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A noncommutative space and the deformed Heisenberg algebra
[X,P ] = i~

√
1− βP 2 are investigated. The quantum mechanical

structures underlying this commutation relation are studied. The
rotational group symmetry is discussed in detail.

1. Introduction

The existence of a minimal length is one of the most
important predictions in theoretical physics. Such a
minimal length is due to the fact that the high-energy
particles for probing small scales of the order of the
Planck length disturb the very space-time they are prob-
ing. Otherwise, the very energetic particles cannot probe
distances smaller than the minimal length size. The ex-
istence of a minimal length leads to a modification of
the standard commutation relation between position and
momentum in usual quantum mechanics.

There are many realizations of the noncommutative
Snyder space, but only two particular realizations of its
algebra are known: the Snyder [1] and the Maggiore
[2] ones. The well-known Snyder commutation relation
reads

[X,P ] = i~
(
1 + βP 2

)
, (1)

where βP 2 is a small correction. On the other hand, the
Maggiore algebra reads

[X,P ] = i~
√

1− βP 2 (2)

and is widely used in various fields of physics. In what
follows, it will be shown that the minimal length of a de-
formed space with the commutation relation (2) should

be quantum-theoretically described by a nonzero oper-
ator Δ that can be expressed in terms of the Pauli or
Gell-Mann matrices.

The study of theories with deformed Heisenberg alge-
bra [3–16] belongs to an active area in theoretical physics
due to their applications in quantum gravity [17], per-
turbative string theory [18–23], black holes [2], as well
as noncommutative space-time [24–32]. Quantum de-
formations which lead to a noncommutative space-time
are strictly linked with quantum groups [33–36]. the
noncommutative space is also useful in describing the
deformed special relativity theories, originally called the
doubly special relativity [37–40].

The paper is organized as follows. In Sections 2 and 3,
we study a quantum mechanical structure that underlies
the commutation relation (2) and its generalization. Sec-
tions 4 and 5 are devoted to a discussion of the rotation
group. In Section 6, we discuss a relativistic generaliza-
tion.

2. Representation on the Momentum Space

In what follows, we use the momentum representation.
A convenient possibility is

Pψ = pψ,

Xψ = i~
√

1− βP 2∂pψ (3)

with respect to the scalar product

〈ψ|ϕ〉 =
1√
β

1∫
−1

ψ∗φ√
1− ξ2

dξ, (4)
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where ξ =
√
βp. The modified Heisenberg algebra (2)

leads to the deformed uncertainty relation

ΔXΔP ≥ ~
2

√
1− β(ΔP 2)− β〈P 2〉. (5)

Such an uncertainty principle is presented in Figure. We
note that, in the case of the Snyder noncommutative
space, there is no possibility to measure the coordinate
X with accuracy more than ~

√
β. But, in the case of the

Maggiore one, there exists the zero uncertainty in posi-
tion (see Figure). Therefore, one can exactly measure
the position X.

The eigenvalue problem for the coordinate operator
takes, on the momentum space, the form of a differential
equation

X2ψ = λ2ψ. (6)

Taking the momentum representation (3) into account,
this equation reads

(1− βp2)
∂2

∂p2
ψλ(p)− β2p∂pψλ(p) +

(
λ

~

)2

ψλ(p) = 0. (7)

Using standard techniques, the solutions of this Cheby-
shev equation [41] are given by

ψ(1)
n ∝ (1− βp2)1/2F

(
−n, n+ 2,

3
2
,
1
2

+
1
2

√
βp

)
,

λ(1)
n = ~

√
β · (n+ 1) (8)

and

ψ(2)
n ∝ F

(
−n, n, 1

2
,
1
2

+
1
2

√
βp

)
,

λ(2)
n = ~

√
β · n, (9)

where n = 0, 1, . . . ,∞.

3. Generalization to n Dimensions

The formalism described in the previous section straight-
forwardly extends to n spatial dimensions. A natural
generalization of (2) which preserves the rotational sym-
metry is

[Xi, Pj ] = i~δij
√

1− βP 2. (10)

We also assume that the momenta pµ which are trans-
formed as vectors under the Lorentz algebra satisfy the
commutation relation

[Pµ, Pν ] = 0. (11)

Modified uncertainty relation. ΔX0 = ~
√
β, ΔP0 =

√
β
−1

Thus, the generalized representation of position and mo-
mentum reads

Piψ = piψ,

Xiψ = i~
√

1− βP 2
∂

∂pi
ψ. (12)

Therefore, one can write the commutation relation

[Xi, Xj ] =
i~β√

1− βP 2
(XiPj −XjPi) , (13)

which indicates that we have a noncommutative space.

