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PROPERTIES OF 4
ΛH HYPERNUCLEUS

IN THREE-CLUSTER MICROSCOPIC MODELS

Within the framework of microscopic three-cluster algebraic models with possible consideration
of clustering types (D + n) + Λ, (D + Λ) + n, and (n + Λ) + D, the properties of discrete
spectrum states of hypernucleus 4

ΛH and continuous spectrum states in the 3H + Λ channel are
studied. It is shown that the cluster structure is almost completely determined by the clustering
(D + n) + Λ with a rather appreciable effect from the polarization of the binary subsystem
(D + n) due to its interaction with the Λ particle.

K e yw o r d s: cluster models, Resonating Group Method, three-cluster microscopic models,
algebraic models, hypernucleus, cluster polarization.

1. Introduction

Nuclei containing, besides nucleons, also hyperons –
i.e. strange baryons (they consist of 𝑢 and 𝑑 quarks,
as well as one of the strange quarks) – are called
hypernuclei. Hypernuclei – more specifically, Λ-hy-
pernuclei – were experimentally discovered for the
first time by M. Danysz and E. Pniewski, who, in
1953, among the products of nuclear fission by cosmic
ray particles, revealed relatively long-lived fragments
emitting pions.

A systematic experimental study of the properties
of hypernuclei became possible after a meson beam
had been created at CERN, which allowed hyperons
to be created directly in atomic nuclei. For example,
Λ-hypernuclei can be obtained by making use of the
reactions

𝐾− + 𝑛→ Λ + 𝜋−, 𝐾− + 𝑝→ Λ + 𝜋0.

As a result, there arose a substantial interest in the
study of the properties of hypernuclei, which has not
faded for decades. Here, the main reason is that,
along with nucleon systems, there appeared new sys-
tems of strongly interacting particles, which were
available for study. This made it possible to obtain
a new information about the strong interaction. The
most promising is the study of the lightest hypernuc-
lei, since they live much longer than the heavier ones,
so more exact models can be used, while theoretically
considering their properties.
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From the total body of works, these are references
to some of them: [1–10], which can help to get some
idea of the current state of researches dealing with the
properties of light hypernuclei and nucleon-hyperon
interaction.

The object of our consideration is the hypernucleus
4
ΛH composed of a proton, two neutrons, and a Λ-
hyperon. The latter, from the viewpoint of notions
about the quark structure of hadrons, contains an
𝑢-quark, a 𝑑-quark, and an 𝑠-quark. The mass of Λ-
hyperon is equal to 1115.68 MeV/c2, its isospin is 0,
spin 1/2, and lifetime 2.63 × 10−10 s. Owing to the
weak interaction, the Λ-hyperon decays into a nucleon
and a pion.

The hypernucleus 4
ΛH itself is nuclearly stable,

i.e. it does not decay spontaneously with the emis-
sion of nucleons and a Λ-hyperon. It is known experi-
mentally that 4

ΛH has two bound states with the total
orbital angular momentum 𝐿 = 0 at the positive par-
ity, and the total angular momentum 𝐽𝜋 = 0+ or
𝐽𝜋 = 1+. The energies of those levels reckoned from
the lowest threshold of the 3H + Λ decay are equal to
−2.04 and −1.05 MeV, respectively. The total bind-
ing energy of the nucleus is −10.52 MeV in the ground
state and −9.53 MeV in the excited one. The lifetime
equals 2.20 × 10−10 s. In the overwhelming majority
of cases, the decay of 4

ΛH occurs through the 4He +
+ 𝜋− meson channel due to the weak interaction. The
lifetime of 4

ΛH is somewhat shorter than the lifetime of
free Λ-hyperon, which may be associated with a small
admixture of meson-free decay channels of the type
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Λ +N = N+N, which are also a result of the weak
interaction. For comparison, we note that the lifetime
of 4H nucleus is approximately equal to 1.39× 10−22 s,
with 4H → 3H+n being the main decay channel. The
differences between the properties of 4H and 4

ΛH nu-
clei take place due to the fact that the 4H nucleus
contains one proton and three neutrons, with one of
them, in accordance with the Pauli principle, must be
settled at least in the 𝑝-shell, whereas the Λ-hyperon
and nucleons in the 4

ΛH hypernucleus can also be in
the (0𝑠)-state.

The models used in this work are presented in the
next section. In Section 3, the input parameters of
the problem are considered, and the results of nu-
merical calculations are compared with available ex-
perimental data and theoretical results obtained by
other authors.

2. Models Used
to Consider the System Properties

The models used in this work to consider the system
properties are three-cluster algebraic models based on
the concept of the cluster structure of light atomic nu-
clei. Those concepts, in particular, form a basis of the
Resonating Group Method (RGM) [11] and its alge-
braic version (AVRGM) [12,13]. The idea of the latter
consists in that the function of the relative motion of
the clusters is expanded in an oscillatory basis, which
makes it possible to substantially simplify numerical
calculations, because a significant part of calculations
can be done analytically.

