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We analyze numerically the behavior of the heat capacity of liq-
uid 4He for the entire temperature range with the corresponding
formula for the internal energy obtained in Ref. [I.O. Vakarchuk,
R.O. Prytula, A.A. Rovenchak, J. Phys. Stud. 11, 259 (2007)]
combined with a simple calculation of the effective mass of inter-
acting Bose particles. The results agree quite well with experi-
mental data.

1. Introduction

Notwithstanding a great number of papers (starting
from Refs. [1, 2]) concerned with the microscopic study
of Bose system’s properties, a good description of the
heat capacity of liquid helium-4 in the whole tempera-
ture range has not yet been given. The first attempts
were made in [3], where it was shown in the first order
of perturbation theory for the free energy of a non-ideal
Bose system that the presence of an interaction does
change the order of the phase transition. In [4, 5], the
thermodynamic functions of liquid helium-4 at all tem-
peratures were obtained, by using the two-time temper-
ature Green’s function formalism. A good agreement of
the specific heat at low temperatures with experimental
data was obtained, and the temperature of the phase
transition was calculated as Tc = 1.99 K. The success
of such an approach lies in the application of the exper-
imentally measured structure factor of liquid helium-4
extrapolated to zero temperature [4] instead of the in-
terparticle interaction potential. A good agreement of
the heat capacity curve with relevant experimental data
for the temperatures below the temperature of the λ-
transition was obtained in Ref. [6], where the calcula-
tions were made, by using the quantum-statistical ap-

proach based on the density matrix of a Bose liquid. At
higher temperatures, the specific heat curve was shifted
upward almost in a parallel way.

In Ref. [7], the density matrix formalism with the
functional optimization of the Jastrow wave function pa-
rameters was used to describe the properties of liquid
helium. The results for the internal energy agree well
with experimental data for the temperatures below the
critical one. It was shown that, by considering only the
dynamic two-particle correlations, one can obtain the
critical temperature to be 3.4 K. Thus, to attain a good
agreement with experiments, one needs to take higher-
order approximations into account, which are specifically
related to the concept of effective mass of a helium atom
in the liquid.

In recent years, much attention has been paid to the
study of atom’s effective mass in liquid helium, because
a part of the interaction could be taken into account in
this way accordingly to Feynman’s idea [8]. However,
there is no satisfactory formula for the effective mass of
a helium atom in the liquid at arbitrary temperatures.
Various scholars were mostly concerned with the value
of effective mass at T → 0. Isihara and Samulski [9]
have used the value of m∗/m = 1.71 to agree the theo-
retically calculated sound branch of the excitation spec-
trum with the corresponding experimental data. In Ref.
[10], the effective mass m∗/m = 1.70 was obtained on
the basis of measurements of the liquid helium-4 struc-
ture factor. In Ref. [11], the interatomic potential was
preserved as the input information, but, in part, the con-
tribution of higher correlations was “transferred” to the
kinetic energy term. In this way, the mass of particles
was renormalized, which is somehow in correlation with
the approach of Ref. [8]. As a result of such a renormal-
ization, the value of m∗/m = 1.58 was obtained using
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Green’s function method. It was shown in Refs. [12]
that the above-mentioned mass renormalization leads to
the expressions obtained for the effective mass of a 3He
impurity atom in liquid 4He, but with the replacement
of the “pure” 3He atom mass by the 4He atom mass.

The aim of this paper is to calculate the heat capac-
ity of liquid helium above the phase transition temper-
ature. The formula for the internal energy of a Bose
liquid, which was obtained in Ref. [6] with the help of
the method proposed in Ref. [13] (where the effective
mass is a free parameter of the theory), forms the basis
of these calculations. In what follows, we will calculate,
step by step, the quasi-particle spectrum of the Bose sys-
tem at the temperatures higher than the critical one and
the effective mass with the help of thermodynamic per-
turbation theory and numerically analyze the behavior
of the heat capacity.