4. Representation of the Rotation Group

In quantum mechanics with a noncommutative space,
the generators of rotations can be expressed in terms of
the operators

Lij =
1√

1− βP 2
(XiPj −XjPi). (14)

There is also another convenient representation

Lk =
1√

1− βP 2
εijkXiPj , (15)

where εijk is the Levi-Civita symbol. They generalize
the usual operators of orbital angular momentum. We
have, therefore, the commutation relations

[Xi,Ljk] = i~ (δikXj − δijXk) , (16)
[Pi,Ljk] = i~ (δikPj − δijPk) , (17)
[Lij ,Lkl] = i~ (δikLjl − δilLjk + δjlLik − δjkLil) . (18)

However, we also have

[Xi, Xj ] = i~βLij (19)

ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 9 941



CH.M. SCHERBAKOV

leading to a noncommutative geometry. The algebra
generated by (16)–(19) satisfies the Jacobi identities.
One can verify that

i [Xi, [Xj , Xk]] + [Xj , [Xk, Xi]] + [Xk, [Xi, Xj ]] =
= i~β

(
[Xi, Ljk] + [Xj , Lki] + [Xk, Lij ]

)
=

=−β~2
(
δikXj− δijXk+ δjiXk− δjkXi+

+δkjXi− δkiXj

)
=0,

ii [Xi, [Xj , Lks]] + [Xj , [Lks, Xi]] + [Lks, [Xi, Xj ]] =
= i~[Xi, δjsXk − δjkXs]− i~[Xj , δisXk − δikXs]+
+i~β[Lks, Lij ] = −~2β

(
δjsLik − δjkLis − δisLjk+

+δikLjs − δikLjs + δisLjk − δjsLik + δjkLis

)
= 0,

iii [Xi, [Ljk, Lsl]] + [Ljk, [Lsl, Xi]] + [Lsl, [Xi, Ljk]] =
= i~

(
[Xi, δjsLkl − δjlLks + δklLjs − δksLjl]+

+[δilXs − δisXl, Ljk]− [δikXj − δijXk, Lsl]
)

=

−~2
(
δjs(δilXk − δikXl)− δjl(δisXk − δikXs)+

+δkl(δisXj − δijXs)− δks(δilXj − δijXl)+
+δil(δskXj − δsjXk)− δis(δlkXj − δljXk)−
−δik(δjlXs − δjsXl) + δij(δklXs − δksXl)

)
= 0,

iv [Lij , [Lkl, Lmn] + [Lkl, [Lmn, Lij ]]+
+[1mm][Lmn, [Lij , Lkl]] = 0

v [Pi, [Pj , Pk]] + [Pj , [Pk, Pi]] + [Pk, [Pi, Pj ]] = 0,

vi [Xi, [Pj , Pk]] + [Pj , [Pk, Xi]] + [Pk, [Xi, Pj ]] = 0,

vii [Pi, [Pj , Lks]] + [Pj , [Lks, Pi]] + [Lks, [Pi, Pj ]] =
= i~

(
[Pi, δjsPk − δjkPs]− [Pj , δisPk − δikPs]

)
= 0,

viii [Xi, [Xj , Pk]] + [Xj , [Pk, Xi]] + [Pk, [Xi, Xj ]] =
= ~2β

(
δjkPi − δikPj

)
− ~2β

(
δjkPi − δikPj

)
= 0,

ix [Pi, [Ljk, Lmn]+[Ljk, [Lmn, Pi]]+[Lmn, [Pi, Ljk]] =
= i~[Pi, δjmLkn − δjnLkm + δknLjm − δkmLjn]−
−i~[Ljk, δinPm − δimPn]− i~[δikPj − δijPk, Lmn] =
= −~2

(
δjm(δinPk − δikPn)− δjn(δimPk − δikPm)+

+δkn(δimPj − δijPm)− δkm(δinPj − δijPn)+
+δin(δmkPj − δmjPk)− δim(δnkPj − δnjPk)−
−δik(δjnPm − δjmPn) + δij(δknPm − δkmPn)

)
= 0.

Now, instead of the operators Xi and Lij , we prefer to
use new operators Xi and Jk defined in a way such that
we have the commutation relations

[Pi,Jj ] = i~εijkPk, (20)
[Xi,Jj ] = i~εijkXk, (21)
[Ji,Jj ] = i~εijkJk, (22)
[Xi,Xj ] = i~βεijkJk. (23)

The nonzero components of operators Xi and Ji can be
expressed in terms of the Pauli matrices:

J = L +
~
2
σ, (24)

X = x +
~
√
β

2
σ. (25)

There is the nonzero minimal length that can be de-
scribed by the operator ~

√
β

2 σ.

5. A Particle with Spin 1

The generators of the rotational symmetry discussed
above can be applied to the study of the SU(2)-
symmetric quantum mechanics. There is also another
possibility. In particular, we now consider the motion
with spin s = 1. In order to make the study easier, we
prefer to consider the special case x = 0, L = 0. The
following representation is possible:

(Ji)jk = −i~εijk, (26)

X1 = ~
√
β

0 0 0
0 0 −1
0 −1 0

 , X2 = ~
√
β

0 0 1
0 0 0
1 0 0

 ,

X3 = ~
√
β

0 1 0
1 0 0
0 0 0

 . (27)

In addition, we also consider the vector I useful for the
following consideration:

I1 = ~2
√
β

0 0 0
0 1 0
0 0 −1

 , I2 = ~2
√
β

−1 0 0
0 0 0
0 0 1

 ,

I3 = ~2
√
β

1 0 0
0 −1 0
0 0 0

 . (28)
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One can verify that

[Ii,Xj ] = i~2βθijkJk, (29)

[Ii,Jj ] = −i~2θijkXk, (30)
[Ii, Ij ] = 0, (31)

where θijk = −(εij − 2δij)δjk (we do not sum here). Let
us consider the matrix

µij =


1

~
√
β
X1

1
~J1

1
~2
√
β
I1

1
~
√
β
X2

1
~J2

1
~2
√
β
I2

1
~
√
β
X3

1
~J3

1
~2
√
β
I3

 (32)

with the commutation relations

[µmi ,µ
n
j ] = ifmnsijk µsk, (33)

where

f121
ijk = f222

ijk = f112
ijk = εijk,

f312
ijk = −f321

ijk = θijk (34)

and the other components are zeros.
The matrices µij have the following properties:

Tr(µij) = 0, (35)

{µik,µ
j
k} = 4δij . (36)

Note that the vectors A, J, and I are orthogonal ones.
The matrices µij can be expressed in terms of the Gell-
Mann matrices λα:

λ1 = µ1
3 λ2 = µ2

3 λ3 = µ3
3

λ4 = µ1
2 λ5 = −µ2

2 λ6 = −µ1
1

λ7 = µ2
1 λ8 = 1√

3
(2µ3

1 + µ3
3).

(37)

6. Relativistic Generalization

This section is devoted to the description of a standard
relativistic particle with a special emphasis put on the
way of introducing the time. The formal and conceptual
issues concerning the noncommutative Maggiore space
are discussed here as well. The quantized space-time
was also considered in [42–45].

The exploration of physical events by means of the
features from relativistic quantum theory will hopefully
bring more accurate explanations, by elucidating the ob-
servational issues and other perplexing problems in con-
temporary physics.

In the previous sections, we have studied the position
space without time generalization. In what follows, we

assume that the commutation relation between the de-
formed time T and Hamilton H operators reads

[T,H] = −iν
√

1− βH
2

c2
, (38)

where the function ν depends on β. Similarly to relations
(refd) and (refe), we can calculate the eigenvalues τn of
the time operator:

τ (1)
n =

ν~
√
β

c
(n+ 1) , (39)

τ (2)
n =

ν~
√
β

c
n. (40)

Let T,H, on the one hand, and X,P , on the other one,
act as operators

T = t, (41)

H =
νc√
β

sin
(√

βH

c

)
(42)

and

X = x, (43)

P =
1√
β

sin(
√
βp), (44)

where [x, p] = i~ and [t,H] = −i~. Taking into account
that the relativistic Hamiltonian is given by

H2 = c2P 2 +m2c4 (45)

and the expressions ( 42) and ( 44), we have

ν2 cos(2
√
βH

c
)ψ(x, t)− cos(2

√
βp)ψ(x, t) = (46)

=
(
ν2 − 1− 2(

√
βmc)2

)
ψ(x, t). (47)

It can be rewritten as the equation in finite differences

ν2

2

(
ψ
(
x, t+ 2

~
√
β

c

)
+ ψ

(
x, t− 2

~
√
β

c

))
−

−1
2

(
ψ
(
x+2~

√
β, t
)
+ψ
(
x−2~

√
β, t
))

= ν2−1−2βm2c2.

(48)

If we present the function ν as a power series, i.e., as a
sum of powers of βm2c2,

ν = 1 +
1
2
βm2c2 + . . . , (49)

then we recover the usual Klein–Gordon–Fock equation
as β → 0.
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7. Summary

The noncommutative space considered here has been
widely discussed for a long time. We have studied a
one-parameter deformed Heisenberg algebra. Such a de-
formation leads to the existence of a nonzero minimal
length.

In the framework of the chosen deformation, it is pos-
sible to study the SU(2) and SU(3) symmetries. It is
shown that a Maggiore-like deformed space can be de-
scribed in terms of the noncommutative geometry.

There are many experiments trying to prove the exis-
tence of the observable minimal length (see, e.g., [46]).
However, the theoretical estimates of the parameter β
are far beyond the experimental precision.

I would like to thank T.V. Fityo, M.M. Stetsko, and
Prof. V.M. Tkachuk for the discussions.
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ДЕЯКI ЗАУВАЖЕННЯ ЩОДО РЕЛЯТИВIСТСЬКОЇ
КВАНТОВОЇ МЕХАНIКИ ЧАСТИНКИ В ПРОСТОРI
IЗ МIНIМАЛЬНОЮ ДОВЖИНОЮ

К.М. Щербаков

Р е з ю м е

В статтi дослiджено некомутативний простiр з деформованою
алгеброю Гайзенберга [X,P ] = i~

√
1− βP 2. Розглянуто також

простi квантово-механiчнi структури, що iмплементують роз-
глянутi комутацiйнi спiввiдношення. Додатково проаналiзова-
но симетрiю групи обертань в просторi з мiнiмальною довжи-
ною.
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