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ELECTRICALLY PUMPED
TWO-MODE LASER DYNAMICS

The statistical and squeezing properties of the cavity light produced by a three-level laser are
studied. In the laser, 𝑁 three-level atoms in an open cavity are coupled with a two-mode vacuum
reservoir and are pumped to the top level by means of the electron bombardment. Applying
the steady-state solutions of the equations of evolution of the expectation values of the atomic
operators and the quantum Langevin equations for the cavity mode operators, we have obtained
the global and local photon statistics for single-mode cavity light beams and for two-mode cavity
light. It is found that the global mean photon number and the global photon-number variance
of the light emitted from the top are greater than those for the light emitted from intermediate
level. The cavity lights emitted from the top and intermediate levels can be separately in a
chaotic state under certain conditions. However, the two-mode cavity light is in a squeezed
state under certain conditions. We have established that the maximum quadrature squeezing of
the two-mode cavity light to be about 46% below the coherent-state level. The presence of the
vacuum reservoir noise has the effect of increasing the photon-number variance and decreasing
the quadrature squeezing of the cavity light but has no effect on the mean photon number. We
have shown that the local mean photon number and photon number variance of the cavity light
approach the global mean photon number and photon number variance of the cavity light as
the frequency interval increases.
K e yw o r d s: stimulated emission decay constant, photon statistics, power spectrum, photon
number fluctuations, quadrature squeezing.

1. Introduction
In recent years, a three-level cascade laser has at-
tracted a great deal of interest in connection with its
potential as a source of a squeezed light [1–4], which is
expected due to the correlation between the two pho-
tons generated, when an atom decays from the top
to the bottom level via the intermediate level [5]. A
three-level laser may be defined as a quantum optical
system in which three-level atoms in a cascade con-
figuration, initially prepared in a coherent superpo-
sition of the top and bottom levels, are injected into
a cavity coupled to a vacuum reservoir via a single-
port mirror. A three-level laser may have additional
or modified features. One interesting additional fea-
ture of a three- level laser involves the coupling of the
top and bottom levels of the atoms injected into the
cavity by a strong coherent light. When a three-level
atom in a cascade configuration makes a transition
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from the top to the bottom level via the intermediate
level, two photons are generated. If the two photons
have the same frequency, then the three-level atom
is called degenerate three-level atom otherwise it is
called nondegenerate.

The statistical and the squeezing properties of the
light generated by a three-level laser have been inves-
tigated by several authors [2–9]. Some authors have
studied a three-level laser in which the top and ground
levels of the atoms injected into the cavity are coupled
by strong coherent light [10, 11]. Three-level lasers in
which the crucial role is played by the coherent super-
position of the top and bottom levels of the injected
atoms have been studied in [7, 11]. These studies
showed that this quantum optical system can gener-
ate light in a squeezed state under certain conditions.

Preparing the three-level atoms in a coherent su-
perposition of the top and bottom levels before
they are injected into a laser cavity is not a simple
task. Moreover, it may not possible to know whether
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the atoms have decayed spontaneously to levels other
than the intermediate or bottom level before they are
removed from the laser cavity [3,6]. In addition, when
the top and bottom levels of the three-level lasers are
coupled by strong coherent light, the atoms may de-
cay from the top to bottom levels. This decay may
decrease the mean photon number of the cavity light.

Fesseha and Solomon [12, 13] have studied a three-
level laser in which three-level atoms available in a
closed cavity are pumped from the bottom to the
top level by the electron bombardment. They carried
out their analysis by putting the vacuum noise oper-
ators in the normal order which renders the vacuum
reservoir to be a noiseless physical entity. They have
found that the light generated by the three-level laser
operating far below the threshold is in a squeezed
state, with the maximum quadrature squeezing being
50% below the vacuum-state level. In addition, they
have shown that the quadrature squeezing of the out-
put light is equal to that of the cavity light. On the
other hand, their study showed that the local quadra-
ture squeezing is greater than the global quadrature
squeezing.

Furthermore, Fesseha [3] has studied a three-level
laser in which three-level atoms available in a closed
cavity are pumped from the bottom to the top level
by coherent light. He carried out his analysis by
putting the vacuum noise operators in the normal
order. He has found that the light generated by the
three-level laser operating under certain conditions is
in a squeezed state, with the maximum quadrature
squeezing being about 43% below the vacuum-state
level. In addition, he has shown that the quadrature
squeezing of the output light is equal to that of the
cavity light. On the other hand, this study shows that
the local quadrature squeezing is greater than the
global quadrature squeezing.

Recently, Mekonnen [6] has also studied a three-
level laser in which three-level atoms available in a
closed cavity are pumped from the bottom to the top
level by coherent light. He carried out his analysis by
putting the vacuum noise operators in an arbitrary
order. He has found that the light generated by the
three-level laser operating under certain conditions is
in a squeezed state, with the maximum quadrature
squeezing being less than 43% below the vacuum-
state level. In addition, he has also shown that the
effect of the vacuum reservoir noise is to increase the
photon number variance and to decrease the quadra-

ture squeezing. However, the vacuum reservoir noise
has no any effect on the mean photon number.

This paper essentially has two parts. In the first
part, we will study the statistical properties of the
light generated by three-level atoms available in an
open cavity and pumped to the top level by the elec-
tron bombardment. We will carry out our calcula-
tion by taking the noise operators associated with
the vacuum reservoir in an arbitrary order. We first
determine the quantum Langevin equations and the
equations of evolution of the atomic operators. Mo-
reover, we determine the solutions of the equations
of evolution of the atomic operators and the quan-
tum Langevin equations for the cavity mode opera-
tors. Then, applying the resulting solutions, we cal-
culate the photon statistics of the single-mode and
two-mode cavity lights.

In the second part, we will analyze the squeezing
properties of the two-mode cavity light produced by
three-level lasers in which the three-level atoms avail-
able in an open cavity are pumped to the top level
from the bottom and ground level by the electron
bombardment.