2. Perturbation Theory for the Grand
Canonical Potential at T > Tc

Consider a collection of N spinless particles embedded
into a volume V . The Hamiltonian of the system, which
involves only a pair interaction between particles, may
be written using the secondary quantization language as

H = H0 + Φ,

H0 =
∑
p

(εp − µ)a+
p ap,

Φ =
N2

2V
ν(0) +

1
2

∑
k6=0

ν(k)ρkρ−k −
N

2V

∑
k 6=0

ν(k). (1)

The creation a+
p and destruction ap operators of a par-

ticle with momentum ~p satisfy the usual bosonic com-
mutation relations. The notations ν(k) for the Fourier
transform of the potential and εp = ~2p2/2m for the
free-particle spectrum are introduced. It is more con-
venient to work in the grand canonical ensemble. That
is why we introduced the chemical potential µ and the
fugacity z = eβµ(β = 1/T , where T is the temperature)
of the system that can be found with the help of the
equation∑
p

〈a+
p ap〉 = N. (2)

Using the secondary quantization formalism, it is easy to
write down the Fourier transform of the particle density

fluctuation operator:

ρk =
1√
V

∑
p

a+
p ap+k, (k 6= 0). (3)

Further, our task is to calculate the partition function
of a many-boson system above the phase transition tem-
perature. Of course, the most interesting features of
these calculations occur in the region in a close vicinity
of the temperature of the Bose condensation. As for the
statistical operator, let us pass to the interaction repre-
sentation and write down the partition function in the
following way:

Z = Z0 exp

{
− βN

2

2V
ν(0) + β

N

2V

∑
k 6=0

ν(k)

}
×

×

〈
Tτ exp

{
− 1

2

β∫
0

dτ
∑
k6=0

ν(k)ρk(τ)ρ−k(τ)

}〉
0

. (4)

Here, the quantity

ρk(τ) = eτH0ρke
−τH0 ,

and the braces stand for the statistical averaging with
the Hamiltonian H0. The first multiplier Z0 is the par-
tition function of the ideal Bose gas. The second and
third ones take completely the inter-particle interaction
into account.

Next, we rewrite, with the help of the Hubbard–
Stratonovich transformation, the T -exponent in terms
of the functional integral and average it over the states
of the ideal Bose gas:

Z/Z0 = exp

{
− βN

2

2V
ν(0) + β

N

2V

∑
k 6=0

ν(k)

}
×

×
∫
Dϕ exp

{
−1

2

∑
q

(1 + ν(k)Π(q))ϕqϕ−q+

+
∑
l≥3

(−i)l

l!(V β)l/2−1

∑
q1

. . .
∑
ql

q1+...+ql=0

√
ν(k1) . . .

√
ν(kl)×

×Πl(q1, . . . , ql)ϕq1 . . . ϕql

}
. (5)
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Here, we use the notation q = (ωn,k), ωn = 2πnT (n =
0;±1;±2; . . .) is the Matsubara frequency, and∑
q

=
∑
ωn

∑
k6=0

.

The symbol
∫
Dϕ denotes the integration over the real

and imaginary parts of the ϕq variables from the half-
space of all possible values of q due to the symmetry
ϕ∗q = ϕ−q. The polarization operator

Π(q) = Π(ωn, k) =
1
V β

∑
q′

G0(q′)G0(q′ + q) =

=
1
V

∑
k′

n|k′+k| − nk′
iωn − ε|k′+k| + εk′

. (6)

Here and thereafter, nk is the filling factor of the ideal
Bose gas. We also introduced notations for the symmet-
ric functions:

Πl(q1, . . . , ql) =
1
V βl

∑
q

{
G0(q)G0(q + q1)×

× . . . G0(q + q1 + . . .+ ql−1) + permutations
}
. (7)

The one-particle Green’s function of non-interacting
bosons is

G0(q) =
1

iωn − εk + µ
.

Representation (5), where the partition function is writ-
ten in terms of functional integrals, was used successfully
in the theory of Fermi systems with the Coulombic in-
teraction in Ref. [14]. The fact that we recover Random
Phase Approximation (RPA) correctly in the calculation
of the functional integral in the Gaussian approximation
is a great advantage of our method. This approximation
in the case of interacting fermions generalizes the well-
known result of Gell-Mann–Brueckner for a high-density
electron gas at finite temperatures. The non-Gaussian
part can be taken into account approximately by means
of perturbation theory.

The thermodynamic potential up to the first order of
perturbation theory (in the two-sum approximation over
the “4-vector”) is

Ω = Ω0 + Ω1 + Ω2, (8)

where

Ω0 = T
∑
p

ln
(
1− ze−βεp

)
(9)

is the ideal gas contribution, and

Ω1 =
N2

2V
ν(0)− N

2V

∑
k6=0

ν(k)+

+
1
2β

∑
q

ln |1 + ν(k)Π(q)| (10)

is the well-known [15] RPA-part of the grand canonical
potential. Formula (10) was analyzed in detail only for
Fermi systems. As far as we know, the properties of
liquid helium-4 for the entire temperature range in RPA
never were studied. As we work in the grand canonical
ensemble, we take the average number of particles N as
a function of the chemical potential µ.