Our first model is actually nothing else than the
three-cluster version of the AVRGM model. Below,
it will be referred to as the Algebraic Model with
the Oscillatory Basis (AMOB). In the other model,
the function of the relative motion of a three-cluster
system is expanded in both a binary Gaussian basis
and a binary oscillatory one, which allows the bound
states and all possible binary scattering channels of
the third particle at binary subsystems to be con-
sidered with regard for the polarization of the lat-
ter. The Gaussian basis is very convenient when de-
scribing the bound states in both two- and multiclus-
ter systems, because it allows the convergence of re-
sults to be attained using a relatively small number
of basis functions. The advantage of the oscillatory
basis consists in that its application makes it possible
to consider the boundary conditions both in discrete-
spectrum and scattering problems simply and self-

consistently. Below, this model will be referred to as
the Algebraic Model with the Gaussian and Oscilla-
tory Basis (AMGOB).

2.1. Algebraic model
with the oscillatory basis (AMOB)

In accordance with the aforesaid, let us begin the pre-
sentation of our first model by writing down the total
wave function of the system in the three-cluster case
of the RGM,

Ψ = 𝐴 [Ψ1 (𝐴1) Ψ2 (𝐴2) Ψ3 (𝐴3)Ψ𝑥𝑦 (x,y)], (1)

where 𝐴 is an antisymmetrizer acting on the co-
ordinates of identical particles, Ψ𝑖 (𝐴𝑖) are preset
functions that are given in the form of shell func-
tions and describe the internal motion in the clusters,
and Ψ𝑥𝑦 (x,y) is the function of the relative motion
of the clusters. The latter, when solving the prob-
lem, is expanded in the basis of the functions of a
six-dimensional harmonic oscillator, which are repre-
sented in hyperspherical variables. In the coordinate
representation, those functions have the form

|𝑛𝜌,𝐾, 𝑙𝑥, 𝑙𝑦, 𝐿𝑀⟩ = 𝑁𝑛𝜌𝐾 exp

{︂
− 1

2
𝜌2
}︂
𝜌𝐾 ×

×𝐿𝐾+2
𝐾+2𝑛𝜌

(𝜌2)Φ
𝑙𝑥𝑙𝑦𝐿𝑀
𝐾 (Ω). (2)

Here, 𝑛𝜌 is the number of hyperradial excitation
quanta, 𝐾 is the hypermomentum, 𝑙𝑥 and 𝑙𝑦 are
the partial angular momenta, 𝐿 is the total angu-
lar momentum, 𝑀 is its projection, 𝜌 is the hy-
perradius. (𝜌2 = x2 + y2), and Φ

𝑙𝑥,𝑙𝑦,𝐿,𝑀
𝐾 (Ω) is a

hyperharmonic depending on five hyperangles. The
relation between the magnitudes of the Jacobi vec-
tors and the hyperradius is given by the formulas
𝑥 = 𝜌 sin𝛼 and 𝑦 = 𝜌 cos𝛼. The principal quantum
number 𝑁 = 𝐾 + 2𝑛𝜌.

It should also be noted that, for the fixed 𝑙𝑥- and
𝑙𝑦-values, the hypermomentum can take the values
𝐾 = 𝑙𝑥+ 𝑙𝑦, 𝑙𝑥+ 𝑙𝑦−2, 𝑙𝑥+ 𝑙𝑦−4, and so forth. This
condition means that the sum of partial momenta
does not exceed 𝐾. The partial angular momenta 𝑙𝑥
and 𝑙𝑦 determine the parity of the three-cluster state,
namely, 𝜋 = (−1)

𝑙𝑥+𝑙𝑦 .
When considering the bound states and using an

expansion of the wave function in the basis functions
for the solution of the Schrödinger equation, we ar-
rive at the following system of linear homogeneous
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algebraic equations:∑︁
𝜈′

[︁
⟨𝜈| �̂� |𝜈′⟩ − 𝐸 ⟨𝜈|𝜈′⟩

]︁
𝐶𝜈′ = 0, (3)

where, in our case, as follows from the above discus-
sion, the composite index 𝜈 ≡ {𝑛𝜌,𝐾, 𝑙𝑥, 𝑙𝑦, 𝐿𝑀}; the
set of coefficients {𝐶𝜈} represents the wave function
of a system state in the oscillatory representation,
and ⟨𝜈| �̂� |𝜈′⟩ and ⟨𝜈|𝜈′⟩ are the matrix elements of
the Hamiltonian and the unit operator, respectively,
calculated using the basis functions. An approach in
which the 𝐾-harmonic basis is used was applied ear-
lier with a certain success to describe the properties of
bound states in three-cluster systems and the states
of the continuous spectrum lying in the three-cluster
continuum of borromean nuclei [14, 15].

2.2. Algebraic model
with the Gaussian and oscillatory
basis (AMGOB)

In this approach, the total wave function is repre-
sented in the form

Ψ𝐽 = 𝐴 {[Φ1 (𝐴1) Φ2 (𝐴2) Φ3 (𝐴3)]𝑆 ×
× [𝑓1 (x1,y1) + 𝑓2 (x2,y2) + 𝑓3 (x3,y3)]𝐿}𝐽 , (4)

where 𝐴 is the antisymmetrization operator acting
on the variables of identical particles, Φ𝛼 (𝐴𝛼) is a
shell function describing the internal motion in the
𝛼-th cluster (𝛼 = 1, 2, 3), 𝑓𝛼 (x𝛼,y𝛼) are the Faddeev
components of the relative motion function, the Ja-
cobi vector x𝛼 specifies the relative arrangement of
the clusters 𝛽 and 𝛾, and the Jacobi vector y𝛼 con-
nects the 𝛼-th cluster with the center of mass of the
clusters 𝛽 and 𝛾.

