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Based on the representation of collective variables with the Hermi-
tian form of the Bogolyubov–Zubarev Hamiltonian, a self-consistent
oscillator model of the ground state and excited states of a Bose
liquid has been proposed. A new method of calculation of anhar-
monic terms in this Hamiltonian and its interpretation have been
presented. The dispersion equation for a collective excitation in
superfluid 4He has been obtained in a self-consistent way, where
the real and virtual processes of decay of a collective excitation are
considered. The end point, which is determined by the threshold
of collective excitation’s decay into two rotons, of the dispersion
curve has been obtained, and it is shown that the dispersion curve
strongly depends on the property of its stability. An approach
with a structure factor has been realized without use of any fitting
parameters. Based on the oscillator model, a new method of self-
consistent calculation of the ground-state energy and the density
of a Bose condensate has been proposed. The model of suppres-
sion of a Bose condensate has been presented.

1. Introduction

Up to the present time, many various models have been
proposed for the microscopic description of superfluid
helium. Most of the models are based on two approaches.
The first one is the field-theoretic formalism. Its char-
acteristic feature is the explicit application of a Bose-
condensate (BC) and the introduction of the higher BC
in some models [1–4]. The second one is the quantum-
mechanical approach, where the Schrödinger equation
is solved for the ground state and for the lowest ex-
cited states of N interacting particles. This approach
originates from the papers of Feynman and Cohen [5],
where the connection between the structure factor and

the dispersion curve of collective excitations (CE) was
obtained. However, this connection is correct at small
values of a wave vector only (k → 0). The quantum-
mechanical approach does not use BC explicitly unlike
the field-theoretic approach, but it calculates BC know-
ing the ground-state wave function.

The quantum-mechanical approach has been devel-
oped essentially due to the use of the Bogolyubov–
Zubarev formalism [6]. In this representation, the
Hamiltonian of a system of bosons is written in the
terms of ρk and ∂/∂ρk, where ρk is a Fourier trans-
form of the density fluctuation. As it has been shown
in papers [7, 8], the normal motion and the superfluid
motion can be separated in the N -particle Schrödinger
equation. The oscillations of a Bose liquid are ob-
tained in the harmonic approximation. Zero-point os-
cillations correspond to the ground state of the liq-
uid, and excited states – to any collective excitations:
phonons, rotons, maxons, and so on. However, the
non-harmonic terms of the Hamiltonian play an essen-
tial role. The first correction to the harmonic approxi-
mation has been calculated in the above-mentioned pa-
pers, and the second correction has been calculated in
paper [9]. Unfortunately, no small parameters are in
this expansion and the calculation of each new cor-
rection is accompanied by large mathematical difficul-
ties. The contribution of anharmonic terms to the en-
ergy of a liquid has been evaluated by the Brillouin–
Wigner perturbation procedure in papers [10, 11]. We
mention also the application of the method of Green
function [12] and the “shadow wave function” approach
[13].
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The dispersion curve of CE obtained by some authors
[5, 9–11] coincides satisfactorily with the experimental
spectrum, if the value of wave vector is k < 2.5 Å−1.
In the region k > 3 Å−1, the experimental spectrum
reaches the “shelf,” i.e., a hybridization of CE with the
two-roton level is observed [14]. The region k > 3 Å−1

has been investigated by the field-theoretic method in
[15], where it was shown that the “shelf” on the disper-
sion curve is caused by the decay of CE into two rotons
and by the end of the spectrum. The calculation of next
corrections to the spectrum of CE doesn’t give the end
point of a dispersion curve. We have to note that the
potential of interaction between atoms is known badly
on small distances r < 2.5 Å. The ground-state energy is
very sensitive to the interaction at small distances just.
The situation is complicated by the facts that He II is
a liquid, and no complete theory of liquid was devel-
oped till now. That’s why the authors proceed from
the gas representation or the models of quantum crystal
[16–18].

The Bogolyubov–Zubarev Hamiltonian is non-
Hermitian because the transition from Cartesian
coordinates to the collective coordinates is non-unitary.
This Hamiltonian has been used in the many afore-
said papers [6–9, 12, 19–22]. But the non-Hermiticity
must lead to the violation of some theorems of quan-
tum mechanics. However, the operator of speed gk
canonically conjugated with ρk has been introduced
in paper [10], and the Hamiltonian represented by
these terms is Hermitian. The Hermitian form of
the Bogolyubov–Zubarev Hamiltonian and the Ja-
cobian of the transition to collective coordinates
have been obtained in book [23]. However, the an-
harmonic terms of this Hamiltonian have not been
calculated.

In Section 2, the superfluid motion and the nor-
mal motion are separated in the Schrödinger equation
with the Hermitian form of the Bogolyubov–Zubarev
Hamiltonian. In Section 3, the oscillator model of
Bose liquid has been formulated in the Random Phase
Approximation (RPA). In Section 4, the contribution
of anharmonic terms of the Hamiltonian to the spec-
trum of CE has been calculated. It has been shown
that this correction describes the decay of CE, and
the dispersion curve has the end point kC. In Sec-
tion 5, the ground-state energy E0 has been calcu-
lated with regard for anharmonic terms in the Hamil-
tonian with the help of the oscillator model. The mech-
anism of suppression of BC has been described, and
the density of BC at zero temperature has been calcu-
lated.

2. The Equation of Motion and the Space of
Collective Variables

Let us consider N interacting Bose particles of mass m
confined in a macroscopic volume V . The Hamiltonian
of the system has the form

Ĥ =
∑

1≤j≤N

p̂2

2m
+

∑
1≤i<j≤N

Φ(|ri − rj |), (1)

where p̂ is the operator of momentum of a particle,
and the operator Φ(|ri − rj |) is the energy of inter-
action of two particles, and describes oscillations of a
Bose liquid. The waves functions must be symmetric
for any rearrangements of coordinates of any pairs from
N particles. The space of the collective variables is
the suitable multitude of variables describing the col-
lective motion of a system [24, 25]. Collective variables
are the Fourier transform of fluctuations of the density
4n(r) =

∑N
j=1 δ(r− rj)−N/V :

ρk =
1√
N

N∑
j=1

exp(−ikr) = ρck − iρsk, (2)

where

ρck =
1√
N

N∑
j=1

cos(kr), ρsk =
1√
N

N∑
j=1

sin(kr). (3)

What’s more, the correlations have a place:

ρ∗k = ρ−k ⇒ ρck = ρc-k, ρsk = −ρs-k. (4)

This means that it is necessary to consider the values
ρk with indices k from the half-space of their possible
values only.

The transition from the Cartesian coordinates
(r1, ..., rN ) to the variables ρk is nonunitary, because the
number of the Cartesian coordinates is 3N, but the num-
ber of ρk-variables is infinity. Hence, superfluous vari-
ables exist among collective variables. The transition to
the ρk-representation must be done with the Jacobian
which equalizes the volume of the configuration space∫
dr1...

∫
drN = V N to the volume of the ρk-space:

V N =
′∏

k 6=0

√
N∫

−
√
N

dρck

√
N∫

−
√
N

dρskJ, (5)

where the prime at the symbol of multiplication means
that the variables k are taken from the half-space only.
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In the representation of new variables (2), Hamiltonian
(1) has the form

ĤBZ =
∑
k1 6=0

ε(k1)
(
ρk1

∂

∂ρk1

− ∂2

∂ρk1∂ρ−k1

)
+

+
∑
k1 6=0

k1+k2 6=0∑
k2 6=0

ε(k1,k2)√
N

ρk1+k2

∂2

∂ρk1∂ρk2

+

+
N2

2V
ν(0) +

N

2V

∑
k1 6=0

ν(k1) (ρk1ρ−k1 − 1) , (6)

and is called the Bogolyubov–Zubarev Hamiltonian.
However, this operator is non-Hermitian – the first term
in the first brackets: ρk1

∂
∂ρk1

. This property of ĤBZ

is caused by the nonunitary transition from Cartesian
variables to collective ones ρk.