The one-loop contribution to the thermodynamic po-
tential is

Ω2 =
1

2 · 3!V β2

∑
q1

∑
q2

∑
q2

q1+q2+q3=0

Π2
3(q1, q2, q3)×

× ν(k1)
1 + ν(k1)Π(q1)

ν(k2)
1 + ν(k2)Π(q2)

ν(k3)
1 + ν(k3)Π(q3)

−

− 1
8V β2

∑
q1

∑
q2

Π4(q1,−q1, q2,−q2)×

× ν(k1)
1 + ν(k1)Π(q1)

ν(k2)
1 + ν(k2)Π(q2)

. (11)

The structure of expressions (10) and (11) clearly shows
that they are “in correlation” with the formulae obtained
in Ref. [6], where an entirely different method of calcu-
lations was used.

3. Renormalization of the One-Particle
Spectrum

It is clear that the basis of further calculations is fully
determined by the renormalization of the quasi-particle
spectrum. For our analysis, we use RPA. Notwithstand-
ing the simplicity of this approximation, it “catches” cer-
tain important features of the behavior of the system. It
is not surprising, because RPA effectively sums up an in-
finite set of terms of perturbation theory divergent near
the phase transition point.

At first, let us use the thermodynamic equality
−∂Ω/∂µ = N to find the average number of particles in
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the system. The explicit calculation of the correspond-
ing derivative with the first two terms of Eq. (8) gives

N =
∑
p

{
np −

∂np
∂µ

N

V
ν(0) +

∂np
∂µ

1
2V

∑
k 6=0

ν(k)−

−∂np
∂µ

1
2V β

∑
q

ν(k)
1 + ν(k)Π(q)

×

×
[

1
ε|k−p| − εp − iωn

+ c. c.
]}

. (12)

Let us construct the Bose filling factor with a new spec-
trum using the expression in braces. Making use of the
equality ∂np/∂µ = −∂np/∂εp, we finally obtain the for-
mula for the renormalized one-particle spectrum,

ε∗p = εp + Δεp, µ∗ = µ+ Δµ, (13)

where the correction to the quasi-particle spectrum is

Δεp =
1
βV

∑
q

ν(k)
1 + ν(k)Π(q)

{
1

ε|k−p| − εp − iωn
−

− 1
εk − iωn

}
, (14)

and the correction to the chemical potential is

Δµ = −N
V
ν(0) +

1
2V

∑
k6=0

ν(k)−

− 1
βV

∑
q

ν(k)
1 + ν(k)Π(q)

εk
ε2k + ω2

n

. (15)

It is easy to obtain the above-mentioned expression for
the spectrum in a different way. To do this, one has
to recall that variational derivative of the Ω-potential
with respect to εp equals the renormalized one-particle
filling factor n∗p. After simple calculations, we obtain the
formula

n∗p = np +
N

V
ν(0)

∂np
∂εp
− 1

2V

∑
k6=0

ν(k)
∂np
∂εp

+

+
1

2V β

∑
q

ν(k)
1 + ν(k)Π(q)

×

×
{[

1
ε|k−p| − εp − iωn

+ c. c.
]
∂np
∂εp

+

+
[

np − n|k−p|

(ε|k−p| − εp − iωn)2
+ c. c.

]}
. (16)

It is easy to argue by making summation over the wave-
vector p of the left- and right-hand sides of the previ-
ous equality that the second term in braces vanishes.
So, after the summation of expression (16), we arrive at
equality (12), and, thus, we get the same expression (14)
for the correction to a one-particle spectrum again. It is
interesting to note that the calculation of the variation
derivative δΩ/δnp in RPA gives the same result. Finally,
Eq. (14) coincides with the result derived in Ref. [16],
where calculations were made in terms of the tempera-
ture Green’s function technique.