Bipolar spherical harmonics are used for the Fad-
deev components,

𝑓𝛼 (x𝛼,y𝛼) ⇒ 𝑓 (𝐿)
𝛼 (x𝛼,y𝛼) =

=
∑︁
𝜆𝛼,𝑙𝛼

𝑓 (𝜆𝛼,𝑙𝛼,𝐿)
𝛼 (x𝛼,y𝛼) {𝑌𝜆𝛼

(x̂𝛼)𝑌𝑙𝛼 (ŷ𝛼)}𝐿𝑀 , (5)

which brings us to a set of four quantum numbers:
𝜆𝛼, 𝑙𝛼, 𝐿, and 𝑀 . The scheme of 𝐿𝑆-bond is used,
where the system spin S, which is the vector sum of
the spins of clusters, is linked to the orbital angular
momentum L to form the total angular momentum
J. In the case of 𝑠-clusters, the total orbital angular
momentum 𝐿 is completely determined by the inter-
cluster motion. The parity of three-cluster states is

given by the formula 𝜋 = (−1)
𝜆𝛼+𝑙𝛼 , where 𝜆𝛼 and

𝑙𝛼 are the partial angular momenta.
We will use the expansion of the Faddeev compo-

nents in both the oscillatory, {𝐹𝑛𝛼𝑙𝛼𝑚𝛼
(y𝛼, 𝑏)}, and

Gaussian, {𝐺𝜆𝜇𝛼(x𝛼𝑏𝜈𝛼)}, bases of functions; namely,

𝐹𝑛𝑙𝑚 (y, 𝑏) = (−1)
𝑛
𝑁𝑛𝑙

1

𝑏3/2
𝑟𝑙𝐿𝑙+1/2

𝑛

(︀
𝑟2
)︀
×

× exp

{︂
−𝑟

2

2

}︂
𝑌𝑙𝑚 (ŷ), (6)

where

𝑟 =
𝑦

𝑏
, 𝑁𝑙𝑚 =

√︃
2Γ (𝑛+ 1)

Γ (𝑛+ 𝑙 + 3/2)
,

and

𝐺𝜆𝜇 (x, 𝑏𝜈) =
1

𝑏
3/2
𝜈

√︃
2

Γ (𝜆+ 3/2)
×

× 𝑟𝜆 exp

{︂
−1

2
𝑟2
}︂
𝑌𝜆𝜇 (x̂), (7)

where 𝑟 = 𝑥
𝑏𝜈

, respectively,
The total wave function of the nucleus is repre-

sented as the series expansion

Ψ𝐽 =
∑︁
𝛼

∑︁
𝜆𝛼𝑙𝛼

∑︁
𝜈𝛼𝑛𝛼

𝐶
(𝛼)
𝜈𝛼𝜆𝛼𝑛𝛼𝑙𝛼

×

×𝐴 {[Φ1 (𝐴1) Φ2 (𝐴2) Φ3 (𝐴3)]𝑆 ×
× [𝐺𝜆𝛼 (x𝛼, 𝑏𝜈𝛼)𝐹𝑛𝛼𝑙𝛼 (y𝛼, 𝑏)𝐿]}𝐽 , (8)

where the expansion coefficients {𝐶(𝛼)
𝜈𝛼𝜆𝛼𝑛𝛼𝑙𝛼

} with
the fixed 𝛼-value (𝛼 = 1, 2, 3) are nothing else than
the Faddeev components in the discrete representa-
tion, three sets of which determine Ψ𝐽 unambigu-
ously.

In order to consider the bound and pseudobound
states in two-cluster subsystems, the functions

|𝜈, 𝛼⟩ = 𝐴 {Φ𝛽 (𝐴𝛽) Φ𝛾 (𝐴𝛾)𝐺 (x𝛼, 𝑏𝜈)} (9)

are constructed. By calculating the matrix elements
of the two-cluster Hamiltonian using those functions,
it is rather easy to obtain 𝐸

(𝛼)
𝜎 , the binding ener-

gies of the ground (𝜎 = 0) and excited (pseudobound,
𝜎 > 0) states, as well as the corresponding eigenfunc-
tions {𝑈 (𝜎,𝛼)

𝜈 }. The procedure is reduced to the so-
lution of a relatively simple generalized problem of
eigenvalues and eigenvectors,
⟨𝜈,𝛼|∑︁
𝜈

𝐻(2)
𝛼 − 𝐸𝛼

𝜎 |𝜈, 𝛼⟩𝑈 (𝜎,𝛼)
𝜈 = 0. (10)

848 ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 10



Properties of 4
ΛH Hypernucleus

In order to solve the equations for the total wave
function {𝐶(𝛼)

𝜈𝛼𝜆𝛼𝑛𝛼𝑙𝛼} in the discrete representation,
it is necessary to set the corresponding boundary con-
ditions. In this work, only binary channels are con-
sidered. Therefore, only two-cluster asymptotics in
the boundary conditions are discussed. In this case,
𝑥𝛼 ≪ 𝑦𝛼, i.e. the third cluster is located sufficiently
far from the other two, which compose a bound sub-
system. Let us denote the intercluster wave function
for the bound state 𝜎 as 𝜑(𝛼)𝜎𝜆𝛼

