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Effects of the volume processes of plasma ionization and recom-
bination are usually disregarding for the simplification of analyt-
ical models of charging and shielding of dust grains in complex
plasmas. However, these effects can be important in many cases,
and they should be taken into account in self-consistent theories
of dust grain charging and shielding in bulk structures. In this
paper, we generalize our theoretical model for highly collisional
plasma (D’yachkov L.G. et al., Phys. Plasmas 14, 042102 (2007))
with regard for the volume ionization and recombination.

1. Introduction

The problem of plasma shielding and charging of macro-
scopic (with respect to the sizes of electrons and ions)
objects such as dust grains is one of the most important
ones in complex plasmas [1–3]. There are many plasma
processes which influence the shielding and charging, in-
cluding the effects of absorption and emitting of plasma
particles by a grain, of plasma particle collisions, and vol-
ume processes of plasma ionization and recombination.
These effects are important for the interaction of dust
grains in dust clouds, clusters, and crystals [4] and for
related phenomena such as phase transitions in complex
plasma structures [5, 6]. It was recently shown [7] that
the dust shielding by plasma is changed qualitatively if
the ion absorption by a grain is taken into account: in-
stead of a Debye-like potential at large distances, the r−2

tail appears in the potential in the case of collisionless
plasmas. Here, we consider the case of highly collisional
plasma where the electron and ion mean free paths are
smaller than other characteristic lengths of the problem,
except possibly the grain radius. A similar case with-
out accounting the volume ionization and recombination
processes was considered in [8]. Now, we take these pro-
cesses into account.

2. Theoretical Model

The stationary distributions of the electric field as well
as the electron and ion concentrations around a dust

particle, whose surface absorbs and emits charged com-
ponents of plasma, are considered. The analytic solution
of this problem with regard for the volume processes of
plasma ionization and recombination was obtained. The
continuity equation for plasma ions (electrons) is given
by

∂ni(e)

∂t
+∇ji(e) = Si − Sr, (1)

where ji(e) is the ion (electron) flux density, Si and Sr

are the ionization and recombination rates, respectively.
If the ion `i and electron `e mean free paths are small
with respect to other characteristic lengths of the prob-
lem such as the grain radius a and the plasma screening
length λ, the drift-diffusion (continuum) approximation
is applicable. We thus obtain

ji(e) = ∓ni(e)µi(e)∇ϕ−Di(e)∇ni(e), (2)

where ϕ is the electrostatic potential, µi(e) and Di(e)

are, respectively, the mobility and diffusion coefficients
related by the Einstein’s formula µi(e)Ti(e) = eDi(e). For
the spherically symmetric problem, we have in the sta-
tionary state [9]

dni(e)

dr
±
eni(e)

Ti(e)

dϕ
dr

+
Ii(e)

4πDi(e)r2
= 0, (3)

where Ii(e) = 4πr2ji(e) is the total ion (electron) flux
from the grain. In the stationary state, the ion and
electron fluxes are equal (Ii = Ie = I) and determined
by

dI

dr
= 4πr2S(r), (4)

where S = Si−Sr. Equations (3) and (4) together with
the Poisson’s equation

1
r2

d

dr

(
r2
dϕ

dr

)
= −4πe(ni − ne) (5)

form a set of four equations for four unknown functions
ni, ne, I, and ϕ.
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We assume that the volume ionization and recombi-
nation processes are insignificant within the region of
radius ∼ λ, where the charge separation is large. Out-
side of this region, the charge separation is small, and
ni = ne = n. Let n0 be the equilibrium plasma concen-
tration in the absence of dust grains. When considering
S as a function of n, we restrict ourselves to the linear
approximation in the expansion of S in powers of (n0−n)

S ∼=
n0 − n
τ

, τ−1 = −dS
dn

∣∣∣∣
n0

. (6)

The inequality τ > 0 represents the condition of plasma
stability. Close to the dust grain, gradients of the poten-
tial ϕ as well as the ion ni and electron ne densities are
large enough, and the volume ionization and recombina-
tion processes can be neglected. To estimate the radius
of this region, we apply the operator 1

r2
d
dr r

2 to Eqs. (3):

1
r2

d

dr

(
r2
dni(e)

dr

)
± e

Ti(e)

1
r2

d

dr

(
r2ni(e)

dϕ

dr

)
= − S(r)

Di(e)
.

(7)

Taking into account that n0 is the natural scale for ni(e),
one can estimate the first term on the left-hand side of
Eq. (7) as n0/r

2 and the right-hand side of Eq. (7)
as n0/Di(e)τ . It follows from the comparison of these
estimates that the volume ionization and recombination
processes can be neglected when r �

√
Diτ (we take into

account that Di � De). Thus, the condition of insignif-
icance of the ionization and recombination processes in
the region where the charge separation is significant can
be written as the inequality λ�

√
Diτ . We also suggest

that λ� L, where L = (3/4πnd)1/3 is the Wigner–Seitz
radius, and nd is the dust grain number density.