2. Equations of Evolution

We consider 𝑁 three-level atoms available in a cavity
coupled to a two-mode vacuum reservoir via a sin-
gle port mirror. We study the case where the cav-
ity light and the atoms are interacting with a two-
mode vacuum reservoir. We represent the top, inter-
mediate, bottom, and ground levels of the 𝑘𝑡ℎ three-
level atom in the cascade configuration by |𝑎𝑘⟩, |𝑏𝑘⟩,
|𝑐𝑘⟩, and |𝑑𝑘⟩, respectively. We assume the transitions
|𝑎𝑘⟩ → |𝑏𝑘⟩ and |𝑏𝑘⟩ → |𝑐𝑘⟩ to be dipole allowed,
with direct transitions |𝑎𝑘⟩ → |𝑐𝑘⟩ to be dipole forbid-
den. In addition, we consider the case where the cav-
ity modes are at resonance with the two transitions
|𝑎𝑘⟩ → |𝑏𝑘⟩ and |𝑏𝑘⟩ → |𝑐𝑘⟩. We also consider the case
where the atoms are pumped from the ground level
|𝑑𝑘⟩ and bottom level |𝑐𝑘⟩ to the top level |𝑎𝑘⟩ at the
rates of 𝑟𝑑𝑎 and 𝑟𝑐𝑎, respectively, by means of the elec-
tron bombardment. A three-level atom may make a
transition from the level |𝑎𝑘⟩ to |𝑏𝑘⟩ and from |𝑏𝑘⟩ to
|𝑐𝑘⟩, by emitting photon of the same frequency 𝜔. To
this end, we prefer to call the light emitted by the
𝑁 three-level atoms from the top energy level light
mode a and the light emitted from the intermediate
energy level light mode b. In addition, the atom may
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decay from levels |𝑎𝑘⟩, |𝑏𝑘⟩, and |𝑐𝑘⟩ spontaneously
to the ground level |𝑑𝑘⟩ (assumed to be the same for
all transitions) at the rate of, say, 𝛾 [14, 15]. In the
rotating wave and electric dipole approximations, the
interaction of one of the 𝑘𝑡ℎ atoms to the cavity light
in the rotating frame of reference is described by the
Hamiltonian [2, 4, 6]

𝐻̂ = 𝑖𝑔
[︀
|𝑎𝑘⟩⟨𝑏𝑘|𝑎̂− 𝑎̂†|𝑏𝑘⟩⟨𝑎𝑘|+ |𝑏𝑘⟩⟨𝑐𝑘|𝑏̂− 𝑏†|𝑐𝑘⟩⟨𝑏𝑘|

]︀
,

(1)

where 𝑔, which is assumed to be the same for both
transitions, is a coupling constant between the atom
and the cavity mode, 𝑎̂ is the annihilation operator
for the cavity mode, and |𝑏𝑘⟩⟨𝑎𝑘| (|𝑐𝑘⟩⟨𝑏𝑘|) is the
atomic lowering operator. The master equation de-
scribing the interaction of three-level atom and cav-
ity modes with one another andwith the two-mode
vacuum reservoir is found to be [2]

𝑑𝜌

𝑑𝑡
= −𝑖[𝐻̂, 𝜌]+

𝜅

2
[2𝑎̂𝜌𝑎̂†−𝑎̂†𝑎̂𝜌−𝜌𝑎̂†𝑎̂+2𝑏̂𝜌𝑏̂†−𝑏̂†𝑏̂𝜌−

− 𝜌𝑏̂†𝑏̂] +
𝛾

2

[︁
2|𝑑𝑘⟩⟨𝑎𝑘|𝜌|𝑎𝑘⟩⟨𝑑𝑘| − |𝑎𝑘⟩⟨𝑎𝑘|𝜌−

− 𝜌|𝑎𝑘⟩⟨𝑎𝑘|+ 2|𝑑𝑘⟩⟨𝑏𝑘|𝜌|𝑏𝑘⟩⟨𝑑𝑘| − |𝑏𝑘⟩⟨𝑏𝑘|𝜌−

− 𝜌|𝑏𝑘⟩⟨𝑏𝑘|+2|𝑑𝑘⟩⟨𝑐𝑘|𝜌|𝑐𝑘⟩⟨𝑑𝑘|−|𝑐𝑘⟩⟨𝑐𝑘|𝜌−𝜌|𝑐𝑘⟩⟨𝑐𝑘|
]︁
.

(2)

Upon substituting Eq. (1) into Eq. (2), the maser
equation takes the form

𝑑𝜌

𝑑𝑡
= 𝑔[𝜎̂†

𝑎𝑎̂𝜌− 𝜌𝜎̂†
𝑎𝑎̂− 𝑎̂†𝜎̂𝑎𝜌+ 𝜌𝑎̂†𝜎̂𝑎 + 𝜎̂†

𝑏 𝑏̂𝜌−

− 𝜌𝜎̂†
𝑏 𝑏̂− 𝑏̂†𝜎̂𝑏𝜌+ 𝜌𝑏̂†𝜎̂𝑏] +

+
𝜅

2
[2𝑎̂𝜌𝑎̂† − 𝑎̂†𝑎̂𝜌− 𝜌𝑎̂†𝑎̂+ 2𝑏̂𝜌𝑏̂† − 𝑏̂†𝑏̂𝜌− 𝜌𝑏̂†𝑏̂] +

+
𝛾

2

[︁
2|𝑑𝑘⟩⟨𝑎𝑘|𝜌|𝑎𝑘⟩⟨𝑑𝑘| − |𝑎𝑘⟩⟨𝑎𝑘|𝜌− 𝜌|𝑎𝑘⟩⟨𝑎𝑘|+

+2|𝑑𝑘⟩⟨𝑏𝑘|𝜌|𝑏𝑘⟩⟨𝑑𝑘| − |𝑏𝑘⟩⟨𝑏𝑘|𝜌− 𝜌|𝑏𝑘⟩⟨𝑏𝑘|+

+2|𝑑𝑘⟩⟨𝑐𝑘|𝜌|𝑐𝑘⟩⟨𝑑𝑘| − |𝑐𝑘⟩⟨𝑐𝑘|𝜌− 𝜌|𝑐𝑘⟩⟨𝑐𝑘|
]︁
. (3)