(𝑥𝛼). Then, for large
magnitudes 𝑦𝛼 of the Jacobi vector, the function
𝑓
(𝜆𝛼,𝑙𝛼:𝐿)
𝛼 (x𝛼,y𝛼) is factorized in the asymptotic re-

gion and takes the form

𝑓 (𝜆𝛼 𝑙𝛼 𝐿)
𝛼 (𝑥𝛼, 𝑦𝛼) ≈ 𝜑𝛼𝜎 𝜆𝛼

(𝑥𝛼)×

×
[︁
𝑆𝑐0,𝑐𝛼𝜓

(−)
𝑙𝛼

(𝑝𝛼𝑦𝛼)− 𝑆𝑐0,𝑐𝛼𝜓
(+)
𝑙𝛼

(𝑝𝛼𝑦𝛼)
]︁

(11)

for the states in the continuous spectrum and

𝑓 (𝜆𝛼 𝑙𝛼 𝐿)
𝛼 (𝑥𝛼, 𝑦𝛼) ≈ −𝜑𝛼𝜎 𝜆𝛼

(𝑥𝛼)×

×
[︁
𝑆𝑐0,𝑐𝛼Ψ

(+)
𝑙𝛼

(−𝑖 |𝑝𝛼| 𝑦𝛼)
]︁

(12)

for the bound states. Here, {𝑐𝛼} is the set of all quan-
tum numbers (𝜆𝛼, 𝑙𝛼, ...) required to characterize a
specific channel, and the subscript 𝑐0 specifies the in-
put channel. The momentum 𝑝𝛼 is determined by the
following relation:

𝑝𝛼 =

√︂
2𝑚

~2
(︁
𝐸 − 𝐸

(𝛼)
𝜎

)︁
. (13)

Here, the state energy 𝐸
(𝛼)
𝜎 determines the thresh-

old energy for the 𝑐𝛼-th channel in the two-cluster
subsystem.

The factorization of the wave function {𝐶𝜈𝛼𝜆𝛼𝑛𝛼𝑙𝛼}
also takes place in the discrete representation. The
asymptotics is achieved at large 𝑛𝛼-values:

𝐶
(𝛼)
𝜈𝛼𝜆𝛼𝑛𝛼𝑙𝛼

≈ 𝑈
(𝜎,𝛼)
𝜈𝛼𝜆𝛼

𝐶
(𝛼)
𝑛𝛼𝑙 𝛼

= 𝑈
(𝜎,𝛼)
𝜈𝛼𝜆𝛼

√
2𝑟𝑛𝛼×

×
[︁
𝑆𝑐0𝑐𝛼𝜓

(−)
𝑙𝛼

(𝑝𝛼𝑟𝑛𝛼)− 𝑆𝑐0𝑐𝛼𝜓
(+)
𝑙𝛼

(𝑝𝛼𝑟 𝑛𝛼)
]︁
,

𝐶
(𝛼)
𝜈𝛼𝑛𝛼 ≈ 𝑈

(𝜎,𝛼)
𝜈𝛼𝜆𝛼

𝐶
(𝑐𝛼)
𝑛𝛼𝑙𝛼

= −𝑈 (𝜎,𝛼)
𝜈𝛼𝜆𝛼

√
2𝑟𝑛𝛼×

×
[︁
𝑆𝑐0,𝑐𝛼𝜓

(+)
𝑙𝛼

(−𝑖 |𝑝𝛼| 𝑟𝑛𝛼)
]︁
,

(14)

where

𝑟𝑛𝛼
= 𝑏

√︀
4𝑛𝛼 + 2𝑙𝛼 + 3,

𝑏 is the oscillatory radius, and 𝜓
(−)
𝑙𝛼

(𝑝𝛼𝑟𝑛𝛼) and
𝜓
(+)
𝑙𝜀

(𝑝𝛼𝑟𝑛𝛼
) are the radial asymptotic wave func-

tions. The normalization is carried out per unit
flow. The expansion coefficients 𝑈 (𝜎,𝛼)

𝜈𝛼𝜆𝛼
represent the

solution for the two-cluster Hamiltonian with a given
number of Gaussian functions. Therefore,
𝑁𝜈∑︁

𝜈𝛼=1

𝑈
(𝜎,𝛼)
𝜈𝛼𝜆𝛼

𝐺𝜆𝛼
(𝑥𝛼, 𝑏𝜈𝛼

) = 𝜑
(𝛼)
𝜎𝜆 𝛼

(𝑥𝛼). (15)

Formally, we have now to solve the infinite system
of algebraic equations,∑︁
𝑐𝛼

∑︁
�̃��̃�

⟨
𝜎, 𝜆𝛼;𝑛𝛼, 𝑙𝛼;𝛼

⃒⃒⃒
�̂�−𝐸

⃒⃒⃒
�̃�, �̃��̃�; �̃��̃� �̃��̃�; �̃�

⟩
𝐶

(𝑐�̃�)
�̃��̃�

=0.

