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ABOUT CONDITIONS OF SPATIAL COLLAPSE
IN AN INFINITE SYSTEM OF BOSE PARTICLES

Using the variational principle, we show that the condition of spatial collapse in a Bose gas is
not determined by the value of the scattering length of the interaction potential between particles
contrary to the result following from the Gross–Pitaevskii equation, where the collapse should
take place at a negative scattering length.
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1. Introduction

The spatial collapse of an infinite system of interact-
ing Bose particles was commonly analyzed within the
approach based on the Gross–Pitaevskii [1–4] equa-
tion (see also the latest studies [5]). An obvious result
of this analysis lies in the fact that, under the condi-
tion 𝑎 < 0 [6] (where 𝑎 is the two-particle scattering
length determining the sign of non-linear term of the
equation), one has a collapse in the system.

In the present paper, starting from the initial
Hamiltonian of a system of 𝑁 Bose particles and us-
ing the variational principle, we show that the spa-
tial collapse of the Bose system at 𝑁 → ∞, generally
speaking, is not determined by the two-particle scat-
tering length value.

2. Statement of the Problem

We consider a system of 𝑁 identical interacting Bose
particles of mass 𝑚 with the Hamiltonian

�̂� =

𝑁∑︁
𝑘=1

p̂2
𝑘

2𝑚
+

𝑁∑︁
𝑛>𝑘=1

𝑉 (|rn − rk|), (1)

where the pairwise potential depends on the distance
between particles. In the present paper, we consider a
rather wide class of potentials obeying the inequality

𝑉 (𝑟) < 𝑉0 (𝑟) ≡

≡ 𝑉01 exp
(︁
− (𝑟/𝑟01)

2
)︁
− 𝑉02 exp

(︁
− (𝑟/𝑟02)

2
)︁

(2)
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with 𝑟01 < 𝑟02 and 𝑉01 ≥ 0, 𝑉02 ≥ 0. If, for the
“reference” potential 𝑉0 (𝑟) with a definite set of pa-
rameters, one obtains the collapse in the Bose system
(1), then, for any potential 𝑉 (𝑟)<𝑉0 (𝑟) , the collapse
will obviously take place even more. The “reference”
potential is chosen in the form (2) for the convenience
in order to calculate some integrals in an explicit form
(see below).

Now, we are going to carry on a rather simple vari-
ational estimation of the ground state energy of the
system of Bose particles with the Hamiltonian (1) and
to find a sufficient condition for the spatial collapse
of the system to exist. It should be stressed that the
condition to be obtained will be not a necessary cri-
terion, but only a sufficient one. In principle, one can
carry out a more accurate variational estimation and
obtain a more refined sufficient condition.

3. Variational Estimation
with One-Particle Trial Functions

As is well-known (see, e.g., [7]), the ground-state en-
ergy 𝐸0 of any quantum system does not exceed the
average

𝐸0 ≤ ⟨Ψ| �̂� |Ψ⟩
⟨Ψ|Ψ⟩

, (3)

where Ψ is an arbitrary (“trial”) function. The sign
of equality is valid, if Ψ is the exact solution of the
Schrödinger equation for the ground state of the sys-
tem. Further, we will consider the Hamiltonian �̂�0

with a “reference” potential 𝑉0 of the special form (2).
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Consider the trial function Ψ in the simplest form
of a product of one-particle functions:

Ψ(r1, r2, ..., r𝑁 ) =

𝑁∏︁
𝑘=1

exp
(︁
− (r𝑘/𝑅)

2
)︁
≡

≡ exp

(︃
− 1

𝑅2

𝑁∑︁
𝑘=1

r2𝑘

)︃
, (4)

where 𝑅 characterizes the size of the system. The
choice of a trial function in the form (4), as well as
the choice of a “reference” potential, enables one to
calculate integrals explicitly. In particular, the nor-
malization integral results in

⟨Ψ|Ψ⟩ =
(︁𝜋
2

)︁3𝑁
2

𝑅3𝑁. (5)

The average of the Hamiltonian consists of two
terms. The first one is the matrix element of the ki-
netic energy

⟨Ψ|
𝑁∑︁
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p̂2
𝑘

2𝑚
|Ψ⟩ ≡ − ~2

2𝑚

𝑁∑︁
𝑘=1

⟨Ψ|△𝑘 |Ψ⟩ =

= 𝑁
3~2

2𝑚𝑅2

(︁𝜋
2

)︁3𝑁
2

𝑅3𝑁, (6)

and the second one is the potential energy matrix
element:

⟨Ψ|
𝑁∑︁

𝑛>𝑘=1

𝑉0 (|r𝑛 − r𝑘|) |Ψ⟩ =

=
𝑁(𝑁−1)

2

1

𝑅3

(︀
𝑉01𝜌

3
01 − 𝑉02𝜌

3
02

)︀ (︁𝜋
2

)︁3𝑁
2

𝑅3𝑁, (7)

where 𝜌0𝑗 ≡ 𝑟0𝑗
(︀
1 + 𝑟20𝑗/𝑅

2
)︀−1/2, 𝑗 = 1, 2. If parame-

ter 𝑅 is essentially greater than the radius of forces,
𝑅 ≫ 𝑟0𝑗 , one has 𝜌0𝑗 → 𝑟0𝑗 .