Let us analyze expression (14). First, the potential
problems with the integration over the wave-vector may
occur only in the critical region and at the zero frequency
ωn. That is why we write down this term apart and
immediately set apart the Hartree–Fock-like term

Δεp =
1
βV

∑
k 6=0

ν(k)
1 + ν(k)Π(0, k)

[
1

ε|k−p| − εp
− 1
εk

]
+

+
1
V

∑
k6=0

ν(k)
{
n(βε|k−p| − βεp)− n(βεk)−

− 1
β[ε|k−p| − εp]

+
1
βεk

}
− 1
βV

∑
q 6=0

ν2(k)Π(ωn, k)
1 + ν(k)Π(ωn, k)

×

×
[

1
ε|k−p| − εp − iωn

− 1
εk − iωn

]
, (17)

where n(x) = 1/(ex−1), and ρ = N/V is the equilibrium
density of the system. Second, to go further, we have to
investigate the properties of the polarization operator
(6)

Π(ωn, k) =
βk3

0

(2π)2
k0

2k

∞∫
0

dx
x

z−1ex2 − 1
×

×
{

ln
∣∣∣∣ (k/k0)2 + 2xk/k0 − iun
(k/k0)2 − 2xk/k0 − iun

∣∣∣∣+ c. c.
}
. (18)
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For convenience, the following notations are used: k0 =√
2mT/~, un = 2πn. We are interested in a long wave-

length behavior of the polarization operator. To find
the leading order asymptote of Π(ωn, k) at the zero fre-
quency at the critical point, it is sufficient to replace the
Bose filing factor 1/(ex

2 − 1) in integral (18) by 1/x2.
Then, after a simple calculation, we get Π(0, k → 0) =
βk4

0/(8k). For higher temperatures (µ 6= 0), we have

Π(0, k) = βρ

{
g1/2(eβµ)
g3/2(eβµ)

− 1
6
k2

k2
0

g−1/2(eβµ)
g3/2(eβµ)

}
+ . . . ,

gl(ey) =
∑
n≥1

eyn

nl
. (19)

The dots stand for the terms higher than quadratic ones
in the expansion in the wave-vector. It is easy to see from
definition (6) that Π(ωn, 0) = 0 for non-zero frequencies.

Now, let us consider the contribution to the one-
particle spectrum (14) from the zero frequency. Using
the designation Δεup for this term of the spectrum, it is
easy to write down

Δεup = (k0/π)2p

∞∫
0

dx
ν(2xp)

1 + ρν(2xp)Π(0, 2xp)
×

×
[
x

2
ln
∣∣∣x+ 1
x− 1

∣∣∣− 1
]
. (20)

For the self-consistency of our calculations, especially
near the critical point, the chemical potential µ should
be changed by µ∗ on the right-hand side of Eq. (20) (the
critical point is determined by the equation µ∗ = 0, re-
spectively). Admittedly, the ideal gas dispersion relation
should be replaced by the exact one-particle spectrum,
but the further analysis will not be influenced by this
replacement qualitatively.

Let us consider the integral in Eq. (20) at small p and
assume, for definiteness, that the temperature is higher
than the critical one. Then, substituting Π(0, 2xp) →
Π(0, 0) and ν(2xp)→ ν(0), we obtain

Δεup =
k2
0

π2
p

ν(0)
1 + ρν(0)Π(0, 0)

∞∫
0

dx

[
x

2
ln
∣∣∣x+ 1
x− 1

∣∣∣− 1
]
.

It turns out that this integral equals zero identically.
Moreover, even after the substitution of Π(0, k)→ (19),
the integral in Eq. (20) equals zero too. Thus, it is

shown, with a realistic restriction on the Fourier trans-
form of the potential energy, i.e. in the absence of linear
and quadratic terms in the expansion of ν(k) at small k,
that Δεup = o(p2).

The situation is quite different in the critical region.
Here, the leading-order asymptote is Δεup ∼ p2 ln(p)
(it is easy to show with regard for the properties of
Π(0, k) ∼ 1/k in this region), which obviously is a hint
at the following behavior of the one-particle spectrum
Δεup ∼ p2−η (η → 0) at the critical temperature. Clearly,
one cannot obtain this result using a simple perturbative
approach.

Hence, having separated the non-analytic problematic
part of the spectrum (the second term in Eq. (17)), we
can consider the “non-universal” one, i.e. the remainder
of Eq. (17). Precisely this expression will determine
the observed non-universal properties of the Bose liquid.
The latter calculations are linked to the summation over
the Matsubara frequencies in the last term of Eq. (17)
and coincide with those in Ref. [16]. That is why we do
not dwell on the details of these calculations. Now, the
leading-order non-vanishing term of the quasi-particle
dispersion relation is quadratic in the wave-vector. We
recall that Δεup = o(p2), and, hence, its contribution
is not significant. So, for simplification, we assume the
spectrum to be a quadratic free-particle one, but with
the normalized mass.