(16)

In the same way as was done in the coordinate repre-
sentation, it has to be supplemented with boundary
conditions, in particular, at the matching point sepa-
rating the inner and asymptotic regions for the wave
function in the discrete space. For example, for the
states of continuous spectrum, the expansion coeffi-
cients can be written as follows:{︁
𝐶(𝑐𝛼)

𝑛𝛼

}︁
=

{︁
𝐶

(𝑐0)
0 , 𝐶

(𝑐1)
1 , ..., 𝐶

(𝑐𝛼)
𝑁𝑖

,
√︀
2𝑟𝑛𝛼 ×

×
[︁
𝑆𝑐0,𝑐𝛼𝜓

(−)
𝑙𝛼

(︀
𝑝𝛼𝑟�̃�𝛼

)︀
− 𝑆𝑐0,𝑐𝛼𝜓

(+)
𝑙𝛼

(𝑝𝛼𝑟�̃�𝛼)
]︁}︁
. (17)

As a result, if 𝑁𝑐 binary channels are considered,
we obtain 𝑁𝑐𝑁𝑖 + 𝑁𝑐𝑁𝑐 equations for determining
𝑁𝑐𝑁𝑖 coefficients of the wave function expansion in
the inner region and 𝑁𝑐𝑁𝑐 equations for determining
the elements of the 𝑆-matrix. The solution of this sys-
tem of equations at a given potential makes it possible
to obtain all necessary information about the bound
states of the compound system and about the elastic
scattering and reactions for a given energy value in
the input channel.

The AMGOB was formulated in work [16]. It was
used to describe the properties of states in the discrete
and continuous spectra of 𝑝-shell nuclei [17–19].

3. Input Parameters
of the Models and Calculation Results

Since the examined models are microscopic, the main
input parameters for them are potentials specify-
ing the interaction of the particles composing the
system. To describe the central part of nucleon-
nucleon interaction, the semiphenomenological mod-
ified Hasegawa–Nagata (MHN) potential was used,
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a

b
Fig. 1. Even components of the MHN potential and the YNG-
NF (𝑎) and YNG-NS (𝑏) potentials

which is widely applied in the physics of light atomic
nuclei [20]. For the interaction of nucleons with the
Λ-hyperon, potentials from the YNG series [21] were
used. This series includes the potentials YNG-ND,
YNG-NF, YNG-NS, YNG-JA, and YNG-JB, which
were obtained on the basis of the one-boson exchange
concept. Here, the abbreviation YNG means that this
is a hyperon(Y)-nucleon(N) potential given as a su-
perposition of Gaussian (G) functions, and the letter
N or J after the dash in the name means that the
potential was obtained on the basis of the results ob-
tained by the Nijmegen or Jülich group, respectively.

Running a little ahead, we note that, in the course
of calculations, it was found that the application of
the YNG-ND, YNG-JA, and YNG-JB potentials led
to the inversion of the 0+ and 1+ levels in 4

ΛH, whereas
the application of the YNG-NS potential resulted in a
too large spin-spin splitting of those levels. Therefore,
in what follows, the YNG-NF potential will be used,

and we will only briefly dwell on its comparison with
the YNG-NS potential.

Note right here that the components of the poten-
tials belonging to the YNG series contain the Fermi
wavenumber 𝑘F, which was immediately converted
in practical calculations into the variational parame-
ter. Therefore, below, we will consider it as a certain
𝑘eff . We point out that, in the calculations for 4

ΛH,
which were carried out in the two-cluster version of
the generator coordinate method with regard for the
3H + Λ clustering, the authors of the YNG poten-
tials used the value 𝑘eff = 0.80 fm−1. Again, since
our models are three-cluster, there appears one more
variation parameter, the oscillator radius 𝑏, which de-
termines, in particular, the size of a deuteron cluster.

It is of interest to compare the behavior of the
components of the NN and ΛN potentials as the
functions of the interparticle distance and compare
the NS and NF potentials for the ΛN potentials. For
even components, which are mainly responsible for
the attraction, this is done in Fig. 1 for the value
𝑘eff = 0.84 fm−1. Despite that our NN and ΛN po-
tentials are built in the framework of different ap-
proaches discussed above, we obtain a quite adequate
picture from the viewpoint of meson exchange con-
cepts. Nucleon-nucleon forces are more extended and
intensive. Such a behavior can be associated with
the fact that, unlike the NN interaction, bosons
with the isospin equal to unity cannot participate
in one-boson exchange in the case of ΛN forces be-
cause of the isospin prohibition. This also concerns
𝜋-mesons, which are the lightest ones. The same situ-
ation takes place for 𝜌-mesons, the exchange of which
plays a substantial role in the formation of spin-orbit
interaction.

When comparing the even components of ΛN po-
tentials, it is easy to see that the difference between
the spin-triplet and spin-singlet components of the
NS potential is much larger than in the case of NF
potential, which should be decisive for the spin-spin
splitting of the 0+ and 1+ states.

3.1. Results of AMOB calculations

AMOB calculations were carried out for only one type
of clustering, (D + n) + Λ. The corresponding results
will be considered proceeding from the comparison of
the binding energies in the 0+ and 1+ states obtained
using the NF and NS potentials (see Table 1).
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Here, we draw attention to the fact that the energy
splitting in the 0+ and 1+ states equals 0.77 MeV for
the NF potential and −2.19 MeV for the NS one. In
the former case, the splitting value may be somewhat
underestimated in relation to the experiment, but it
is drastically overestimated in the latter case. As a
result, the 1+ state can turn out higher than the low-
est 3H + Λ threshold, which contradicts the experi-
ment. By fixing, here and everywhere below, the pa-
rameters of the NN potential, i.e. taking the MHN
potential in its original form, it is of interest to see
how our results depend on the choice of 𝑘eff . For this
purpose, we calculated the binding energies and the
root-mean-square radii for the bound states with 𝑘eff
varying from 0.70 to 0.90 fm−1. The corresponding
results are shown in Figs, 2 and 3.