The Hermitian form of Hamiltonian (6) has been ob-
tained in paper [23]. Let the system be described by
the wave function ψ, which is normalized in the ρk-
representation:

′∏
k6=0

√
N∫

−
√
N

dρck

√
N∫

−
√
N

dρskJ |ψ|2 = 1. (7)

We now introduce the wave functions normalized with-
out the Jacobian J :

ψ̄ = ψ
√
J. (8)

Then the Schrödinger equation can be written as follows:

Ĥψ̄ = Eψ̄, Ĥ = J1/2ĤBZJ
−1/2, (9)

where the new Hamiltonian Ĥ must be Hermitian. Pro-
ceeding from this condition, we can find the Jacobian J .
Then we have

Ĥ =
∑
k1 6=0

ε(k1)
(
− ∂2

∂ρk1∂ρ−k1

− 1
4
ρk1

∂ ln J
∂ρk1

− 1
2

)
+

+
∑
k1 6=0

k1+k2 6=0∑
k2 6=0

ε(k1,k2)√
N

ρk1+k2

∂2

∂ρk1∂ρk2

+

+
N2

2V
ν(0) +

N

2V

∑
k1 6=0

ν(k1) (ρk1ρ−k1 − 1) , (10)

where the Jacobian must be found from the equation:

ρk1 +
∂ ln J
∂ρ−k1

− 1√
N

k1+k2 6=0∑
k1 6=0

k1k2

k2
1

ρk1+k2

∂ ln J
∂ρk2

= 0. (11)

The solution of this equation reads

ln J=lnC+
∑
n≥2

(−1)n−1

n(n−1)(
√
N)n−2

∑
q1 6=0

. . .
∑
qn 6=0

ρq1
...ρqn

.

(12)

The constant C can be found from condition (5). In our
comprehension, Eq. (9) with Hamiltonian (10) is the
motion equation in the ρk-space. Equation (11) is the
constraint equation in this space. In Cartesian coordi-
nates, we have a discrete system of N particles. But, in
collective coordinates, the system is regarded as a contin-
uum. The constraint equation removes the superfluous
degrees of freedom.

The normal motion and the superfluid motion can be
separated in the Schrödinger equation [7]. The wave
function of the ground state describes zero-point oscil-
lations of the Bose liquid and has an exponential form
eU . The whole wave function (with excited states) has
the form

ψ̄ = eUϕ. (13)

Then we rewrite the energy of the fluid as

E = E0 + E − E0 ≡ E0 + Eext, (14)

where E0 is the ground-state energy (energy of superfluid
motion with the wave function eU ), Eext is the energy
of excitation (energy of normal motion with the wave
function ϕ). Then Eq. (9) is divided into the set of
equations describing the superfluid motion

−
∑
k1 6=0

ε(k1)
[

∂2U

∂ρk1∂ρ−k1

+
∂U

∂ρk1

∂U

∂ρ−k1

]
+

+
∑
k1 6=0

∑
k2 6=0

ε(k1,k2)√
N

ρk1+k2

[
∂U

∂ρk1∂ρk2

+
∂U

∂ρk1

∂U

∂ρk2

]
+

+
∑
k1 6=0

[
N

2V
ν(k1)ρk1ρ−k1 −

1
4
ρk1

∂ ln J
∂ρk1

ε(k1)
]

=

= E0 +
∑
k 6=0

[
1
2
ε(k) +

N

2V
ν(k)

]
− N2

2V
ν(0) (15)
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and the normal motion

−
∑
k1 6=0

ε(k1)
[

∂2ϕ

∂ρk1∂ρ−k1

+ 2
∂U

∂ρk1

∂ϕ

∂ρ−k1

]
+

+
∑
k1 6=0

∑
k2 6=0

ε(k1,k2)√
N

ρk1+k2

[
∂ϕ

∂ρk1∂ρk2

+ 2
∂U

∂ρk1

∂ϕ

∂ρk2

]
=

= Eext(k)ϕ. (16)

The wave function ψ must be an eigenfunction of the
momentum operator [7, 8]:

P̂ = −
∑
k1 6=0

~k1ρk1

∂

∂ρk1

, P̂ψ = Pψ. (17)

The wave function ψ̄ is an eigenfunction of the momen-
tum operator as well:

J1/2P̂J−1/2ψ̄ = Pψ̄ =⇒ P̂ψ̄ = Pψ̄. (18)

The proof of this fact is in Appendix 6. Then the solution
of Eqs. (15) and (16) must obey the condition

P̂eU = 0 · eU , P̂ϕ = ~(k1 + . . .+ kn)ϕ. (19)

This means that the center of masses of the system rests,
and the function ϕ describes excited states of a system,
which are characterized by the conserved energy Eext(k)
and the conserved momentum ~(k1+. . .+kn). Thus, the
function ϕ describes the state with n collective excita-
tions. If the interaction of particles is absent, ν(k) = 0,
then the wave function ψ is a wave function of free bosons
ψν=0 = 1/

√
V N . A proof of this statement is in Ap-

pendix 6.
In the general case, a solution of Eq. (15) has the form

of a correlation series expansion [7, 8]:

U =
∑
k6=0

f(k)ρkρ−k +
∑
k6=0

k+q6=0∑
q6=0

g(k,q)√
N

ρq−kρkρ−q + . . .

(20)

An analogous expansion for the function ϕ of the state
with one CE (as P̂ϕ = ~kϕ) has the form

ϕ = ρ−k +
k+q6=0∑
q6=0

L(k,q)√
N

ρq−kρ−q + . . . (21)

Unfortunately, no small parameter exists in these ex-
pansions. What’s more, the calculation of higher terms

of the expansions is very difficult mathematically. In or-
der to solve this problem, we have to use some model
considerations and approximations.

We have to make a little remark here. Under collective
excitations, we understand the quanta of collective mo-
tions of a macroscopic group of particles, i.e., the motion
of system as a whole. For example: phonon, plasmon,
magnon. Under a quasiparticle, we understand a parti-
cle interacting with its environment or an external field
(“dressed” particle). The quasiparticles are characterized
by the effective mass, and they interact with effective
(screened) potential. The examples of quasiparticles are
conduction electrons, polarons, Cooper pairs.

3. Random Phase Approximation

3.1. The random phases as zeroth
approximation

In this section, we will shortly formulate the zeroth ap-
proximation to our problem – RPA or harmonic approx-
imation. We write the Jacobian and the ground-state
wave function in the Gauss form:

ln J = lnC − 1
2

∑
k6=0

ρkρ−k. (22)

U =
∑
k6=0

f(k)ρkρ−k. (23)

Substituting these expressions in Eq. (15) and neglecting
the powers of ρk higher than the second one, we have∑
k6=0

[
−4ε(k)f2(k) +

1
4
ε(k) +

N

2V
ν(k)

]
ρkρ−k = E0−

−N
2

2V
ν(0) +

∑
k6=0

[
2ε(k)f(k) +

1
2
ε(k) +

N

2V
ν(k)

]
. (24)

From this equation, we can obtain the unknown function
f,

f(k) = −1
4

√
1 +

2N
V

ν(k)
ε(k)

, (25)

and the corresponding energy

E0 =
∑
k 6=0

1
2

√
ε(k)2 +

2N
V
ν(k)ε(k)−
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−
∑
k6=0

[
1
2
ε(k) +

N

2V
ν(k)

]
+
N2

2V
ν(0). (26)

We note that solutions (25 and 26) correspond to the
truncated Hamiltonian

ĤRPA =
∑
k1 6=0

ε(k1)
(
− ∂2

∂ρk1∂ρ−k1

+
1
4
ρk1ρ−k1 −

1
2

)
+

+
N2

2V
ν(0) +

N

2V

∑
k1 6=0

ν(k1) (ρk1ρ−k1 − 1) , (27)

where, unlike the complete Hamiltonian (10), the har-
monic terms are kept only.