Here, the atomic coherences and atomic populations
are defined by 𝜎̂𝑘

𝑎 = |𝑏𝑘⟩⟨𝑎𝑘|, 𝜎̂𝑘
𝑏 = |𝑐𝑘⟩⟨𝑏𝑘|, 𝜎̂𝑘

𝑐 =
= |𝑐𝑘⟩⟨𝑎𝑘|, 𝜂𝑘𝑎 = |𝑎𝑘⟩⟨𝑎𝑘|, 𝜂𝑘𝑏 = |𝑏𝑘⟩⟨𝑏𝑘|, 𝜂𝑘𝑐 =
= |𝑐𝑘⟩⟨𝑐𝐾 |, 𝜂𝑘𝑑 = |𝑑𝑘⟩⟨𝑑𝑘|, respectively.

The equations of evolution for the expectation
value of the cavity mode and atomic operators are
evaluated by making use of the relation

𝑑

𝑑𝑡
⟨𝐴⟩ = 𝑇𝑟

(︂
𝑑𝜌

𝑑𝑡
𝐴

)︂
. (4)

With regard for Eqs. (3) and (4), we can arrive at

𝑑

𝑑𝑡
⟨𝑎̂⟩ = −𝜅

2
⟨𝑎̂⟩ − 𝑔⟨𝜎̂𝑘

𝑎⟩, (5)

𝑑

𝑑𝑡
⟨𝑏̂⟩ = −𝜅

2
⟨𝑏̂⟩ − 𝑔⟨𝜎̂𝑘

𝑏 ⟩, (6)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑎⟩ = −𝛾⟨𝜎̂𝑘
𝑎⟩+ 𝑔[⟨𝜂𝑘𝑏 𝑎̂⟩ − ⟨𝜂𝑘𝑎 𝑎̂⟩+ ⟨𝑏̂†𝜎̂𝑘

𝑐 ⟩], (7)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑏 ⟩ = −𝛾⟨𝜎̂𝑘
𝑏 ⟩+ 𝑔[⟨𝜂𝑘𝑐 𝑏̂⟩ − ⟨𝑎̂†𝜎̂𝑘

𝑐 ⟩ − ⟨𝜂𝑘𝑏 𝑏̂⟩], (8)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑐 ⟩ = −𝛾⟨𝜎̂𝑘
𝑐 ⟩+ 𝑔[⟨𝜎̂𝑘

𝑏 𝑎̂⟩ − ⟨𝜎̂𝑘
𝑎 𝑏̂⟩], (9)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑎⟩ = −𝛾⟨𝜂𝑘𝑎⟩+ 𝑔[⟨𝜎̂†𝑘

𝑎 𝑎̂⟩+ ⟨𝑎̂†𝜎̂𝑘
𝑎⟩], (10)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑏 ⟩ = 𝛾(⟨𝜂𝑘𝑎⟩ − ⟨𝜂𝑘𝑏 ⟩)− 𝑔[⟨𝜎̂†𝑘

𝑎 𝑎̂⟩+ ⟨𝑎̂†𝑘𝜎̂𝑎⟩], (11)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑐 ⟩ = −𝛾⟨𝜂𝑘𝑐 ⟩ − 𝑔[⟨𝜎̂†𝑘

𝑏 𝑏̂⟩+ ⟨𝑏̂†𝜎̂𝑘
𝑏 ⟩], (12)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑑⟩ = 𝛾[⟨𝜂𝑘𝑎⟩+ ⟨𝜂𝑘𝑏 ⟩+ ⟨𝜂𝑘𝑐 ⟩]. (13)

On the basis of expressions (5) and (6), we can rewrite

𝑑

𝑑𝑡
⟨𝑎̂⟩ = −𝜅

2
𝑎̂− 𝑔𝜎̂𝑘

𝑎 + 𝑔𝑎(𝑡) (14)

and

𝑑

𝑑𝑡
⟨𝑏̂⟩ = −𝜅

2
𝑏̂− 𝑔𝜎̂𝑘

𝑏 + 𝑔𝑏(𝑡), (15)

where 𝑔𝑎(𝑡) and 𝑔𝑏(𝑡) are the quantum Langevin noise
operators associated with the cavity mode, whose cor-
relation properties are expressible as [16]

⟨𝑔𝑎(𝑡)⟩ = ⟨𝑔𝑏(𝑡)⟩ = 0, (16)

⟨𝑔†𝑎(𝑡)𝑔𝑎(𝑡′)⟩ = ⟨𝑔†𝑏(𝑡)𝑔𝑏(𝑡
′)⟩ = 0, (17)

⟨𝑔𝑎(𝑡)𝑔†𝑎(𝑡′)⟩ = ⟨𝑔𝑏(𝑡)𝑔†𝑏(𝑡
′)⟩ = 𝜅𝛿(𝑡− 𝑡′), (18)

⟨𝑔†𝑎(𝑡)𝑔†𝑎(𝑡′)⟩ = ⟨𝑔𝑎(𝑡)𝑔𝑎(𝑡′)⟩ = ⟨𝑔𝑏(𝑡)𝑔𝑏(𝑡′)⟩ = 0. (19)

We see that Eqs. (7)–(13) are incomplete linear cou-
pled differential equations. Hence, it is not possible
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to find exact time-dependent solutions for these equa-
tions [17]. To overcome this problem, we consider the
case where the cavity mode operators relax firstly [16–
20]. Then, in view of this consideration, Eqs. (14) and
(15) yield the following approximately valid relations:

𝑎̂ = −2𝑔

𝜅
𝜎̂𝑘
𝑎 +

2

𝜅
𝑔𝑎(𝑡), (20)

𝑏̂ = −2𝑔

𝜅
𝜎̂𝑘
𝑏 +

2

𝜅
𝑔𝑏(𝑡). (21)