As 𝑘eff decreases, the state binding energies grow
rather rapidly on the energy scale of the problem, and
the values of the root-mean-square radii decrease, re-
spectively. At the same time, the distance between
the levels changes by about 0.1 MeV within the en-
tire 𝑘eff -interval. Thus, by choosing the value of 𝑘eff
within reasonable limits, we cannot radically affect
the mutual arrangement of the 𝐽𝜋 = 0+ and 𝐽𝜋 = 1+

levels, if the YNG-NF potential is used, because the
spin-singlet and spin-triplet components of the po-
tential seem to change in a somewhat consistent way,
when 𝑘eff changes.

In order to get an idea of the mutual arrangement
of clusters in the system, let us consider the corre-
lation function. It is usually defined as the quantity
𝑟1𝑟2 |Ψ𝑟 (𝐸𝑟, 𝑟1, 𝑟2)|

2, where 𝑟𝑖 is related to the Jacobi
coordinates via the formula 𝑟𝑖 = 𝑞𝑖/

√
𝜇𝑖, and 𝜇𝑖 is the

reduced mass. The sense of the correlation function
consists in that it establishes a correspondence be-
tween the 𝑟1- and 𝑟2-values. In our case, those quan-
tities mean the distance between the Λ-particle and
the center of mass of the D + n subsystem and be-
tween the D and n clusters, respectively.

The correlation functions for the states 0+ and 1+
are shown in Fig. 4. The both plots are elongated
along the 𝑟1-axis, which is associated with the soft-
ness of the 3H + Λ cluster mode, which s caused,
in turn, by the relative weakness of the ΛN interac-
tion. But it should be marked right now that the wave
functions of the system in both states include the
functions of the main shell (𝑁 = 0) with very large
weights. Their shares amount to about 85% and 81%
for the ground and excited states, respectively. In ad-

Fig. 2. Dependences of the energies of the 𝐽𝜋 = 0+ and
𝐽𝜋 = 1+ levels on the 𝑘eff -value

Fig. 3. Dependences of the root-mean-square radius on the
𝑘eff -value for the 𝐽𝜋 = 0+ and 𝐽𝜋 = 1+ states

Table 1. Energy (in MeV)
and root-mean-square radius (in fm)
of the 4

ΛH hypernucleus for the YNG-NF
and YNG-NS potentials. 𝑘eff = 0.84 fm−1

Modified Hasegawa–Nagata potential

YNG-NF potential YNG-NS potential

𝐽𝜋 = 0+ 𝐽𝜋 = 1+ 𝐽𝜋 = 0+ 𝐽𝜋 = 1+

𝐸 ⟨𝑟2⟩1/2 𝐸 ⟨𝑟2⟩1/2 𝐸 ⟨𝑟2⟩1/2 𝐸 ⟨𝑟2⟩1/2

–9.482 2.089 –8.711 2.209 –9.992 2.036 –7.800 2.468

dition, as one can see from the comparison of the
panels, the correlation function for the 1+ state is ap-
preciably more elongated along 𝑟1 than that for the
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a b
Fig. 4. Correlation functions for the 𝐽𝜋 = 0+ (𝑎) and 𝐽𝜋 = 1+ (𝑏) states

a b
Fig. 5. Convergence of Hamiltonian eigenvalues for the 𝐽𝜋 = 0+ (𝑎) and 𝐽𝜋 = 1+ (𝑏) states

0+ state. This means that, most likely, the state 1+
is an excitation in the 3H + Λ channel.

In order to illustrate the convergence of the results
as the function basis is expanded, Fig. 5 is presented.
It demonstrates the dependences of the Hamiltonian
eigenvalues on the number of the shell involved in cal-
culations. These are all even shells with the principal
quantum numbers 𝑁 = 0, 2, 4, ..., 60. In addition
to the good convergence, we should mark a charac-
teristic behavior of eigenvalues: the eigenvalues des-
cending from above “replace” those that reached a
“plateau”. This is a characteristic attribute that, in
our model, resonances can occur in the three-cluster
channel.

3.2. Results of AMGOB calculations

As was mentioned above, the AMGOB can be used
to consider both the discrete and continuous spec-
tral states making allowance for one or more binary
channels and with the possibility to comsider the po-

larization of binary subsystems. First, let us dwell on
the bound states, which have already been discussed
in the previous section. Here, their binding energies
will be temporally reckoned from the lowest decay
threshold.

Figure 6 demonstrates the 𝑘eff -dependences of the
binding energies in the states 0+ and 1+. This fig-
ure completely reproduces (qualitatively) Fig. 2, and
both those figures point out that if 𝑘eff = 0.84 fm−1,
we obtain an almost exact position of the ground state
with respect to the lowest threshold of the 3H + Λ
decay.