A structure factor is the most important characteristic
of liquids [24]:

S(k) = 〈ρkρ−k〉. (28)

Here, the mean value 〈〉 is calculated with the ground
state. This function can be obtained by using the virial
theorem:

δE

δν(k)
=

〈
δĤ

δν(k)

〉
⇒ S(k) = − 1

4f(k)
. (29)

For atoms of helium, the potential of interaction is
very like to the Lennard-Jones potential in the region
r > 2.5 Å. In the remaining region, the interaction is
known badly, and various adaption functions have be
used here. In order to get over this difficulty, the ap-
proach with a structure factor has been developed in
some papers, where the potential of interaction is the un-
known function, and the structure factor is taken from
experimental data. This means that the perturbation
theory must be constructed, so we must obtain the same
structure factor in each approximation. On the present
step of calculations, the potential of interaction is ob-
tained from (29) in the form

ν(k) =
V

2N
ε(k)

[
1

S2(k)
− 1
]
. (30)

In order to obtain the dispersion curve of a CE, we
assume that ϕ = ρ−k. Substituting it and function (23)
in Eq. (16), we have

ERPA
ext =

ε(k)
S(k)

=

√
ε(k)2 +

2N
V
ν(k)ε(k). (31)

This expression is known as the Feynman formula or the
Bogolyubov spectrum. Formula (31) is a starting-point
in order to obtain the dispersion curve of a CE which is
consistent with the experimental spectrum.

3.2. Formulation of the oscillator model

Hamiltonian (27) is a sum of separate terms, where each
of them is characterized by the own wave vector k. This
fact means that the infinite number of independent mo-
tions can be in the system, and every of them is char-
acterized by a wave vector k and some energy ξ(k). For
each independent motion, the Schrödinger equation is
written as follows:

− ~2

2(m/k2)
∂2ψ̄

∂ρk∂ρ−k
+
[
1
4
ε(k) +

N

2V
ν(k)

]
ρkρ−kψ̄ =

= ξ(k)ψ̄. (32)

This equation is similar to the equation of a harmonic
oscillator, where

M ≡ m

k2
,

1
4
ε(k) +

N

2V
ν(k) ≡ 1

2
Mω2. (33)

The energy of an oscillator with the wave vector k is

ξ(k) = ~ω(k)
(

1
2

+ n

)
=
ε(k)
S(k)

(
1
2

+ n

)
, (34)

and the ground-state energy of the system is

E0 =
∑
k 6=0

1
2

~ω(k)−

−
∑
k6=0

[
1
2
ε(k) +

N

2V
ν(k)

]
+
N2

2V
ν(0). (35)

The wave function of the ground state has the form

ψ̄ ∼ exp
(
−ρkρ−k

2l2
)

= ef(k)ρkρ−k , l2 =
~
Mω

(36)

where l is a oscillator length. The structure factor can
be found from the virial theorem for an oscillator:

Mω2

2
〈ρkρ−k〉 =

ξ(k)
2
⇒ S =

ε(k)
~ω(k)

[1 + 2〈n〉], (37)

and the state n = 0 corresponds to the ground state.
The structure factor S(k) is the dispersion of a oscillator
with a wave vector k.

Based on the aforesaid assumptions, we can formulate
the oscillator model of a Bose liquid. The quantum liq-
uid represents a totality of harmonic oscillators. Each
oscillator is a vibration mode of the liquid density. The
ground-state energy of the system is a sum of the ener-
gies of ground states of these oscillators. The presence
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of n collective excitations in a system corresponds to a
state with n excited oscillators. The oscillator model
is a model of continuum medium, and it is incorrect at
distances between neighboring atoms. The calculation
of short-range correlations is very difficult, because all
anharmonic terms in Hamiltonian (10) and in Jacobian
(12) must be calculated. Moreover, if we try to calculate
them with the help of ordinary perturbation theory, then
we have divergent integrals. This difficulty appears due
to the contribution of the above-mentioned superfluous
degrees of freedom. In the next sections, we formulate
the method of calculation of the anharmonic terms, by
remaining in the limits of the oscillator model.

4. The Spectrum of Collective Excitations

4.1. Decay of collective excitations

The wave function of an excited state ϕ = ρ−k leads
to the well-known Feynman formula (31). In Fig.1, we
can see that the dispersion curve in RPA coincides with
the experimental dispersion curve in the limit k → 0
only. Its basic contrast to the real spectrum is that the
Feynman formula doesn’t involve the decay of a CE and
the end of a dispersion curve.

Let’s consider the wave function of a CE (21) with mo-
mentum ~k, where L(k,q) is the unknown function. In
our interpretation, the second term in (21) describes the
process of decay of a CE with momentum ~k and energy
Eext(k) into two excitations with momenta ~(k−q) and
~q and with energies Eext(|k − q|) and Eext(q), respec-
tively. Decay of CE can occur if energy is conserved:

Eext(k) = Eext(|k− q|) + Eext(q). (38)

Such a situation corresponds to case (A) in Fig. 2. This
process causes the damping of a CE and the end of the
dispersion curve [26]. In those parts of the energy spec-
trum where equality (38) isn’t true, CE is stable. In
this case, the term in (21) with the multiplier ρq−kρ−q
describes the processes of virtual decay and creation of
CE. This causes the trivial renormalization of the energy
spectrum of CE. This situation corresponds to case (B)
in Fig. 2. Higher approximations in (21) describe decays
of CE into three and more excitations. We suppose that
such processes are improbable, and we will not consider
them in this paper.

Substituting the wave function (21) in Eq. (16), we
obtain the function

L(k,q) =
ε(k,q)S−1(q)

Eext(k)− ERPA
ext (|k− q|)− ERPA

ext (q)
, (39)

Fig. 1. Spectrum of CE calculated with the Feynman formula
(solid line) and measured in experiment (dotted line). Decay of
a excitation into two rotons is possible in the region k > kRPA

C ,

where ERPA
ext (k) > 2ΔRPA. The experimental curve has a “shelf”

at k > 2.5 Å−1, where the decay of CE into two rotons is observed

where ERPA
ext (q) is the spectrum of CE in RPA – formula

(31). In addition, we obtain the dispersion law of CE in
the form

Eext(k) = ERPA
ext (k) +

2
N

∑
q6=0

Lε(k− q,q) = ERPA
ext (k)−

− 2
N

∑
q6=0

ε(k,q)ε(k− q,q)S−1(q)
ERPA

ext (|k− q|) + ERPA
ext (q)− Eext(k)

. (40)

This equation is an integral equation for the unknown
function Eext(k). The first term corresponds to the term
ρ−k in the wave function (21), and it is the Bogolyubov–
Feynman spectrum. The second term has a singularity
in those points q, where the equality

Eext(k) = ERPA
ext (|k− q|) + ERPA

ext (q) (41)

holds. This relation reminds expression (38), and it is
the condition for the decay of CE. The inaccuracy of this
condition is in that a real CE Eext(k) decays into exci-
tations with a spectrum calculated in RPA: ERPA

ext (q).
However, in the region of large q, the theoretical disper-
sion law of CE differs from the real law Eext(q) essen-
tially. We shall get over this difficulty later. For the
present, we shall work with condition (41).