Then, substituting (20) and (21) into Eqs. (7)–(13),
we obtain

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑎(𝑡)⟩ = −(𝛾 + 𝛾𝑐)⟨𝜎̂𝑘
𝑎(𝑡)⟩ +

2𝑔

𝜅
[⟨𝜂𝑘𝑏 (𝑡)𝑔𝑎(𝑡)⟩−

− ⟨𝜂𝑘𝑎(𝑡)𝑔𝑎(𝑡)⟩+ ⟨𝑔†𝑘𝑎 (𝑡)𝜎̂𝑘
𝑐 (𝑡)⟩], (22)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑏 (𝑡)⟩ = −
(︁𝛾𝑐
2

+ 𝛾
)︁
⟨𝜎̂𝑘

𝑏 (𝑡)⟩+
2𝑔

𝜅
[⟨𝜂𝑘𝑐 (𝑡)𝑔𝑏(𝑡)⟩−

− ⟨𝑔𝑎(𝑡)𝜎̂𝑘
𝑐 (𝑡)⟩ − ⟨𝜂𝑘𝑏 (𝑡)𝑔𝑏(𝑡)⟩], (23)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑐 (𝑡)⟩ = −
(︁𝛾𝑐
2

+ 𝛾
)︁
⟨𝜎̂𝑘

𝑐 (𝑡)⟩+

+
2𝑔

𝜅
[⟨𝜎̂𝑘

𝑎(𝑡)𝑔𝑏(𝑡)⟩ − ⟨𝜎̂𝑘
𝑏 (𝑡)𝑔𝑎(𝑡)⟩], (24)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑎(𝑡)⟩ = −(𝛾𝑐 + 𝛾)⟨𝜂𝑘𝑎(𝑡)⟩+

+
2𝑔

𝜅
[⟨𝜎̂†𝑘

𝑎 (𝑡)𝑔𝑎(𝑡)⟩+ ⟨𝑔†𝑎(𝑡)𝜎̂𝑘
𝑎(𝑡)⟩], (25)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑏 (𝑡)⟩ = −(𝛾 + 𝛾𝑐⟨𝜂𝑏(𝑡)⟩+ 𝛾𝑐⟨𝜂𝑎(𝑡)⟩+

+
2𝑔

𝜅
[⟨𝜎̂†𝑘

𝑎 (𝑡)𝑔𝑎(𝑡)⟩+ ⟨𝑔†𝑎(𝑡)𝜎̂𝑘
𝑎(𝑡)⟩], (26)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑐 (𝑡)⟩ = −𝛾⟨𝜂𝑘𝑐 ⟩+ 𝛾𝑐⟨𝜂𝑎(𝑡)⟩−

− 2𝑔

𝜅
[⟨𝑔†𝑏(𝑡)𝜎̂

𝑘
𝑏 (𝑡)⟩+ ⟨𝜎̂†𝑘

𝑏 (𝑡)𝑔𝑏(𝑡)⟩], (27)

where

𝛾𝑐 =
4𝑔2

𝜅
(28)

is the rate of stimulated emission decay [6].
Next, we wish to determine the values of the terms

inside the square brackets in (7). To this end, after

removing the angular brackets, the formal solution of
Eq. (10) can be written as

𝜂𝑘𝑎(𝑡) = 𝜂𝑘𝑎(0)𝑒
−(𝛾+𝛾𝑐)𝑡 +

2𝑔

𝜅

𝑡∫︁
0

𝑑𝑡′𝑒−(𝛾+𝛾𝑐)(𝑡−𝑡′) ×

×
[︀
𝜎̂†𝑘
𝑎 (𝑡′)𝑔𝑎(𝑡

′) + 𝑔†𝑎(𝑡
′)𝜎̂𝑘

𝑎(𝑡
′)
]︀
+

+

𝑡∫︁
0

𝑑𝑡′𝑒−(𝛾+𝛾𝑐)(𝑡−𝑡′)𝐹𝑎(𝑡
′), (29)

where 𝐹𝑎(𝑡) is a vacuum reservoir noise operator as-
sociated with an atomic operator. Now, multiplying
the above equation from the right by 𝑔𝑎(𝑡) and taking
the expectation value of the resulting expression, we
get

⟨𝜂𝑘𝑎(𝑡)𝑔𝑎(𝑡)⟩ = ⟨𝜂𝑘𝑎(0)𝑔𝑎(𝑡)⟩𝑒−(𝛾+𝛾𝑐)𝑡 +

+

𝑡∫︁
0

𝑑𝑡′𝑒−(𝛾+𝛾𝑐)(𝑡−𝑡′)

[︂
2𝑔

𝜅

{︀
⟨𝜎̂†𝑘

𝑎 (𝑡′)𝑔𝑎(𝑡
′)𝑔𝑎(𝑡)⟩+

+ ⟨𝑔†𝑎(𝑡′)𝜎̂𝑘
𝑎(𝑡

′)𝑔𝑎(𝑡)⟩
}︀
+ ⟨𝐹𝑎(𝑡

′)𝑔𝑎(𝑡)⟩
]︂
. (30)

Accounting for the fact that the noise operator 𝑔𝑎(𝑡)
at a certain time does not affect the atomic operator
at earlier times and assuming that there is no corre-
lation between the vacuum reservoir noise operators
associated with the atomic and cavity mode opera-
tors, Eq. (30) can be put in the form

⟨𝜂𝑘𝑎(𝑡)𝑔𝑎(𝑡)⟩ =
2𝑔

𝜅

𝑡∫︁
0

𝑑𝑡′𝑒−(𝛾+𝛾𝑐)(𝑡−𝑡′) ×

×
[︀
⟨𝜎̂†𝑘

𝑎 (𝑡′)𝑔𝑎(𝑡
′)𝑔𝑎(𝑡)⟩+ ⟨𝑔†𝑎(𝑡′)𝜎̂𝑘

𝑎(𝑡
′)𝑔𝑎(𝑡)⟩

]︀
. (31)