Accordingly, we can try to consider the scattering
of the Λ particle by 3H. Figure 7 shows the energy
dependence of the scattering phases of the Λ-hyperon
by 3H with regard for various polarization degrees of
the latter, which is considered as the binary subsys-
tem D + n. Here, in accordance with the notation
introduced in Section 2.2, 𝑁𝐺 is the number of Gaus-
sian functions involved in calculations, and 𝜆max is
the maximum partial momentum.
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a

b
Fig. 6. Dependences of the energies of the levels 𝐽𝜋 = 0+ and
𝐽𝜋 = 1+ on the 𝑘eff -value. The energies are reckoned from the
3H + Λ decay threshold

From Fig. 7, one can see that the account for the
possible polarization of the binary subsystem appre-
ciably changes the scattering phases and leads to the
growth of the attraction between 3H and Λ. At the
same time, Fig. 8, despite that the scattering phases
were not calculated quite accurately at low energies,
testifies that there are no kinematic resonances with
any reasonable widths in the states with 𝐿 = 1−

and 2+.
Unfortunately, we cannot compare the last results

with experimental or other theoretical data, because
such data are absent. Therefore, let us return to the
calculation results obtained for the bound states in
the AMGOB, where such a comparison can be done.

In Table 2, the results of calculations of the bind-
ing energy in the 0+ and 1+ states in three versions
of the AMGOB are quoted. Version 1 corresponds to
the complete calculation in the framework of the AM-

Fig. 7. Influence of the 3H polarization on the scattering
phases for 3H + Λ with 𝐿𝜋 = 0+

Fig. 8. Scattering phases for 3H + Λ with 𝐿𝜋 = 1− and 2+

Table 2. Calculation versions
of the energy (in MeV) of the states 𝐽𝜋 = 0+

and 𝐽𝜋 = 1+ of the 4
ΛH hypernucleus

for various 𝑘eff -values from 0.8 to 0.9 fm−1.
The obtained energy for the 3H nucleus
equals −7.01 MeV. See other
explanations in the text

𝑘eff 0.80 0.82 0.84 0.86 0.88 0.90

𝐽𝜋 = 0+

1 –9.296 –9.156 –9.022 –8.894 –8.771 –8.654
2 –9.261 –9.121 –8.988 –8.860 –8.738 –8.621
3 –6.744 –6.521 –6.304 –6.090 –5.882 –5.678

𝐽𝜋 = 1+

1 –8.611 –8.483 –8.361 –8.246 –8.136 –8.033
2 –8.587 –8.460 –8.338 –8.223 –8.114 –8.013
3 –5.753 –5.528 –5.308 –5.092 –4.880 –4.674
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Fig. 9. Dependences of the root-mean-square radius of 3H
on the distance between the center of mass of 3H and the Λ-
particle for various 𝑘eff -values

GOB. In other words, all clustering types–(D + n) +
+Λ, (D + Λ) + n, and D + (n + Λ) – are taken into
account simultaneously, and the polarization of bi-
nary subsystems is made allowance for. In version 2,
only one type of clustering – namely, (D + n) + Λ
with the polarization of the (D + n) subsystem – is
taken into consideration. Version 3 differs from ver-
sion 1 in that the possibility of the polarization of
binary subsystems is not taken into account.

Comparing the results of calculations in versions 1
and 2, we note that the energies of the states 𝐽𝜋 = 0+

and 𝐽𝜋 = 1+ are practically identical for them. This
means that the dominant role in the formation of
those states is played by the cluster structure (D +
+ n) + Λ. Accordingly, the results obtained in the
AMOB in Section 3.1 can be considered as qualita-
tively reasonable. The calculation results obtained for
version 3 testify to the importance of a good descrip-

Table 3. Energies of the 0+ and 1+ states
obtained in work [22] in the four-cluster model using
the NN potential AV8 and the ΛN potential
NSC97f and considering all possible
Jacobi trees, as well as our results obtained
for only one type of clustering, (D + n) + Λ.
𝐸(3𝐻) = −7.77 MeV in work [22]
and −7.74 MeV in our case

State
Results of
work [22]

Our results
Experiment

AMOB AMGOB

0+ –10.10 –10.12 –10.04 –10.52
1+ –8.36 –9.30 –9.24 –9.53

tion of binary subsystems, in particular, as we now
understand, the subsystem (D + n).

From the aforesaid, it follows that we almost noth-
ing lose in the calculation accuracy for the binding en-
ergies in the bound states, if we involve only one type
of clustering, (D + n) + Λ, in calculations and try to
reproduce the binding energy for 3H = D + n. Here,
we will try to describe the relative motion of clus-
ters D and n as accurately as possible and apply the
variation of the oscillatory radius 𝑏. The value of the
latter was 1.67 fm in previous calculations, which al-
lowed the energy of the lowest decay threshold to be
reproduced easily. However, in order to improve the
description of the binding energy in 3H, the value
𝑏 = 1.50 fm was required. As a result, this made it
possible to increase the 3H binding energy from 7.01
to 7.74 MeV.

The final results of calculations for the binding en-
ergies in the bound states are presented in the next
subsection, where we compare them with the results
of other authors. Here, in Fig. 9, we depict a plot
illustrating the dependence of the root-mean-square
radius of the 3H = D + n subsystem as a function of
the distance from the center of mass of this subsys-
tem to the Λ-particle for various 𝑘eff -values. One can
see that in spite of the fact that the ΛN interaction is
weaker than the NN one, the Λ-hyperon can polarize
3H rather strongly.