CE is stable at those k, where Eq. (41) has no solu-
tions. The damping of CE appears at the decay thresh-
old k = kC. At the point k = kC, a solution of Eq.
(41) appears at first, and the right-hand sides of Eqs.
(38) and (41) have extremum [26] as a function of q. We
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Fig. 2. Processes described by the second term in the wave func-
tion (21). Process (A) is a real decay, and process (B) is a virtual
decay of CE with momentum ~k into two excitations with mo-
menta ~(k− q) and ~q

can see in Fig. 1 that the extremum for the function
ERPA

ext (q) is the roton minimum. In its neighborhood,
the spectrum of collective excitations is as follows:

ERPA
ext (q) = ΔRPA +

~2

2µ
(q − k0)2, (42)

ERPA
ext (|k− q|) = ΔRPA +

~2

2µ
(|k− q| − k0)2. (43)

Here, ΔRPA=17.3 K is the roton gap in RPA (in de-
grees of Kelvin), µ = 0.09 m is the effective mass of a
roton in RPA, k0 is momentum corresponding to the ro-
ton gap. We can suppose that k0 = kRPA

0 = 1.93 Å−1

in all approximations. Condition (41) is executed when
Eext(k) = 2ΔRPA. Then the integrand in spectrum (40)
at k = kC has a singularity at the point q = q0. This
means the decay of CE with momentum ~kC into two
rotons with momenta ~k0 each. Hence, we have the
connection kC = 2k0 cos θc, where 2θc is the angle of
recession of two rotons.

Let’s evaluate the integral in (40) at the point k = kC.
We consider the asymptotics of the integrand as q →∞,
where S(q) → 1. If the vector k is directed along the
axis Oz, then kq = kq cos θ. Let’s use expressions (42)
and (43) in the denominator of (40), as they determine
the singularity at q = k0, and we have |k−q| ≈ q. Then
the integral in (40) can be written in the form

2
N

V

(2π)3

(
~2

2m

)2
(∫

(qk cos θ)2q2dq sin θdθdϕ
2ΔRPA − Eext + ~2

µ (q − k0)2
−

−
∫

qk cos θq2q2dq sin θdθdϕ
2ΔRPA − Eext + ~2

µ (q − k0)2

)
= (44)

=
4

3N
V

(2π)2

(
~2

2m

)2

k2

∫
q4dq

2ΔRPA − Eext + ~2

µ (q − k0)2
.

(45)

In the second integral in (44), the integration over θ gives
zero. In view of the equality Eext(kC) = 2ΔRPA, we can
rewrite (45) as

4
3N

V

(2π)2

(
~2

2m

)2

k2 µ

~2

∞∫
0

q4

(q − k0)2
dq →∞. (46)

The integrand has a pole at the point k0, which re-
sults in some complex addendum to the energy of CE:
Eext − i/τ . This means the damping and the bounded
lifetime ∼ τ of CE. Moreover, we can see that the ultra-
violet divergence takes place. Hence, the second term in
formula (40) for the spectrum of CE tends to infinity:
Eext(k) = ERPA

ext (k) +∞. The nature of this divergence
lies in the following.

The constraint equation (11) removes the superfluous
degrees of freedom appeared at the nonunitary transi-
tion to collective coordinates. These degrees of freedom
are connected with the continuum representation of a
primarily discrete medium. Each superfluous degree of
freedom gives contribution to the energy. The neglect of
all anharmonic terms in Jacobian (12) and in Hamilto-
nian (10) doesn’t give possibility to delete this nonphys-
ical energy. The contribution of the superfluous degrees
of freedom results in a singularity in integral (40).

The method of removal of the divergence is the cut-
off of integral (40) to some unknown value of the wave
vector q = qm. By analogy with [15, 26], we introduce
new variables q′z и q′ρ in accordance with the definition:

qx = (k0 sin θc + q′ρ) cosϕ,

qy = (k0 sin θc + q′ρ) sinϕ,

qz = k0 cos θc + q′z,

d3q = q2dq sin θdθdϕ = (k0 sin θc + q′ρ)dq
′
ρdq
′
zdϕ. (47)

In a neighborhood of the decay threshold k = kC (where
Eext → 2ΔRPA), the integrand in (40) has a pole at the
point [q = k0, θ = θc]. We have |q′z| � k0 and |q′ρ| � k0

in a neighborhood of the singularity as q → k0, θ → θc.
Then we can write the following expansions near the
singularity:

d3q ≈ k0 sin θcdq′ρdq
′
zdϕ,
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q ≈ k0 + q′z cos θc + q′ρ sin θc,

|k− q| ≈ k0 + q′ρ sin θc − q′z cos θc,

kq ≈ kk0 cos θc +O(q′ρ, q
′
z),

(k− q)q ≈ k2
0 cos 2θc +O(q′ρ, q

′
z). (48)

In the limit q → k0, the energies of products of the decay
have a view:

ERPA
ext (q) = ΔRPA +

~2

2µ
(q′z cos θc + q′ρ sin θc)2, (49)

ERPA
ext (|k− q|) = ΔRPA +

~2

2µ
(q′ρ sin θc − q′z cos θc)2.

Let’s consider the spectrum of CE (40) in some neigh-
borhood of the decay threshold k → kC. Decomposing
the integrand near the pole q → k0, θ → θc with the use
of expansions (48) and (49), we have

− 2
N

∑
q6=0

ε(k,q)ε(k− q,q)S−1(q)
ERPA

ext (|k− q|) + ERPA
ext (q)− Eext(k)

→

→ − 2
N

V

(2π)2

(
~2k2

0

2m

)2
µ

~2
S−1(k0) cos 2θc cos θc sin θc×

(50)

×k
∫

dq′zdq
′
ρ

µ
~2 (2ΔRPA − Eext) +

[
(q′ρ)2 sin2 θc + (q′z)2 cos2 θc

] .
(51)

However, integrals (50) and (51) are not equal, because
the transition to the limit q → k0, θ → θc has been done
in the integrand. The integration over the entire q-space
results in the divergence. Then we must introduce some
cut-off parameter ρ so as integral (51) is finite, on the
one hand, and integrals (50) and (51) are approximately
equal in a neighborhood of the point q = k0: k0 − ρ <
q < k0 + ρ, on the other hand.

Let’s introduce the polar coordinates:

q′ρ sin θc = ρ cosψ,

q′z cos θc = ρ sinψ,

dq′ρdq
′
z =

ρdρdψ

cos θc sin θc
. (52)

Then integral (51) is reduced to the form

− 2
N

V

2π
ε2(k0)

µ cos 2θc
~2

S−1(k0)k×

×
ρ∫

0

ρdρ
~2

µ (2ΔRPA − Eext) + ρ2
=

=
V

N

ε2(k0)µ cos 2θc
2π~2S(k0)

k ln
[

(2ΔRPA − Eext)µ/~2

(2ΔRPA − Eext)µ/~2 + ρ2

]
.

