜅 < 1 in or-
der to keep the energy spectrum real. All the thermal
quantities are plotted versus the reduced temperature
𝜏 . As can be seen, both oscillators exhibit the same
behavior. In order to understand the influence of the
field on these quantities, the case of relativistic oscil-
lators was added in the absence of an applied elec-
tric field. The effect occurs in the region of the strong
electric field about 1018 V/m (Schwinger effect). In
the region, where 𝜅 → 0 (lower electric field), the
energy spectrum of the two oscillators recovers the
well-known relation as in Ref. [16]. Therefore, the ef-
fect of the field in that area is not present.

For the following, we consider only the area, where
the electric field is strong. According to these figures
(Figs. 7 and 8), we observe the following:

∙ The free energy curves 𝐹
𝑚 vs the reduced temper-

ature 𝜏 are computed for various values of the param-
eter 𝜅. They show that if the electric field increases,
the curves are lower than in the usual case, when
𝜅 = 0.

∙ The curves of the total energy 𝑈
𝑚 vs the reduced

temperature 𝜏 are computed for various values of the
parameter 𝜅. In these figures, there are two regions:
in the region, where 𝜏 < 3, the influence of the elec-
tric field is observed. However, in another region, all
curves coincide, which testifies to the beginning of
the saturation regardless of the field value. Further-
more, when 𝜅 → 1, the behavior of the total energy
becomes linear.

∙ For the curves of the numerical entropy function
𝑆
𝑘𝑏

, no sudden changes near a certain temperature ob-
served in the specific heat curves were identified. This
means that the curvature, observed in the specific
heat curve 𝐶𝑣

𝑘𝑏
, does not exhibit or indicate the exis-

tence of a phase transition at this temperature. Fur-
thermore, the saturation phenomena may be observed
in the specific heat curves for both oscillators.

∙ All specific heat curves tend toward the same
limit 2 at high temperatures: it is the Dulong–Petit
law for an ideal relativistic gas [9, 51].

All these results are explained in the following way:
in the zone, where the electric field is very strong,

the number of allowed states has decreased. When
𝜅 changes from zero to one, the energy gap in the
energy spectrum curves decreases to 𝐸𝑛 = 0, which
corresponds to the vacuum state. This explains why
the saturation on specific heat curves is very fast for
𝜅 values mear 1.

To conclude, our problem is a very interesting one
both theoretically and experimentally: theoretically,
it provides a realistic model that, for example, has
exact solutions. But, on the experimental level, our
oscillators are well conceived and experimentally pro-
duced by Franco–Villafane et al. [34].

4. Conclusion

We have attempted to deduce the thermodynamic
properties of both Klein–Gordon and Dirac oscilla-
tors in the presence of a constant electric field. Both
oscillators have demonstrated their usefulness in dif-
ferent models of modern physics. The influence of the
electric field on them is well established. This effect
may be summarized as follows.

∙ In the region, where 0 < 𝜅 < 1, the spectrum of
energy decreases, when the electric field increases. In
a vicinity of 𝜅 = 1, (very strong electric field), the
spectrum tends to zero (vacuum state). This case is
analogous to the famous Schwinger effect.

∙ In the region, where 𝜅 > 1, these energy spec-
tra become complex: the bounded eigenstates are
missing (unstable state). Thus, the sufficiently strong
electric field destroys the bounded states of the two
oscillators.

Based on the form of the energy spectrum, the ther-
mal function curves are constructed using the zeta-
based method. The effect of the field on these fea-
tures in the region 0 < 𝜅 < 1 is well observed for
both oscillators.
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ВПЛИВ ЗОВНIШНЬОГО
ЕЛЕКТРИЧНОГО ПОЛЯ НА ТЕПЛОВI
ВЛАСТИВОСТI ОДНОВИМIРНОГО
РЕЛЯТИВIСТИЧНОГО ГАРМОНIЧНОГО
ОСЦИЛЯТОРА

Дослiджено релятивiстичнi гармонiчнi осцилятори Дiрака
та Клейна–Гордона в постiйному зовнiшньому електрично-
му полi. Отримано точнi розв’язки, якi дозволяють розгля-
нути вплив зовнiшнього електричного поля на тепловi вла-
стивостi цих осциляторiв. Такi властивостi розраховано з
використанням дзета-функцiї. Побудовано графiки, якi де-
монструють згаданий вплив.

Ключ о в i с л о в а: релятивiстичний гармонiчний осциля-
тор, тепловi властивостi, зовнiшнє поле, статистична сума,
дзета-функцiя.
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