As we single out the “problematic” contribution to the
quasi-particle spectrum, by expanding the second and
third sums of Eq. (17) in series in p, we obtain that the
one-particle spectrum reads

ε∗p = Δεup +
~2p2

2m∗
. (21)

The effective mass is

m/m∗ = 1−Δ(T ), (22)

where the quantity

Δ(T ) =
1

3N

∑
k6=0

(αk − 1)2

αk(αk + 1)
+

+
2

3N

∑
k6=0

{
α2
k + 3
α2
k − 1

[n(βεk)− 1/βεk]−

− 3α2
k + 1

αk(α2
k − 1)

[n(βEk)− 1/βEk] +

+2 [1/βεk − βεkn(βεk)[1 + n(βεk)]]
}
. (23)

1218 ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 12



THEORY OF HEAT CAPACITY OF LIQUID HELIUM-4

Here, we use the following notations: Ek = αkεk is the
Bogoliubov spectrum, and αk =

√
1 + 2ρν(k)/εk. The

effective mass in the low-temperature region is always
larger than its “bare” one, which means that the renor-
malized temperature of the Bose condensation of inter-
acting particles is always lower than the critical temper-
ature of the ideal gas. This is the most important result
of Eqs. (22) and (23). Carefully calculating the limit
β → 0 at low temperatures, it is easy to ascertain that
the effective mass tends to the mass of particles. It is
of importance that the temperature-independent part of
formula (23) coincides with the effective mass derived in
Ref. [12], where a different method was used in calcula-
tions.

At the end of this section, one more remark on the ap-
plicability of the formula for Δ(T ) has to be made. The
approximation of the exact spectrum of collective modes
by the Bogoliubov spectrum, on the one hand, made it
possible to obtain the analytical expression (23). On the
other hand, it brought us beyond the limits of RPA. It
is hard to assess the accuracy of such a trick, but it can
be justified, only by considering that the Fourier trans-
form of the two-particle potential is a rapidly decreasing
function. Then the main contribution to the integral
over the wave-vector comes from the lower limit of inte-
gration, where the Bogoliubov spectrum completely co-
incides with the exact one.

4. Internal Energy and Heat Capacity

The expression for the grand canonical potential de-
rived in Section 2 is applicable only for the temperatures
higher than the critical one. To describe the λ-transition
phenomenon, in particular thermodynamic functions, let
us use an approach based on the density matrix of the
Bose liquid [13]. Using this approach, the dependence
of the internal energy of the Bose liquid on the effective
mass of a helium-4 atom was found in the approximation
of pair-particle correlations in Ref. [6]. In the case of
m∗/m = 1, a good agreement of the heat capacity with
experimental data in the region below the critical point
was obtained in Ref. [6]. But above the phase tran-
sition temperature, the heat capacity curve was shifted
upward. Hence, the calculation of the heat capacity for
the case of m∗/m 6= 1 is an interesting problem.

We take the expression for the internal energy in the
approximation of pair-particle correlations from Ref. [6]:

E = N
mc2

2
+
∑
k6=0

~2k2

2m
1

z−1
0 eβε

∗
k − 1

+

+
1
2
m∗

m

∑
k6=0

λk
1 + λkS0(k)

∂S0(k)
∂β

+

+
1
4

∑
k6=0

~2k2

2m
(
λ2
k + α2

k − 1
)
S(k)+

+
1
2

∑
k6=0

~2k2

2m

[
αk

sinh (βEk)
− 1

sinh (βε∗k)

]
+

+
1
16

∑
k6=0

~2k2

2m

(
1− 1

α2
k

)(
αk −

1
αk
− 4α2

k

)
. (24)

Here, the following notations are introduced:

S0(k) = 1 + 2
n0

N
n∗k +

1
N

∑
p6=0

p+k6=0

n∗pn
∗
|p+k| (25)

is the structure factor of the ideal Bose gas with a renor-
malized mass. The quantity n0 is the average number
of particles of the ideal Bose gas with zero momentum,
and z0 is its fugacity.