It is impossible to evaluate the integral that appears
in Eq. (31), since the explicit form of 𝜎̂𝑘

𝑎(𝑡
′) is un-

known yet. In order to proceed further, we need to
adopt a certain approximation scheme. To this end,
ignoring the noncommutativity of the atomic and
noise operators [16, 18], we see that

⟨𝑔†𝑎(𝑡′)𝜎̂𝑘
𝑎(𝑡

′)𝑔𝑎(𝑡)⟩ = ⟨𝜎̂𝑘
𝑎(𝑡

′)𝑔†𝑎(𝑡
′)𝑔𝑎(𝑡)⟩. (32)

Then, upon neglecting the correlation between 𝜎̂𝑘
𝑎(𝑡

′)
and 𝑔†𝑎(𝑡

′)𝑔𝑎(𝑡), we can write the approximately valid
relation

⟨𝜎̂𝑘
𝑎(𝑡

′)𝑔†𝑎(𝑡
′)𝑔𝑎(𝑡)⟩ = ⟨𝜎̂𝑘

𝑎(𝑡
′)⟩⟨𝑔†𝑎(𝑡′)𝑔𝑎(𝑡)⟩. (33)
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In view of Eq. (17), Eq. (33) takes the form

⟨𝜎̂𝑘
𝑎(𝑡

′)𝑔†𝑎(𝑡
′)𝑔𝑎(𝑡)⟩ = 0. (34)

Again, by neglecting the correlation between 𝜎̂†𝑘
𝑎 (𝑡′)

and 𝑔𝑎(𝑡
′)𝑔𝑎(𝑡), we can write

⟨𝜎̂†𝑘
𝑎 (𝑡′)𝑔𝑎(𝑡

′)𝑔𝑎(𝑡)⟩ = ⟨𝜎̂†𝑘
𝑎 (𝑡′)⟩⟨𝑔𝑎(𝑡′)𝑔𝑎(𝑡)⟩. (35)

Now, in view of Eq. (19), the above expression turns
out to be

⟨𝜎̂†𝑘
𝑎 (𝑡′)𝑔𝑎(𝑡

′)𝑔𝑎(𝑡)⟩ = 0. (36)

Hence, on the basis of Eqs. (34) and (36), Eq. (31)
can be put in the form

⟨𝜂𝑘𝑎(𝑡)𝑔𝑎(𝑡)⟩ = 0. (37)

Following a similar line of reasoning, we can also eas-
ily verify that

⟨𝜂𝑘𝑏 (𝑡)𝑔𝑎(𝑡)⟩ = 0, (38)

⟨𝑔†𝑘𝑏 (𝑡)𝜎̂𝑘
𝑐 (𝑡)⟩ = 0. (39)

In view of Eqs. (37), (38), and (39), Eq. (7) takes the
form

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑎(𝑡)⟩ = −(𝛾 + 𝛾𝑐)⟨𝜎̂𝑘
𝑎(𝑡)⟩. (40)

It can also be readily established in a similar manner
that

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑏 (𝑡)⟩ = −
(︁𝛾𝑐
2

+ 𝛾
)︁
⟨𝜎̂𝑘

𝑏 (𝑡)⟩, (41)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑐 (𝑡)⟩ = −
(︁𝛾𝑐
2

+ 𝛾
)︁
⟨𝜎̂𝑘

𝑐 (𝑡)⟩, (42)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑎(𝑡)⟩ = −(𝛾𝑐 + 𝛾)⟨𝜂𝑘𝑎(𝑡)⟩, (43)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑏 (𝑡)⟩ = −(𝛾 + 𝛾𝑐)⟨𝜂𝑏(𝑡)⟩+ 𝛾𝑐⟨𝜂𝑎(𝑡)⟩, (44)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑐 (𝑡)⟩ = −𝛾⟨𝜂𝑘𝑐 ⟩+ 𝛾𝑐⟨𝜂𝑎(𝑡)⟩. (45)

In order to include the contribution of all the atoms
to the dynamics of the three-level laser, we sum
Eqs. (40)–(45) over the 𝑁 three-level atoms, so that

𝑑

𝑑𝑡
⟨𝑚̂𝑎(𝑡)⟩ = −(𝛾𝑐 + 𝛾)⟨𝑚̂𝑎(𝑡)⟩, (46)

𝑑

𝑑𝑡
⟨𝑚̂𝑏(𝑡)⟩ = −

(︁𝛾𝑐
2

+ 𝛾
)︁
⟨𝑚̂𝑏(𝑡)⟩, (47)

𝑑

𝑑𝑡
⟨𝑚̂𝑐(𝑡)⟩ = −

(︁𝛾𝑐
2

+ 𝛾
)︁
⟨𝑚̂𝑐(𝑡)⟩, (48)

𝑑

𝑑𝑡
⟨𝑁̂𝑎(𝑡)⟩ = −(𝛾𝑐 + 𝛾)⟨𝑁̂𝑎(𝑡)⟩, (49)

𝑑

𝑑𝑡
⟨𝑁̂𝑏(𝑡)⟩ = −(𝛾 + 𝛾𝑐)⟨𝑁̂𝑏(𝑡)⟩+ 𝛾𝑐⟨𝑁̂𝑎(𝑡)⟩, (50)

𝑑

𝑑𝑡
⟨𝑁̂𝑐(𝑡)⟩ = −𝛾⟨𝑁̂𝑐(𝑡)⟩+ 𝛾𝑐⟨𝑁̂𝑎(𝑡)⟩, (51)

𝑑

𝑑𝑡
⟨𝑁̂𝑑(𝑡)⟩ = 𝛾[⟨𝑁̂𝑎(𝑡)⟩+ ⟨𝑁̂𝑏(𝑡)⟩+ ⟨𝑁̂𝑐(𝑡)⟩], (52)

where

𝑚̂𝑖 =

𝑁∑︁
𝑘=1

𝜎̂𝑘
𝑖 = 𝑁𝜎̂𝑖, (53)

𝑁̂𝑗 =

𝑁∑︁
𝑘=1

𝜂𝑘𝑗 = 𝑁𝜂𝑗 , (54)

in which 𝑖 = 𝑎, 𝑏, 𝑐 and 𝑗 = 𝑎, 𝑏, 𝑐, 𝑑 and 𝑁̂𝑎, 𝑁̂𝑏, 𝑁̂𝑐,
and 𝑁̂𝑑 are atomic operators representing the num-
ber of atoms in the upper, intermediate, bottom, and
ground levels, respectively.