(53)

We can see that the final result depends on the unknown
parameter ρ which determines the integration domain
near the point q = k0. Then ρ must satisfy the require-
ments:
1. The point kC is the decay threshold: Eext(kC) =
2ΔRPA.
2. In Fig. 1, we can see that the Feynman formula
ERPA

ext (k) = ε(k)/S(k) in the limit k → 0 gives a sound
mode c~k with a correct sound velocity c. Hence, the
total spectrum (40) must have the same asymptotics:

Eext(k → 0) = ERPA
ext (k → 0) = c~k. (54)

The second term of expression (40) in the limit k → kC
is integral (51). We must join these two asymptotics in
a single expression which is a sought dispersion curve.
Hence, the parameter ρ is a function of the variable k:
ρ = ρ(k).
3. The parameter ρ must ensure the approximate equal-
ity of integrals (50) and (51) in a neighborhood of the
point q = k0. We have decomposed the integrand in (50)
near the point q = k0 in a series in ρ/k0:

q ≈ k0 + q′z cos θc + q′ρ sin θc ≈ k0 (1 + ρ/k0) ,

|k− q| ≈ k0 + q′ρ sin θc − q′z cos θc ≈ k0 (1 + ρ/k0) ,

k0 sin θc + q′ρ ≈ k0 sin θc

(
1 +

ρ

k0 sin θc

)
⇒

⇒ ρ

k0 sin θc
� 1. (55)

Hence, ρ(k) must satisfy inequality (55).
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Fig. 3. Spectra of collective excitations. The line (RPA) is the
spectrum corresponding to the Feynman formula (31). Lines 1-7
are dispersion curves obtained as the numerical solutions of Eq.
(59) with parameters kC equal to 2.9 Å−1, 3.0 Å−1, 3.1 Å−1,
3.2 Å−1, 3.3 Å−1, 3.4 Å−1, 3.5 Å−1, respectively. The dotted
line is the experimental spectrum of CE [28] at low temperatures.
Dispersion curves 1–7 finish at the points k = kC on the line
2ΔRPA

4. The spectrum of CE (40) must be determined with
the parameter ρ(k) by a self-consistent way.

In order to meet requirements (1–4), we must assume
that

(2ΔRPA − Eext)µ/~2

(2ΔRPA − Eext)µ/~2 + ρ2
=

2χΔRPA − Eext

2χΔRPA
, (56)

then

ρ2(k) =
µ

~2

Eext(k)
[
2ΔRPA − Eext(k)

]
2χΔRPA − Eext(k)

, (57)

where the parameter χ is determined by condition (4 4.1)
Eext(kC) = 2ΔRPA:

χ =
[
1− exp

(
2ΔRPA − ERPA

ext (kC)
αkC

)]−1

. (58)

As a result, the dispersion equation for CE (40) has a
form

Eext(k) = ERPA
ext (k) + αk ln

[
2χΔRPA − Eext(k)

2χΔRPA

]
, (59)

where

α =
V

N

ε2(k0)µ cos 2θc
2π~2S(k0)

, cos θc =
kC

2k0
. (60)

We can see that the parameter ρ is determined by the
spectrum Eext(k). On the other hand, ρ determines this

Fig. 4. Parameters of cut-off ρ(k) for integral (53). The curves
ρ(k) correspond to the curves 1–7 in Fig. (3). A domain of the
functions ρ(k) is 0 ≤ k ≤ kC

spectrum. Eext(k) doesn’t contain ρ in an explicit form.
Hence, Eext(k) is determined with the parameter ρ by a
self-consistent way.

In the long-wave asymptotics, ERPA
ext (k → 0) = c~k +

Ak3, A = const > 0. Then it is easily to show that

Eext(k → 0) = c~k − c~α
2χΔRPA

k2 +Ak3 − . . . . (61)

This means that the spectrum Eext is joined with the
Feynman formula at small k and describes the sound
mode. Thus, condition (4 4.1) is satisfied. However, we
can see that the even powers of k exist in expansion
(61). But this doesn’t contradict the isotropy of the
liquid because the dispersion equation (59) depends on
the modulus of the wave vector only: Eext = Eext(|k|).

We can see that the dispersion curve (59) depends on
the parameter kC (decay threshold) strongly. This is
the free parameter being in the limits kRPA

C ≤ kC ≤ 2k0.
Therefore, we have a family of curves shown in Fig. 3.
The corresponding cut-off parameter ρ which joins the
long-wave asymptotics k → 0 with the asymptotics k →
kC is shown in Fig. 4.

A domain of the function ρ(k) is 0 ≤ k ≤ kC because,
at k > kC, we have ρ(k)2 < 0. This means that the
dispersion curve (59) cannot be continued to the region
k > kC (though the function Eext(k) exists formally).
Hence, the point kC is the end point of the spectrum. For
the typical value kC = 3.2 Å−1, we have: max(ρ/k0) =
0.28/1.93 = 0.15� 1 and max(ρ/k0/ sin θc) = 0.27 < 1.
This means that condition (4 4.1) is satisfied.

The dispersion curves 1–7 in Fig. 3 are more close
to the experimental curve than ERPA

ext (k). However, they
have an essential defect. CE with the dispersion curve
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Eext(k) decays into excitations with the spectrum cal-
culated in RPA: ERPA

ext (q) and ERPA
ext (|k − q|). This sit-

uation corresponds to the conservation of energy in the
form (41). In reality, the law of conservation of energy is
of the form (38), where the energy of decaying CE and
the energies of decay products are determined with the
real spectrum. We can see in Fig. 3 that the dispersion
curve Eext(k) differs from the curve ERPA

ext (k) essentially
in the region of big k. So, the new value of a roton gap is
Δ < ΔRPA. This means that the energy is not conserved
at the decay of CE into two rotons. In other words, the
dispersion curve Eext(k) is not self-consistent.

4.2. The self-consistent form of the dispersion
curve Eext(k)

The dispersion equation Eext(k) is self-consistent if the
energy of the end point of the spectrum is equal to the
doubled roton gap of this spectrum: Eext(kC) = 2Δ. Let
the new spectrum have the form

Eext(k) = ERPA
ext (k) + αk ln

[
2Δ̃− Eext(k)

2Δ̃

]
, (62)

where the parameter Δ̃ must be such that the condition
of self-consistency is executed:{
Eext(kC) = 2Δ
Eext(k0) = Δ

}
. (63)

The parameter Δ is the new roton gap at the point k0.
Then the system of equations (63) in the expanded form
is 2Δ = ERPA

ext (kC) + αkC ln
(
1 + Δ

Δ̃

)
Δ = ERPA

ext (k0) + αk0 ln
(
1 + Δ

2Δ̃

)  . (64)

The system of equations (62) and (64) determines a dis-
persion curve of CE. The results of numerical solution of
these equations with kC = 2.9 Å−1− 3.5 Å−1 are shown
in Fig. 5. Curves 1–7 in Fig. 5 correspond to curves 1–7
in Fig. 4. As in the previous case, the spectrum depends
on its end point kC strongly though the sound velocity
~c = limk→0

∂Eext
∂k is the same in the all cases. We can

see a weak pinning of the curve Eext(k) to the line 2Δ.
This means the hybridization of the dispersion curve of
CE with a two-roton level [27]. On the rest of regions,
the energy Eext(k) is determined by a state with one
CE (phonon or roton) completely. We have the family
of curves Eext, and we cannot obtain the point kC on
this step of calculations. In order to do this, we must
generalize the oscillator model formulated in Subsection
3 3.2.