The quantity

S(k) =
S0(k)

1 + λkS0(k)
(26)

is the pair structure factor of the Bose liquid, and

λk = αk tanh (βEk/2)− tanh (βε∗k/2) . (27)

Let us make remark about formulae (13) and (24).
These formulas were obtained with the use of different
approximate approaches; that is why the chemical po-
tential calculated from Eq. (24) µ̃ = (∂E/∂N)T does
not coincide with Eq. (13).

Obviously, if we turn off the interparticle interaction
αk = 1, m∗ = m, and take into account that the sound
velocity in the ideal Bose gas at T = 0 equals zero, c = 0
(there are no zero density fluctuations in the Bose sys-
tem), and λk = 0 (27), we obtain the well-known formula
for the energy of the ideal Bose gas

E =
∑
k6=0

~2k2

2m
1

z−1
0 eβ~2k2/2m − 1

. (28)

Let us analyze the total energy (24) in the low-
temperature region, where it coincides with the formulae
obtained in Ref. [13, 17]. At low temperatures T → 0,
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Fig. 1. Temperature dependence of the fraction m∗/m

when only small values of the wave-vector k are impor-
tant in the expression for the spectrum Ek, we obtain

E = E0 +
∑
k 6=0

Ek
eβEk − 1

,

where the ground-state energy is

E0 = N
mc2

2
− 1

4

∑
k6=0

~2k2

2m
(αk − 1)2 +

+
1
16

∑
k6=0

~2k2

2m
1
αk

(
αk −

1
αk

)2

,

and, after explicit calculations,

E = E0 +
V π2

30(~c)3
T 4, CV = V

2π2

15(~c)3
T 3.

Exactly the same temperature dependence of the heat
capacity of liquid 4He at T → 0 is observed. Since we
obtained the correct behavior of the heat capacity at
low temperatures, by using the energy of the Bose liquid
(24), we expect to derive the correct behavior of the heat
capacity for the entire temperature range.

5. Numerical Results

Our numerical calculations are carried out at the equi-
librium density of liquid helium ρ = 0.02185 Å−3, mass
of particles m = 4.0026 u, sound velocity c = 238.2 m/s
in the limit of T → 0 [18], and at the critical temper-
ature of the ideal gas Tc = 3.138 K. We use the liquid

structure factor extrapolated to T = 0 [4] as the output
information, instead of the interparticle potential, i.e.

αk =
1

Sexp(k)
, (29)

where Sexp(k) is the experimentally measured structure
factor at T = 0.

It is logical to start the calculations with the formula
for the renormalized one-particle spectrum and, thus,
with the formula for the effective mass of particles. De-
spite the complexity of the last sum over the wave-vector
in Eq. (23), the main contribution to the effective mass
arises from the temperature-independent part. In Fig.
1, the dependence of the dimensionless effective mass
m∗/m on the temperature is presented. Formally, we
extrapolated the curve of the effective mass in the con-
densate region, where it becomes obviously a parameter
of the theory. It is important that, at the zero tempera-
ture, m∗ coincides with the effective mass of an impurity
atom in the Bose liquid [12].

The first three terms of the low-temperature expan-
sion are (T � mc2, T � ~2ρ2/3/m), and

Δ(T → 0) = Δ0 + Δ1T −Δ3/2T
3/2 +O(T 5/2), (30)

(T in Kelvins)

where Δ-coefficients are

Δ0 =
1

3N

∑
k6=0

(αk − 1)2

αk(αk + 1)
= 0.41,

Δ1 =
2

3N

∑
k6=0

α2
k − 1
α2
kεk

= 0.31,

Δ3/2 =
4
3
ζ(3/2)

( m

2π~2

)3/2

/ρ = 0.24.

Then the effective mass equals approximately

m∗ = m
/(

0.59− 0.31T + 0.24T 3/2
)
.

This formula reproduces the curve in Fig. 1 quite well
up to the critical temperature.

We now are in position to calculate the renormalized
temperature of the Bose condensation. We can find Tc
using the condition

∑
p n
∗
p = N at the zero value of

the renormalized chemical potential µ∗. A simple cal-
culation gives Tc = 1.94 K that agrees quite well with
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experimental measurements of the temperature of the
λ-transition T exp

c = 2.17 K despite the simplicity of the
approximations.

Let us pass on to the heat capacity calculation:

CV =
(
∂E

∂T

)
V

. (31)

We calculate the heat capacity using the difference
method and build the plot of its dependence on T/Tc.