Using integrals (5)–(7) in the explicit form, we ob-
tain the following estimation for the ground-state en-
ergy of the Hamiltonian �̂�0:

𝐸0 ≤ 𝑁
3~2

2𝑚𝑅2
+

𝑁(𝑁 − 1)

2

1

𝑅3
(𝑉01𝜌

3
01 − 𝑉02𝜌

3
02), (8)

or, for a finite 𝑅, but 𝑅 ≫ 𝑟0𝑗 , and divided by the
number of particles,

𝐸0

𝑁
≤ 3~2

2𝑚𝑅2
+

𝑁−1

2

1

𝑅3
(𝑉01𝑟

3
01 − 𝑉02𝑟

3
02). (9)

It obviously follows from estimation (9) that, under
the condition

𝑉01𝑟
3
01 − 𝑉02𝑟

3
02 < 0, (10)

the energy per one particle (9) tends to −∞, as
𝑁 → ∞. In addition, the less the parameter 𝑅, the
lower is the energy due to the ∼𝑅−3 dependence of
the potential energy as compared to the ∼𝑅−2 depen-
dence of the kinetic energy. Thus, one has a spatial
collapse of the system of Bose particles to a small
area of the order of the radius of forces (or a little
bit greater) with an infinite density and an infinite
negative energy even calculated per one particle.

4. Discussion

Since the integral over the “reference” potential 𝑉0 (𝑟)
equals∫︁

𝑉0 (𝑟) 𝑑r = 𝜋3/2(𝑉01𝑟
3
01 − 𝑉02𝑟

3
02), (11)

one can use the condition∫︁
𝑉0 (𝑟) 𝑑r < 0 (12)

instead of (10). It is well known that the two-particle
scattering length 𝑎 is expressed through the scatter-
ing amplitude at the zero transferred momentum as
𝑎 = − (𝑘 cot 𝛿 (𝑘))

−1 |𝑘→0, and, in the Born approxi-
mation, 𝑎Born is proportional to the integral over the
potential [7]

𝑎Born =
𝜇

2𝜋~2

∫︁
𝑉0 (𝑟) 𝑑r, (13)

where 𝜇 is the reduced mass of two particles (𝜇 = 𝑚/2
for identical particles). Thus, condition (12) can be
simply rewritten as 𝑎Born < 0, where the scattering
length in the Born approximation is calculated for
the “reference” potential 𝑉0 (𝑟). Moreover, it can be
shown for any short-range potential 𝑉 (𝑟) that the
condition like (12) or 𝑎Born < 0 is valid, if the param-
eter 𝑅 in function (4) is essentially greater than the
radius of forces (but remains to be finite in order to
we can speak about spatial collapse).

It is important to emphasize, that more accurate
variational estimations will never lead us to the con-
dition of collapse like 𝑎 < 0, which follows from the
Gross–Pitaevskii equation (where 𝑎 is the exact scat-
tering length). Really, let us start with some “refer-
ence” potential 𝑉0 (𝑟) giving an infinitesimal, but al-
ready negative integral (12). As a result, we already
have the collapse of the system. Let us add an at-
traction term of the intensity −𝑔 (𝑔 > 0), and with
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A schematic typical dependence of the scattering length 𝑎 on
the intensity of attraction 𝑔

the radius 𝑟02, to this potential. Thus, we obtain a
potential 𝑉 (𝑟) in the form:

𝑉 (𝑟) ≡ 𝑉0(𝑟)− 𝑔 exp (−(𝑟/𝑟02)
2). (14)

Since we have 𝑉 (𝑟) < 𝑉0(𝑟), the collapse in the sys-
tem of Bose particles, all the more, will take place
at any 𝑔 > 0. But a dependence of the scattering
length 𝑎 on 𝑔 is known to be like that shown in Figure.
This dependence can be verified using the Lippmann–
Schwinger integral equation [8] for the 𝑡-matrix. To
find the scattering length, the variable phase ap-
proach to the potential scattering can also be used
[9, 10], where a first-order differential equation is to
be solved. In Figure, we depict a typical dependence
of the scattering length on the intensity 𝑔 for the po-
tential (14). At 𝑔 = 0, one has the almost zero, but
negative scattering length for this potential. Near the
critical values of the attraction intensity 𝑔 (where
new two-particle bound states appear), the scatter-
ing length is known to have non-removable discon-
tinuity, and it changes its value from minus to plus
infinity. One can easily see that the scattering length
may have any value and sign, but the collapse of the
system is still present and even becomes stronger and
stronger with an increase of 𝑔. Note that, at the same
time, the integral over the potential and, thus, the
scattering length in the Born approximation 𝑎Born re-
mains to be negative, as the constant 𝑔 grows. Thus,
the condition 𝑎Born < 0 may serve to be a suffi-
cient condition for the collapse to take place. But we
stress that it is not the necessary condition: more
accurate variational estimations may show the exis-
tence of the Bose system collapse even in cases where
𝑎Born > 0.

5. Conclusions

To summarize, we note that the scattering length 𝑎
of the two-particle interacting potential cannot serve
to be the value determining the presence or absence
of a collapse in an infinite system of interacting Bose
particles, in the contrary to the conclusions following
from the Gross–Pitaevskii equation. This statement
is substantiated with the use of the variational princi-
ple with the one-particle approximation for trial func-
tions. The sufficient condition obtained in the present
paper for the collapse in the Bose system of particles
𝑎Born < 0 can be improved, and, thus, it is not nec-
essary condition.
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ЩОДО УМОВ ПРОСТОРОВОГО КОЛАПСУ
В НЕСКIНЧЕННIЙ СИСТЕМI БОЗЕ-ЧАСТИНОК

На основi варiацiйного принципу показано, що умова про-
сторового колапсу в бозе-газi не визначається величиною
довжини розсiяння для потенцiалу взаємодiї мiж частин-
ками, на вiдмiну вiд результату, який випливає з рiвняння
Ґроса–Пiтаєвського i означає наявнiсть колапсу у випадку
вiд’ємної довжини розсiяння.

Ключ о в i с л о в а: бозе-система, просторовий колапс.
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