Fig. 5. Spectra of collective excitations. The line (RPA) is the
spectrum corresponding to the Feynman formula (31). Lines 1–7
are dispersion curves obtained by the numerical solution of the
system of equations (62) and (64) with parameters kC = 2.9 Å−1,
3.0 Å−1, 3.1 Å−1, 3.2 Å−1, 3.3 Å−1, 3.4 Å−1, 3.5 Å−1, respec-
tively. The dotted line is the experimental spectrum of CE [28].
The dispersion curves 1–7 are ended at the points k = kC on the
lines 2Δ1−7

5. The Ground State and Bose Condensate

5.1. Formalism of effective mass in the
oscillator model

In this section, our problem is the calculation of the
ground-state energy taking the anharmonic correction
in Eq. (15) into consideration. If we calculate this cor-
rection, then we have a divergence E0 = ERPA

0 +∞ as in
Section 4. In order to overcome this difficulty, let’s use
the oscillator model formulated in Section 3, where the
superfluid liquid is a totality of independent harmonic
oscillators with frequencies ERPA

ext (k) = ε(k)/S(k). In
higher approximations, we have another spectra of CE
Eext(k): the system of equations (62) and (64). However,
this spectrum can be written by analogy with RPA as

Eext(k) =
ε̃(k)
S(k)

, where ε̃(k) =
~2k2

2m̃(k)
. (65)

Due to the contribution of anharmonic terms of Hamil-
tonian (10), the mass of a particle m is renormalized
to mass of a quasiparticle m̃(k). Continuing the analogy
with RPA, we can write the effective Hamiltonian having
a form as in RPA:

Ĥeff =
∑
k1 6=0

ε̃(k1)
(
− ∂2

∂ρk1∂ρ−k1

+
1
4
ρk1ρ−k1 −

1
2

)
+

+
N2

2V
ν̃(0) +

N

2V

∑
k1 6=0

ν̃(k1) (ρk1ρ−k1 − 1) (66)
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Fig. 6. Effective masses of quasiparticles in units of the mass of
4He: m̃/m. The curve (RPA) corresponds to a “naked” particle.
The numbers 1–7 correspond to curves in Fig. 5. The functions
m̃(k) have a sense in the range k < kC only

and the corresponding Jacobian:

ln J = ln

V N ′∏
k6=0

1
π

− 1
2

∑
k6=0

ρkρ−k, (67)

where the normalization requirement (5) has been used.
We must obtain the same structure factor S(k) in any

approximation, because this function is given by experi-
ment. Therefore, we must introduce the effective inter-
action ν̃(k) as follows:

S(k) = − 1
4f(k)

=
1√

1 + 2N
V

ν(k)
ε(k)

=
1√

1 + 2N
V

ν̃(k)
ε̃(k)

⇒

⇒ ν̃(k) = ε̃(k)
V

2N

[
1

S(k)2
− 1
]
. (68)

The effective masses and interactions are shown in Figs.
6 and 7. It is necessary to note that m̃(k → 0) = m and
ν̃(0) = ν(0).

As a result, we have the totality of harmonic oscilla-
tors again. These oscillators have the same dispersions
〈ρkρ−k〉 as in RPA. However, they have another frequen-
cies Eext(k) instead of the old ones ERPA

ext (k). The dif-
ference between the new frequencies and the initial fre-
quencies depends on the aforesaid anharmonicities. The
equation of motion for each oscillator can be written as
Eq. (32) but with an effective mass and an effective
interaction:

− ~2

2M̃(k)

∂2ψ̄

∂ρk∂ρ−k
+

+
[
1
4
ε̃(k) +

N

2V
ν̃(k)

]
ρkρ−kψ̄ = ξ̃(k)ψ̄. (69)

The ground-state energy can be rewritten as follows:

E0 =
∑
k 6=0

1
2
ε̃(k)
S(k)

−

−
∑
k 6=0

[
1
2
ε̃(k) +

N

2V
ν̃(k)

]
+
N2

2V
ν̃(0). (70)

It is worth noting that we must do the transition from
the summation over k to the integration as follows:

∑
k6=0

→ V

(2π)3

kC∫
0

k2dk. (71)

The results of calculations of the ground-state energy
(per atom) for particles’ system (RPA) and for quasi-
particles’ system (curves 1–7) are:

ERPA
0 /N = −13.78 K, E

(1)
0 /N = −8.73 K,

E
(2)
0 /N = −6.66 K, E

(3)
0 /N = −4.62 K,

E
(4)
0 /N = −2.60 K, E

(5)
0 /N = −0.59 K,

E
(6)
0 /N = 1.43 K E

(7)
0 /N = 3.43 K. (72)

We can see that the existence of the end point of a dis-
persion curve causes some increase of the ground-state
energy. Since kC is unknown, we cannot select a value of
this energy. The energy E0 is minimal at kC < 2.9 Å−1.
But the important condition for oscillator frequencies
~ω = Eext exists still.

If the velocity of a CE ∂Eext
∂p ≡ ∂~ω

∂p is more than the
sound velocity in a system, then CE radiates a phonon
[26]. The regions of a dispersion curve, where such event
is possible, is unstable. We have formulated the oscilla-
tor model of Bose liquid, where its ground-state energy is
a sum of the energies of ground states of oscillators repre-
senting the liquid. In other words, the ground state is an
infinity number of virtual collective excitations. Then in
order to determine the ground state as a state with min-
imal energy, the dispersion curve Eext(k) must be stable.
It means that, for all k, the following inequality must be
executed:

∂Eext(k)
∂k

≡< lim
k→0

∂Eext(k)
∂k

= c~. (73)
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Fig. 7. Potential of interaction between particles (RPA) and be-
tween quasiparticles (1–7)

If this condition is not satisfied, then the ground state
falls apart. The plots of CE’s velocity are shown in Fig.
8. Curves 4 -7 satisfy criterion (73). Hence, the possible
end points are present in the interval kC = 3.2 Å−1÷2k0

only. Spectrum 4 corresponds to the minimal value kC =
3.2 Å−1. On the contrary, the curve (RPA) is unstable
almost completely.

We can see in (72) that an increase of kC causes an
increase of E0: E

(4)
0 < E

(5)
0 < E

(6)
0 < E

(7)
0 . Hence, the

energy E(4)
0 is minimal for all allowed energies E0. This

means that

E0/N = E
(4)
0 /N = −2.60 K. (74)

The experimental value is E0/N = −7.12 K. It is neces-
sary to note that the short-range correlations make es-
sential contributions to E0. These correlations are calcu-
lated badly within the method of collective variables. So,
a hybrid approach was proposed in [22], where the transi-
tion to collective variables was made not completely, and
a part of the coordinates was kept as Cartesian coordi-
nates. Proceeding from the aforesaid, we can consider
result (74) as satisfactory.

The final spectrum of a collective excitation Eext(k) is
shown in Fig. 9. The dispersion curve has been obtained
as a numerical solution of the system of equations (62)
and (64) with the optimal parameter kC = 3.2 Å−1. We
can see a weak pinning of the dispersion curve to the line
2Δ, which means the decay of CE into two rotons with
energy Δ and momentum k0 in each. The dispersion
curve coincides with the experimental curve well.

5.2. Suppression of Bose condensate

In a Bose system at sufficiently low temperatures, the
occupation number N0 of the state with minimal en-
ergy (momentum of particles is p = 0) is a macroscopic

Fig. 8. Velocities of collective excitations vext(k) =
∂Eext(k)

~∂k in
units of a sound velocity c. vext(k) < 0 means that the velocity
and the momentum k have contrary directions. The curve (RPA)
corresponds to the Feynman spectrum. Curves 1–7 correspond to
the curves in Fig. 5. Condition (73) is satisfied for the curves
where |vext(k)|/c < 1 for all k. Spectra 4–7 are stable at the
radiation of a phonon. Spectrum 4 (with kC = 3.2 Å−1, it is
marked by a bold line) is on the limit of stability

Fig. 9. Dispersion curve of CE obtained with the optimal param-
eter kC = 3.2 Å−1. As a result, we have: µ = 0.19 m (the new
roton mass), Δ=8.8 K, k0 = 1.95 Å−1. The dotted line is the
experimental spectrum of CE [28] at low temperatures. At the
point k = kC on the line 2Δ, the dispersion curve ends

number N0 ≤ N . For the ideal gas, the density of a
condensate and the temperature of the transition are

N0

N
= 1−

(
T

T0

)3/2

, T0 =
2π~2

m

(
N/V

2.612

)2/3

. (75)

At the temperature T = 0, all atoms are in BC: N0 = N .
If the particles interact, then BC is suppressed. BC is
suppressed strongly in He II: N0/N = 0.07. In paper
[3], the model was proposed where BC is suppressed due
to the formation of pairs of bosons. In this section, we
will consider the suppression of BC from the standpoint
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of collective motions of the liquid using the oscillator
model.