The outward boundary conditions at r = L require
the equality to zero of the spatial derivatives of all val-
ues, as well as the absence of a charge flow (I(L) = 0).
The inner boundary conditions should be specified at the
boundary of the collisionless layer (r = a + `i(e), where
`i(e) are the ion and electron mean free paths) in the form
of a relation between the concentrations and the fluxes
of plasma particles, which follow from the consideration
of the motion of particles inside this layer in the electric
field. The electric field in the collisionless layer is con-
sidered equal to e2Zd/r, where Zd is the particle charge,
which itself is determined from solution of Eqs. (3)–(5).
It is assumed that charged particles recombine at the
dust particle surface. The simple analytical solution of
the aforesaid problem is possible when the inequalities
a � `i(e) � L are fulfilled. The implementation of this

inequality allows dividing the integration interval into
three regions:

(I) r ∼ a+ `i(e) � λ,
(II) r ∼ λ,
(III) λ� r < L.
Such a division allows us to simplify the problem in

each region; the general solution appears by matching
the corresponding partial solutions at the boundaries be-
tween them.

The dust particle charge obtained from the general
solution of the problem is given by

e2Zd

aTe
= ln

De

Di
+ lnG. (8)

In two limit cases, we have

G =
Ti

Te

1− exp(−ri/a)
1− exp(−re/a)

, `i(e) � a,

G =
`i
`e

1
1 + ri/a

, `i(e) � a.

Here, the values of ri(e) depend on Zd (ri(e) =
e2Zd/Ti(e)), thus (8) is in fact the equation for the deter-
mination of Zd, which is easy solved by simple iterations.

The plasma density in region (III), i.e., in all space
with the exception of thin screening layers adjacent to
particle surfaces, is given by

n ∼= n0

[
1 +

1
4πDβR

coshx− x sinhx
x coshx− sinhx

]−1

. (9)

Here,

β =
[√

2π
(1− γe)re`e

a2
ere/a + ere/(a+`e) − 1

]
1

4πDere
,

(10)

where γe is a coefficient depending on the parameter
`e/a and characterizing the influence of the electron ab-
sorption on the plasma density at the outward bound-
ary of the collisionless region (0 < γe < 1/2), x = L/R,
R =

√
Dτ , and D = (Ti + Te)/(Ti/Di + Te/De).

The flux of electrons and ions I0 = I(a) at the dust
particle surface is given by

I0 = −n0

β

[
1 +

1
4πDβR

coshx− x sinhx
x coshx− sinhx

]−1

= −n
β
.

(11)
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The minus sign corresponds to the fact that the flux
is directed to the particle surface. The value of I0
determines a role of the surface absorption of charged
plasma particles in their ionization/recombination ba-
lance.

For x being not too small (not too large number den-
sity of dust grains nd = 3/4πx3R3), the second term in
the brackets in Eq. (9) can de neglected; this results in
n ∼= n0. This term becomes of the order of 1 for small x,
when the approximations x coshx − sinhx ∼= x3/3 and
coshx− x sinhx ∼= 1 are valid. In this case, we have

n ∼= nL =
n0α

1 + α
, I0 = −n0

β

α

1 + α
, (12)

where

α =
4πL3

3τ
β.

The physical meaning of the parameter α becomes clear
if we rewrite it in the following form:

α =
4πL3

3
n

τ

/n
β
.

Thus, α is equal to the ratio of the ionization rate in the
Wigner–Seitz cell to the recombination rate on the grain
surface at the maximum value of the flux I0 = −n0/β.
So, the parameter α characterizes the relation between
the volume and surface recombinations: for α � 1, the
plasma density is determined by the balance of the vol-
ume ionization and the surface recombination, while, at
α � 1, the surface recombination does not affect the
plasma density. In the above-considered case of not so
small x, the surface recombination does not play any
role.

3. Conclusions

We have derived a theory of dust grain charging and
shielding in highly collisional plasma in the case of
the electron and ion mean free paths and the grain
radius smaller than the plasma screening length with
an arbitrary relation between the mean free paths and
the grain radius. The effects of the volume processes
of plasma ionization and recombination are also consi-
dered.
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ПРОЦЕСИ ЗАРЯДКИ ТА ЕКРАНУВАННЯ ПИЛОВИХ
ЧАСТИНОК У ЗIТКНЕНИХ ПЛАЗМАХ

С.Я. Бронiн, Л.Г. Дячков, А.Г. Храпак, С.В. Владимиров

Р е з ю м е

Ефекти об’ємних процесiв iонiзацiї i рекомбiнацiї в плазмi за-
звичай не розглядаються для спрощення аналiтичних моделей
зарядки та екранування пилових частинок в комплекснiй пла-
змi. Але, цi ефекти можуть бути важливими в багатьох випад-
ках i їх потрiбно враховувати в самоузгоджених теорiях заряд-
ки та екранування пилових частинок в об’ємних структурах.
У данiй роботi узагальнено нашу теоретичну модель сильно зi-
ткненої плазми (Л.Г. Дьячков и др., Phys. Plasmas 14, 042102
(2007)), враховуючи iонiзацiю i рекомбiнацiю в об’ємi.
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