Furthermore, the three-level atoms available in the
cavity are pumped from the ground and the bottom
levels to the top level by means of the electron bom-
bardment. The pumping process must surely affect
the dynamics of ⟨𝑁̂𝑎⟩, ⟨𝑁̂𝑐⟩, and ⟨𝑁̂𝑑⟩. Then ⟨𝑁̂𝑎⟩ in-
creases at the rates of 𝑟𝑎⟨𝑁̂𝑐⟩ and 𝑟𝑎⟨𝑁̂𝑑⟩ where as
⟨𝑁̂𝑐⟩ and ⟨𝑁̂𝑑⟩ decreases at the rates of 𝑟𝑎⟨𝑁̂𝑐⟩ and
𝑟𝑎⟨𝑁̂𝑑⟩, respectively [12]. Here, 𝑟𝑎, assumed to be the
same for all transitions, represents the rate at which
a single atom is pumped from the bottom and ground
levels to the top level.

Incorporating the effect of the pumping process,
Eqs. (49), (51), and (52) become

𝑑

𝑑𝑡
⟨𝑁̂𝑎⟩ = −

[︀
𝛾𝑐 + 𝛾

]︀
⟨𝑁̂𝑎⟩+ 𝑟𝑎

[︀
⟨𝑁̂𝑐⟩+ ⟨𝑁̂𝑑⟩

]︀
, (55)

𝑑

𝑑𝑡
⟨𝑁̂𝑐(𝑡)⟩ = −

[︀
𝛾 + 𝑟𝑎

]︀
⟨𝑁̂𝑐(𝑡)⟩+ 𝛾𝑐⟨𝑁̂𝑎(𝑡)⟩, (56)

𝑑

𝑑𝑡
⟨𝑁̂𝑑⟩ = −𝑟𝑎⟨𝑁̂𝑑⟩+ 𝛾

[︀
⟨𝑁̂𝑎⟩+ ⟨𝑁̂𝑏⟩+ ⟨𝑁̂𝑐⟩

]︀
. (57)

The steady-state solutions for the numbers of
atoms in the upper, intermediate, bottom, and
ground levels are expressible as

⟨𝑁𝑎⟩ =

[︃
⟨𝑁𝑐⟩+ ⟨𝑁𝑑⟩

𝛾 + 𝛾𝑐

]︃
𝑟𝑎, (58)
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⟨𝑁𝑏⟩ =
[︂

𝛾𝑐
𝛾 + 𝛾𝑐

]︂
⟨𝑁𝑎⟩, (59)

⟨𝑁𝑐⟩ =
[︂

𝛾𝑐
𝛾 + 𝑟𝑎

]︂
⟨𝑁𝑎⟩, (60)

⟨𝑁𝑑⟩ =
𝛾

𝑟𝑎

[︁
⟨𝑁𝑎⟩+ ⟨𝑁𝑏⟩+ ⟨𝑁𝑐⟩

]︁
. (61)

Applying the completeness relation

𝜂𝑘𝑎 + 𝜂𝑘𝑏 + 𝜂𝑘𝑐 + 𝜂𝑘𝑑 = 1, (62)

we can easily write

⟨𝑁𝑎⟩+ ⟨𝑁𝑏⟩+ ⟨𝑁𝑐⟩+ ⟨𝑁𝑑⟩ = 𝑁. (63)

Making use of this expression, Eq. (61) can be rewrit-
ten as

⟨𝑁𝑑⟩ =
[︂

𝛾

𝑟𝑎 + 𝛾

]︂
𝑁. (64)

In view of Eqs. (60) and (64), Eq. (58) becomes

⟨𝑁𝑎⟩ =
[︂

𝑟𝑎(𝛾 + 𝛾𝑐)

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
𝑁. (65)

Using Eq. (65), Eqs. (59) and (60) become

⟨𝑁𝑏⟩ =
[︂

𝑟𝑎𝛾𝑐
(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
𝑁 (66)

and

⟨𝑁𝑐⟩ =
[︂

𝑟𝑎𝛾
2
𝑐

[𝛾 + 𝑟𝑎][(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)]

]︂
𝑁. (67)

On the other hand, when the cavity modes are in-
teracting with all three-level atoms available in the
cavity, following the same line of reasoning conducted
by Mekonnen [6], we can rewrite Eqs. (5) and (6) as

𝑑

𝑑𝑡
𝑎̂(𝑡) = −𝜅

2
𝑎̂(𝑡) +

𝑔√
𝑁

𝑚̂𝑎(𝑡) + 𝑔𝑎(𝑡) (68)

and

𝑑

𝑑𝑡
𝑏̂(𝑡) = −𝜅

2
𝑏̂(𝑡) +

𝑔√
𝑁

𝑚̂𝑏(𝑡) + 𝑔𝑏(𝑡). (69)

The formal solution of (73) can be expressed as

𝑎̂(𝑡) = 𝑎(0)𝑒−
𝜅
2 𝑡 +

+

𝑡∫︁
0

𝑑𝑡′𝑒−
𝜅
2 (𝑡−𝑡′)

[︂
𝑔√
𝑁

𝑚̂𝑎(𝑡
′) + 𝑔𝑎(𝑡

′)

]︂
. (70)

Moreover, the solution of (46) can be expressible as

𝑚̂𝑎(𝑡) = 𝑚𝑎(0)𝑒
−(𝛾+𝛾𝑐)𝑡 +

𝑡∫︁
0

𝑑𝑡′𝑒−(𝛾+𝛾𝑐)(𝑡−𝑡′)𝑞(𝑡′),

(71)

where 𝑞(𝑡) is the Langevin noise operator associated
with the atom. Now, accounting for the correlation
property ⟨𝑞(𝑡)⟩ = 0 and assuming that the three-level
atoms are initially in the bottom level, the expecta-
tion value of this equation is found to be