Equations (32) or (69) describe harmonic oscillations
of the Bose liquid. According to the uncertainty princi-
ple, the energy of an oscillator in the ground state can-
not be zero, 1/2~ω 6= 0. The energy is divisible into the
kinetic energy and the potential energy in equal parts
〈T 〉 = 〈U〉 = Mω2〈ρkρ−k〉/2 = ξ/2 according to the
virial theorem. This zero-point energy is the energy of
fluctuations of the quantum liquid. Hence, collective mo-
tions are in the ground state, and no all particles can be
in BC. In other words, BC is suppressed by dynamical
fluctuations [29].

Using Eq. (24), we write the energy of the ground
state in the form∑
k6=0

ε(k)
[
−4f2(k)ρkρ−k − 2f(k) +

1
4
ρkρ−k −

1
2

]
+

+
N2

2V
ν0 +

∑
k 6=0

N

2V
νk(ρkρ−k − 1) = E0. (76)

After the averaging of this expression according to the
rule ρkρ−k → 〈ρkρ−k〉, in view of the expression for the
potential energy of the system

∑
1≤i<j≤N

Φ(|ri − rj |) =
N2

2V
ν0 +

∑
k6=0

N

2V
νk(〈ρkρ−k〉 − 1)

(77)

and the evident equality E0 = 〈T 〉 + 〈Φ〉, we can write
the average kinetic energy of the system as

〈T 〉 =
∑
k6=0

ε(k)
[(
−4f2(k) +

1
4

)
〈ρkρ−k〉 − 2f(k)− 1

2

]
.

(78)

Since ε(k) is the kinetic energy of a particle, the ex-
pression in the square brackets can be understood as the
occupation numbers of above-condensate particlesNk6=0.
Using connection (29), we can write the kinetic energy
and the corresponding occupation number via the func-
tion f(k) or via the structure factor S(k):

〈T 〉 =
∑
k6=0

~2k2

2m

[
(4f(k) + 1)2

−16f(k)

]
, (79)

Nk6=0 =
(4f(k) + 1)2

−16f(k)
=

(S(k)− 1)2

4S(k)
. (80)

Then the density of BC is

N0 = N −
∑
k6=0

Nk = N − V

(2π)3

∞∫
0

(S − 1)2

4S
4πk2dk. (81)

In the case of non-interacting particles, we have f(k) =
−1/4 and S(k) = 1; hence, Nk = 0, N0 = N . In the case
of a weakly non-ideal gas with the interaction νk = 4π~2

m a

and the scattering length a3

V/N � 1, the density of BC is

N0

N
= 1− 8

3

√
Na3

πV
(82)

that coincides with the result of Bogolyubov [26].
The expression for the density of BC (81) is correct

for systems with weak interaction only. As it has been
shown in [20, 21], in the general case, we must use the
expression

N0

N
= F (R→∞) = exp

− V

(2π)3N

∞∫
0

Nk4πk2dk

 ,

(83)

where F (r|r′) is the one-particle density matrix, andR =
|r′ − r|. Expression (81) is the two first terms of the
expansion of exponent (83). In RPA, the density of BC
is(
N0

N

)
RPA

= 0.263. (84)

In the higher approximations, we have the effective
Hamiltonian (66). In order to calculate the density of
BC with the effective Hamiltonian Ĥeff (66), we are go-
ing to proceed from the following reason. Let’s write the
ground-state energy of the Bose system in the form∑
k6=0

ε̃(k)
[
(S(k)− 1)2

4S(k)

]
+

+
N2

2V
ν0 +

∑
k 6=0

N

2V
ν̃k[S(k)− 1] = E0. (85)

We must mark out the kinetic energy of the system
of particles. All anharmonic terms in the Hamiltonian
Ĥ(10) or in the Hamiltonian ĤBZ (6) are the terms of

a operator of kinetic energy
∑

1≤j≤N
p̂2j
2m . This means

that the renormalization of mass m → m̃ and interac-
tion ν(k) → ν̃(k) occurs due to the contribution of the
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kinetic energy, but not the interaction as in usual pertur-
bation theory. Hence, the potential energy of the system∑

1≤i<j≤N Φ(|ri−rj |) (77) is invariable at the transition
from Ĥ to Ĥeff. In order to obtain the new kinetic energy
of particles, let’s rewrite (85) in the identical form:

∑
k6=0

(
ε̃(k)

[
(S(k)− 1)2

4S(k)

]
+

N

2V
(ν̃k − νk)[S(k)− 1]

)
+

+
N2

2V
ν0 +

∑
k 6=0

N

2V
νk[S(k)− 1] = E0. (86)

Proceeding from the aforesaid, the first term is a new
kinetic energy of particles. In order to obtain the mo-
mentum distribution Nk of particles, let’s mark out the
kinetic energy of a particle ε(k) in this expression. Then
we have

〈T 〉 =
∑
k6=0

ε(k)(
ε̃(k)
ε(k)

[
(S(k)− 1)2

4S(k)

]
+

+
N

2V
ν̃k − νk
ε(k)

[S(k)− 1]), (87)

Nk6=0 =
ε̃(k)
ε(k)

[
(S(k)− 1)2

4S(k)

]
+
N

2V
ν̃k − νk
ε(k)

[S(k)−1]. (88)

Substituting (88) in (83), we obtain the densities of
BC for the dispersion curves 1–7 in Fig. 5:

N
(1)
0 /N = 0.149, N

(2)
0 /N = 0.104,

N
(3)
0 /N = 0.071, N(4)

0 /N=0.048,

N
(5)
0 /N = 0.031, N

(6)
0 /N = 0.020,

N
(7)
0 /N = 0.013. (89)

As has been written above, curve 4 with kC = 3.2 Å−1

is realized in practice only. This means that the por-
tion of BC in superfluid helium at zeroth temperature
is N0/N = 0.048. The density of BC measured in ex-
periment by the method of deep inelastic scattering of
neutrons [30] and by the method of quantum evaporation
[31] is 0.07. Hence, result (89) is satisfactory fully.

6. Conclusion

As a result of the self-consistent solution of the
Schrödinger equation for the state of the Bose liquid
with one CE, the dispersion law Eext(k) (the system
of equations (62) and (64)) has been obtained. It
has been shown that, for the Hermitian form of the
Bogolyubov–Zubarev Hamiltonian, the second term in
the Bijl–Dingle–Jastrow expansion considers the real
and virtual processes of decay of CE. Higher terms
in this expansion consider the decays into three and
more excitations, which are very improbable processes.
The decay of CE on two rotons causes the existence
of the end point kC of a dispersion curve. Our main
result is: the phonon-roton dispersion curve Eext(k)
is determined by both the interaction between bosons
ν(k) and the end point kC. That is, the dispersion
curve strongly depends on the property of its stabi-
lity.