3.3. Comparison with experimental
and other theoretical results

While comparing our results with the results of other
authors, we start from work [22], where, according
to the cited authors, the main purposes were as fol-
lows: firstly, to solve the four-particle problem for the
4
ΛH hypernucleus making allowance for the NNNΛ(Σ)
channels and using realistic NN and YN interactions
and, secondly, to clarify the role of the ΛN-ΣN bond
in hypernuclei with 𝐴 = 4. The calculations were car-
ried out in the framework of the variational method
and applying the Gaussian functions of the Jacobi
coordinates. As the NN potential, the AV8 potential
was mainly used. At the same time, the ΛN interac-
tion was simulated by means of the NSC97f potential,
which, according to the statement of cited authors, is
the only workable potential from the NSC97a-f se-
ries. The results obtained in work [22] for the total
binding energies are quoted in Table 3 together with
our results and relevant experimental data.
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Our binding energy values for 3H are close to those
obtained in work [22]. This is also true for the ground-
state energies. At the same time, the energies are
rather different for the 1+ state. Most likely, it oc-
curs due to the fact that the strongly overestimated
spin-spin splitting is incorporated into the NS poten-
tials from the very beginning.

For comparison, we also present the results of work
[23], which were obtained using the No-Core Shell
Model (NCSM). The NCSM essence consists in the
expansion of the multiparticle wave function of the
nucleus in an as large as possible basis of the shell
model functions. According to the cited authors, this
procedure, together with the inclusion of the poten-
tials that were obtained using the chiral perturba-
tion theory, allowed them to say that their calcula-
tions were carried out on the basis of first principles
(ab initio).

Because of the poor convergence of the results,
which the authors of work [23] explained by a high
looseness of the hypernucleus, they extrapolated their
results to the case where the maximum value of the
principal oscillator number tends to infinity. The cor-
responding results are shown in Table 4.

Note that the authors of work [23] obtained the val-
ues that are almost equal to the experimental value
of the binding energy for 3H. But this fact does not
mean that the chiral perturbation theory provides
potentials that allow obtaining exact values for the
binding energy in three-nucleon systems. It occurred
because in work [24], the potential parameters, which
were obtained using the chiral perturbation theory,
were specified exactly using three-particle experimen-
tal data.

For a comparison of our results with theoretical
results of other authors and experimental data to

Table 4. Extrapolated values of the ground
and first excited state energies for various values
of the Λ interaction regulator [23]. The 3H
energy obtained using the NN potential
[24] equals −8.47 MeV

State
Λ, MeV/s

550 600 650 700

0+ –11.20(6) –10.95(4) –10.83(5) –10.85(3)
1+ –10.29(25) –9.87(28) –9.55(35) –9.20(30)

Fig. 10. Comparison of our results with the theoretical re-
sults of other authors and experimental data. The energy is
measured from the 3H + Λ decay thresholds

be more illustrative, we present a plot in Fig. 10,
where the binding energies are reckoned from the
3H + Λ decay thresholds. The comparison of our re-
sults with experimental data, as well as with the re-
sults of the most consistent theoretical works, demon-
strates that, currently, it is not yet possible to de-
scribe the relatively simple spectrum of the bound
states of the 4

ΛH hypernucleus at length. The main
difficulty is connected with the uncertainty of inter-
action potentials between the particles, first of all,
the ΛN potential. At the same time, the results of
our calculations do not fall out of a number of cal-
culation results obtained in the framework of the
models that are currently the most accurate. Further-
more, they allow pointing out some features of the 4

ΛH
structure.

4. Conclusions

The properties of the states of the 4
ΛH hypernu-

cleus have been considered in the framework of two
three-cluster models: the AMOB, where only the
cluster representation (D + n) + Λ was used, and
the AMGOB, where all possible clustering types,
i.e. (D + n) + Λ, (D + Λ) + n, and D + (n + Λ),
were taken into account in calculations. The calcu-
lations in the framework of the latter model showed
that the cluster representation (D + n) + Λ with mak-
ing allowance for the polarization undoubtedly plays a
dominant role in the proper description of the 4

ΛH hy-
pernucleus properties. An important factor at that is
a necessity of the best description for the binary sub-
system D + n. The results obtained in the framework
of the AMOB also completely satisfy those criteria. A
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comparison of our results with the results obtained in
the most consistent models showed that our results
fall quite well into the body of relevant data.

This work was partially sponsored by the Na-
tional Academy of Sciences of Ukraine (project
No. 0117U000239).
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ВЛАСТИВОСТI ГIПЕРЯДРА 4
ΛH

У ТРИКЛАСТЕРНИХ МIКРОСКОПIЧНИХ МОДЕЛЯХ

В рамках мiкроскопiчних трикластерних алгебраїчних мо-
делей з можливим урахуванням типiв кластеризацiї (D+

+n) + Λ, (D + Λ) + n, та (n + Λ) + D розглянуто властиво-
стi станiв дискретного спектра гiперядра 4

ΛH i станiв непе-
рервного спектра в каналi 3H + Λ. Продемонстровано, що
кластерна структура 4

ΛH практично повнiстю визначається
кластеризацiєю (D + n) + Λ при цiлком вiдчутному впливi
поляризацiї бiнарної пiдсистеми (D + n) за рахунок взає-
модiї з Λ-частинкою.

Ключ о в i с л о в а: кластернi моделi, метод резонуючих
груп, трикластернi мiкроскопiчнi моделi, алгебраїчнi моде-
лi, гiперядера, кластерна поляризацiя.

856 ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 10