⟨𝑚̂𝑎(𝑡)⟩ = 0. (72)

Furthermore, using (72) and the assumption that the
cavity modes are initially in a vacuum state along
with (16), one obtains from (70):

⟨𝑎̂(𝑡)⟩ = 0. (73)

It can also be verified in a similar manner that

⟨𝑏̂(𝑡)⟩ = 0. (74)

Therefore, we see from Eqs. (68) and (73), as well as
from (69) and (74), that 𝑎̂(𝑡) and 𝑏̂(𝑡) are Gaussian
variables with the vanishing mean [19]. Moreover,
adding Eq. (73) and (74), we find

𝑑𝑐(𝑡)

𝑑𝑡
= −𝜅

2
𝑐(𝑡) +

𝑔√
𝑁

𝑚̂(𝑡) + 𝐹𝑐(𝑡), (75)

where 𝑐 = 𝑎̂+ 𝑏̂, 𝑚̂ = 𝑚̂𝑎 + 𝑚̂𝑏, 𝐹𝑐 = 𝐹𝑎 + 𝐹𝑏.

3. Photon Statistics

Here, we will study the statistical properties of the
light modes produced by an electrically driven three-
level laser with an open cavity coupled to a two-mode
vacuum reservoir via a single port mirror. Applying
the steady-state solutions of the equations of evolu-
tion of the expectation values of the atomic operators
and the quantum Langevin equations, we obtain the
global and local photon statistics of the single- and
two-mode light beams.

3.1. The global mean photon number

The mean photon number for light mode a at any
time t is given by ⟨𝑎̂†(𝑡)𝑎̂(𝑡)⟩ (see Fig. 1). The equa-
tion of evolution of the mean photon number is ex-
pressible as [15]

𝑑

𝑑𝑡
⟨𝑎̂†𝑎̂⟩ =

⟨
𝑑𝑎̂†

𝑑𝑡
𝑎̂

⟩
+

⟨̂
𝑎†

𝑑𝑎̂

𝑑𝑡

⟩
. (76)

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 3 211



M. Molla Gessesse

Fig. 1. Plot of the mean photon number for light modes a, b,
and c versus 𝑟𝑎 for 𝜅 = 0.8, 𝛾 = 0.5, 𝛾𝑐 = 0.4, and 𝑁 = 50

Employing (68) and its adjoint, Eq. (76) becomes

𝑑

𝑑𝑡

⟨︀
𝑎̂†𝑎̂
⟩︀
= −𝜅

⟨︀
𝑎̂†𝑎̂
⟩︀
+

4

𝜅

𝑔2

𝑁

⟨︀
𝑚̂†

𝑎𝑚̂𝑎

⟩︀
. (77)

The solution of this expression in the steady state
reduces to⟨︀
𝑎̂†𝑎̂
⟩︀
=

4

𝜅2

𝑔2

𝑁

⟨︀
𝑚̂†

𝑎𝑚̂𝑎

⟩︀
. (78)

With regard for (28) and the relation
⟨︀
𝑚̂†

𝑎𝑚̂𝑎

⟩︀
=

= 𝑁⟨𝑁̂𝑎⟩, the above expression takes the form⟨︀
𝑎̂†𝑎̂
⟩︀
=

𝛾𝑐
𝜅
⟨𝑁̂𝑎⟩. (79)

Introducing Eq. (65) into this expression, we obtain

𝑛̄𝑎 =
𝛾𝑐
𝜅

[︂
𝑟𝑎(𝛾 + 𝛾𝑐)

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
𝑁. (80)

Following a similar procedure, we get the relation
for the mean photon number of light mode b

𝑛̄𝑏 =
𝛾𝑐
𝜅

[︂
𝑟𝑎𝛾𝑐

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
𝑁 (81)

and

𝑛̄𝑐 =
𝛾𝑐
𝜅

[︂
𝑟𝑎(𝛾 + 2𝛾𝑐)

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
𝑁. (82)

From Eqs. (80) and (81), it can be easily observed
that 𝑛̄𝑎 = 𝑛̄𝑏 in the absence of spontaneous emis-
sion. In addition, comparing and contrasting the
above three consecutive expressions, we conclude that
the mean photon number of the two-mode cavity light
is just the sum of the mean photon numbers of the
separate single-mode cavity light.

3.2. The local mean photon number

Next, we calculate the mean photon number of single
and two-mode lights in a given frequency interval. To
do so, we need first to determine the power spectrum
of light modes a, b, and c. To this end, the power
spectrum of light mode a with the central frequency
𝜔0 is given by [3]

𝑃a(𝜔) =
1

𝜋
Re

∞∫︁
0

𝑑𝜏𝑒𝑖(𝜔−𝜔0)𝜏 ⟨𝑎̂†(𝑡)𝑎̂(𝑡+ 𝜏)⟩𝑠𝑠, (83)

where ss refers to the steady state. Now, by integrat-
ing this expression over the whole frequency interval,
we arrive at
∞∫︁

−∞

𝑃a(𝜔)𝑑𝜔 = 𝑛̄𝑎, (84)

where 𝑛̄𝑎 is the steady-state mean photon number of
light mode a [3]. From this result, we observe that
𝑃𝑎(𝜔)𝑑𝜔 is the steady-state mean photon number of
light mode a in the frequency interval between 𝜔 and
𝜔 + 𝑑𝜔 [3].