In order to find kC and the ground-state energy, we
have been formulated the oscillator model of Bose liq-
uid. According to this model, the basic Bogolyubov–
Zubarev Hamiltonian can be rewritten as a Hamilto-
nian in the harmonic approximation with renormalized
kinetic and potential energies. As a result, we have a
totality of harmonic oscillators again with the same dis-
persions S(k) but with another frequencies already. The
ground-state energy E0 depends on these frequencies;
hence, it depends on the end point kC. Proceeding from
the condition of minimum of the energy and from the
condition of stability of the ground state, we can ob-
tain the unknown end point kC=3.2 Å−1 of the spec-
trum. The obtained spectrum of CE, Eext, is a func-
tion connecting the energy of an excitation with the
structure factor S(k) of the liquid which is taken from
the experiment. Thus, we did not use any model po-
tentials of interaction. This means that all our calcu-
lations have been done without any adaption parame-
ters.

A mechanism of suppression of one-particle BC has
been described at the temperature of absolute zero. As
a consequence of the uncertainty principle, the dynam-
ical fluctuations exist in the ground state and give a
nonzero kinetic energy. These fluctuations suppresses
BC. It has been shown that such fluctuations are ab-
sent for the ideal gas. It is necessary to note that
the analogous dynamical quantum fluctuations in other
systems can cause quantum phase transitions [32]. At
nonzero temperatures, BC is suppressed by both dy-
namical fluctuations and kinematic (thermal) fluctua-
tions.
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APPENDIX
A. The Operator of Momentum

Let’s consider the expression

J1/2P̂J−1/2ψ̄ = −
∑
k1 6=0

~k1ρk1J
1/2 ∂

∂ρk1

[
J−1/2ψ̄

]
=

=
1

2

∑
k1 6=0

~k1ρk1

∂ ln J

∂ρk1

+ P̂ψ̄ =

=
1

2

∑
k6=0

∑
k1 6=0

~k1ρk1

∂

∂ρk1

[
lnC −

1

2
ρkρ−k

]
+

+
1

2

∑
k 6=0

∑
q 6=0

∑
k1 6=0

~k1ρk1

∂

∂ρk1

[
1

6
ρkρq−kρ−q

]
+

+ . . .+ P̂ψ̄ = −
1

2

∑
k 6=0

[~kρkρ−k − ~kρkρ−k]+

+
1

6

∑
k 6=0

∑
q 6=0

[~kρkρq−kρ−q+

+~(q− k)ρkρq−kρ−q + ~(−q)ρkρq−kρ−q]−
− . . .+ P̂ψ̄ = 0 + P̂ψ̄ =⇒ P̂ψ̄ = Pψ̄. (A1)

That is, if the function ψ is an eigenfunction of the operator
of momentum P̂, then ψ̄ is an eigenfunction of the operator of
momentum too.

B. The Wave Function of a System of Free Bosons

If we exclude the interaction between particles, ν(k) = 0, the wave
function of a system ψ = ψ̄J−1/2 must be a wave function of free
bosons. So, we can write for the ground state:

ψ = BeUJ−1/2 = const⇒ U =
1

2
ln J, (B1)

where B is a normalization constant. Let’s verify it. In the ground
state of a system of noninteracting bosons, E0 = 0. Then, pro-
ceeding from Eq. (15), we can write

−
∂2U

∂ρk1∂ρ−k1

−
∂U

∂ρk1

∂U

∂ρ−k1

−
1

4
ρk1

∂ ln J

∂ρk1

−
1

2
+

+
∑
k2 6=0

k1 · k2

k2
1

√
N
ρk1+k2

[
∂U

∂ρk1∂ρk2

+
∂U

∂ρk1

∂U

∂ρk2

]
= 0. (B2)

Now let’s rewrite the third term of Eq. (B2) in the form

−
1

4

∂ ln J

∂ρk1

− ∂ ln J

∂ρ−k1

+
1
√
N

∑
k 6=0

kk′

k2
ρk+k′

∂ ln J

∂ρk′

 =

=
∂U

∂ρk1

∂U

∂ρ−k1

−
∑
k2 6=0

k1 · k2

k2
1

√
N
ρk1+k2

∂U

∂ρk1

∂U

∂ρk2

, (B3)

where we used Eq. (11) for the Jacobian and equality (B1). After
that, we have the equation

−
∂2U

∂ρk1∂ρ−k1

−
1

2
+
∑
k2 6=0

k1 · k2

k2
1

√
N
ρk1+k2

∂U

∂ρk1∂ρk2

= 0. (B4)

With the help of relation (B1), we can write

−
1

2

∂

∂ρk1

ρk1 +
∂ ln J

∂ρ−k1

−
1
√
N

∑
k1 6=0

k1k2

k2
1

ρk1+k2

∂ ln J

∂ρk2

=0, (B5)

because the expression in the square brackets coincides with Eq.
(11). We can see that the wave function (B1) satisfies the
Schrödinger equation (15).

Let’s obtain the normalization constant B. Let the wave func-
tion of the ground state ψ̄ (23) be determined by the following way
in RPA:

ψ̄ = A exp

−1

4

∑
k 6=0

1

S(k)
ρkρ−k

 , (B6)

where (29) was taken into account. The constant A is obtained
from the normalization condition (7) in the thermodynamical limit
N →∞:

′∏
k 6=0

∞∫
−∞

dρck

∞∫
−∞

dρck|ψ̄|
2 = 1⇒ A =

′∏
k6=0

√
1

πS(k)
. (B7)

Let’s write the Jacobian in RPA as

J = C exp

−2
′∑

k6=0

(ρck)2 + (ρsk)2

 . (B8)

The constant C is obtained from condition (5) in the thermody-
namical limit N →∞:

V N =

′∏
k6=0

∞∫
−∞

dρck

∞∫
−∞

dρckJ ⇒ C = V N
′∏

k 6=0

1

π
. (B9)

Then

ψ = J−1/2ψ̄ =
1
√
V N

∏
k 6=0

1√
S(k)

×

× exp

−1

4

∑
k 6=0

[
1

S(k)
− 1

]
ρkρ−k

 . (B10)

If the interaction between particles is absent, then S(k) = 1, and
the wave function of the system ψ transforms to the wave function
of a system of free bosons ψν=0 = 1/

√
V N , and the normalization

constant is

B = 1/
√
V N . (B11)

The constant B is the same for higher powers of the expansions of
the wave function and the Jacobian.
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САМОУЗГОДЖЕНА МIКРОСКОПIЧНА МОДЕЛЬ
ЕНЕРГЕТИЧНОГО СПЕКТРА НАДПЛИННОГО
4He НА ЕРМIТОВIЙ ФОРМI ГАМIЛЬТОНIАНА
БОГОЛЮБОВА–ЗУБАРЄВА

К.В. Григоришин, Б.I. Лев

Р е з ю м е

Ґрунтуючись на представленнi колективних змiнних з ермiто-
вою формою гамiльтонiана Боголюбова–Зубарєва, запропоно-
вано осциляторну модель основного та збудженого станiв бозе-
рiдини. Подано новий метод врахування ангармонiчних членiв
даного гамiльтонiана. Самоузгодженим чином отримано дис-
персiйне рiвняння для колективних збуджень у 4He, де вра-
ховано вiртуальнi та реальнi процеси їх розпаду. Отримано
точку закiнчення спектра, що визначається порогом розпаду
колективного збудження на два ротони, та показано, що дис-
персiйна крива сильно залежить вiд властивостi власної ста-
бiльностi. Реалiзовано пiдхiд iз структурним фактором та без
використання пiдгоночних параметрiв. Ґрунтуючись на осци-
ляторнiй моделi запропоновано новий метод самоузгодженого
розрахунку енергiї основного стану та представлено модель по-
давлення бозе-конденсату.
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