A comparison of different heat capacity curves is de-
picted in Fig. 2. As is seen from the comparison of the
calculated curve 1 with the experimental one, the agree-
ment is quite good at low temperatures (0 < T/Tc < 1).
At the temperatures T/Tc > 1, the inconsistency occurs:
the behavior of the calculated heat capacity is very simi-
lar to the behavior of the experimental curve, but shifted
upward almost in a parallel way. This inconsistency is
related to the fact that the three- and four-particle cor-
relations should be taken into account for the quanti-
tative description. The contribution of the three- and
four-particle correlations, as is shown in Refs. [17, 19],
improves significantly the ground-state results and gives
a fairly good agreement at T → 0.

Further, let us calculate the heat capacity of liquid
helium-4 with regard for the effective mass of a helium
atom in the liquid (curve 2). At low temperatures, the
heat capacity practically coincides with curve 1, which
agrees well with experimental data. This shows the weak
dependence of the heat capacity on the effective mass be-
low the phase transition temperature. As is seen from
Fig. 2, the calculated curve 2 (unlike curve 1) agrees
quite well with the experimental one. It is related to the
fact that, by using the effective mass, we partially take
the contribution from the three- and four-particle corre-
lations into account. It is not surprising that, in a close
vicinity of the Bose condensation point, the theoreti-
cally calculated heat capacity deviates most significantly
from the experimental curve. It is solely related to the
inconsistency of our description near the critical point
because the non-analytical part (20) of the one-particle
spectrum, which makes a significant contribution to the
thermodynamic functions at T → Tc, is disregarded in
our approach. One has to use renormalization group
methods [24–26] for the correct description of the heat
capacity in this temperature region.

6. Conclusions

We have succeeded in deriving quite well an agreement
of the heat capacity curve for liquid helium with experi-

0.0 0.5 1.0 1.5 2.0 2.5
0

1

2

3

4

5

2

1

T/TC

CV/N 

Fig. 2. Heat capacity of liquid helium-4. Curve 1 is the calculated
heat capacity in the pair-correlation approximation (24) [6]; curve
2 is the heat capacity in the pair-correlation approximation (24)
with regard for the effective mass of a helium atom in the liquid
(22). The circles show experimental data from Refs. [20–22]

mental data practically for all temperatures. The appli-
cation of the thermodynamic functions of the Bose liq-
uid obtained with the help of the Hamiltonian averaging
combined with a one-particle spectrum derivation were
the key moments of calculations. Notwithstanding the
simplicity of the spectrum calculation, we obtained quite
interesting results. In particular, we can decompose the
part of the quasiparticle spectrum that is responsible
for the non-analyticity at the Bose condensation point
and show that this term of the spectrum has no effect on
the physical observables in the undercritical temperature
region. So, the attempt is made to justify microscopi-
cally the idea that the λ-transition in a real quantum
liquid is very similar to the Bose–Einstein condensation
phenomenon in the ideal gas “slightly” deformed by the
interaction between the particles (keeping in mind the
non-universal properties of the system).

The calculation has found that the long wave-length
limit of the “non-universal” part of the one-particle spec-
trum is quadratic in the wave-vector, i.e. very similar to
the dispersion relation of the ideal gas, but with a new
mass. In the general case, it is shown that this new mass
at low temperatures is always greater than the mass of
particles, and thus, the presence of the interaction al-
ways lowers, at least in our approximation, the critical
temperature.

Another feature of the developed theory, perhaps a
bit unexpected, is that even this simple temperature de-
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pendence of the effective mass improves the behavior of
the heat capacity curve in the undercritical region and
does not affect it in the condensate phase. Hence, the
quantum-statistical approach based on the density ma-
trix is suitable to describe the thermodynamic properties
of such a strongly-interacting Bose liquid as helium-4 not
only in the limits of low and high temperatures, but in
the entire temperature range.
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ТЕОРIЯ ТЕПЛОЄМНОСТI РIДКОГО ГЕЛIЮ-4
ДЛЯ ТЕМПЕРАТУР ВИЩИХ КРИТИЧНОЇ

I.О. Вакарчук, В.С. Пастухов, Р.О. Притула

Р е з ю м е

В статтi, за допомогою виразу для внутрiшньої енергiї, отрима-
ного в роботi [6], в поєднаннi з простим розрахунком ефектив-
ної маси взаємодiючих бозе-частинок, чисельно проаналiзовано
поведiнку теплоємностi рiдкого 4He для всiх значень темпера-
тури. Результати добре узгоджуються з експериментальними
даними.
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