We now proceed to calculate the two-time corre-
lation function that appears in (83). To this end, we
realize that the two-time correlation function that ap-
pears in (83) is found to be

⟨𝑎̂†(𝑡)𝑎̂(𝑡+ 𝜏)⟩𝑠𝑠 = 𝑛̄𝑎

[︂
𝜅

𝜅− 2(𝛾 + 𝛾𝑐)
𝑒−(𝛾+𝛾𝑐)𝜏 −

− 2(𝛾 + 𝛾𝑐)

𝜅− 2(𝛾 + 𝛾𝑐)
𝑒−

1
2𝜅𝜏

]︂
. (85)

Now, by substituting Eq. (85) into (83), we get the
power spectrum of light mode a in the form

𝑃𝑎(𝜔) =
𝜅𝑛̄𝑎

𝜅− 2(𝛾 + 𝛾𝑐)

[︂
(𝛾 + 𝛾𝑐)/𝜋

(𝜔 − 𝜔0)2 + (𝛾 + 𝛾𝑐)2

]︂
−

− 2(𝛾 + 𝛾𝑐)𝑛̄𝑎

𝜅− 2(𝛾 + 𝛾𝑐)

[︂
𝜅/2𝜋

(𝜔 − 𝜔0)2 + (𝜅2 )
2

]︂
. (86)

We recall that the mean photon number of light
mode a in the interval between 𝜔′ = −𝜆 and 𝜔′ = 𝜆
is expressible as [19]

𝑛̄𝑎±𝜆 =

𝜆∫︁
−𝜆

𝑃𝑎(𝜔
′)𝑑𝜔′, (87)
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where 𝜔′ = 𝜔 − 𝜔0. Therefore, by substituting (86)
into (87), carrying out the integration, and making
use of the relation

𝜆∫︁
−𝜆

𝑑𝑥

𝑥2 + 𝑎2
=

2

𝑎
tan−1

(︂
𝜆

𝑎

)︂
, (88)

we arrive at

𝑛̄𝑎±𝜆 = 𝑛̄𝑎

[︂
2𝜅/𝜋

𝜅− 2(𝛾 + 𝛾𝑐)
tan−1

(︂
𝜆

𝛾 + 𝛾𝑐

)︂
−

− 4(𝛾 + 𝛾𝑐)/𝜋

𝜅− 2(𝛾 + 𝛾𝑐)
tan−1

(︂
2𝜆

𝜅

)︂]︂
. (89)

Now, the mean photon number of light mode a in
the frequency interval ±𝜆 can be written as

𝑛̄𝑎±𝜆 = 𝑛̄𝑎𝑧𝑎(𝜆), (90)

where the characteristics function 𝑧𝑎(𝜆) is given by

𝑧𝑎(𝜆) =
2

𝜋

[︂
𝜅

𝜅− 2(𝛾 + 𝛾𝑐)
tan−1

(︂
𝜆

𝛾 + 𝛾𝑐

)︂
−

− 2(𝛾 + 𝛾𝑐)

𝜅− 2(𝛾 + 𝛾𝑐)
tan−1

(︂
2𝜆

𝜅

)︂]︂
. (91)

We see from Eq. (90) and the plot of 𝑧𝑎(𝜆) that
𝑛̄𝑎±𝜆 increases with 𝜆, until it reaches the maximum
value given by Eq. (80). From the plot of Fig. 2, some
of the values of 𝑧𝑎(𝜆) and the corresponding local
mean photon number 𝑛̄𝑎±𝜆 are shown below.

Following a similar procedure, we can show that the
mean photon number of light mode b in the frequency
interval ±𝜆 is

𝑛̄𝑏±𝜆 = 𝑛̄𝑏𝑧𝑏(𝜆), (92)

where 𝑧𝑏(𝜆) is given by

𝑧𝑏(𝜆) =
2

𝜋

[︂
𝜅

𝜅− (2𝛾 + 𝛾𝑐)
tan−1

(︂
2𝜆

2𝛾 + 𝛾𝑐

)︂
−

− (2𝛾 + 𝛾𝑐)

𝜅− (2𝛾 + 𝛾𝑐)
tan−1

(︂
2𝜆

𝜅

)︂]︂
. (93)

We see from Eq. (93) and the plot of 𝑧𝑏(𝜆) that 𝑛̄𝑏±𝜆

increases with 𝜆, until it reaches the maximum value
given by Eq. (81).

From Figs. 3 and 4 and Tables 1 and 2, we observe
that a large part of the total mean photon number is

Fig. 2. Plot of 𝑧𝑎(𝜆) [Eq. (91)] versus 𝜆 for 𝛾𝑐 = 0.4, 𝜅 = 0.8,
and 𝛾 = 2

Fig. 3. Plot of 𝑧𝑏(𝜆) [Eq. (93)] versus 𝜆 for 𝛾𝑐 = 0.4, 𝜅 = 0.8,
and 𝛾 = 2

Fig. 4. Plot of 𝑧𝑐(𝜆) [Eq. (95)] versus 𝜆 for 𝛾𝑐 = 0.4, 𝜅 = 0.8,

and 𝛾 = 2

confined in a relatively small frequency interval. We
have

𝑛̄𝑐±𝜆 = 𝑛̄𝑐𝑧𝑐(𝜆), (94)

where 𝑧𝑐(𝜆) is given by

𝑧𝑐(𝜆) =
2

𝜋

[︂
𝜅

𝜅− (𝛾 + 𝛾𝑐)
tan−1

(︂
2𝜆

𝛾 + 𝛾𝑐

)︂
−

− (𝛾 + 𝛾𝑐)

𝜅− (𝛾 + 𝛾𝑐)
tan−1

(︂
2𝜆

𝜅

)︂]︂
. (95)

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 3 213



M. Molla Gessesse

Table 1. Values of 𝑧𝑎(𝜆)

and the corresponding local mean photon numbers

𝜆 𝑧𝑎(𝜆) 𝑛̄𝑎±𝜆

1.0 0.861 0.861𝑛̄𝑎

2.0 0.963 0.963𝑛̄𝑎

3.0 0.985 0.985𝑛̄𝑎

4.0 0.993 0.993𝑛̄𝑎

5.0 0.996 0.996𝑛̄𝑎

Table 2. Values of 𝑧𝑏(𝜆)

and the corresponding local mean photon numbers

𝜆 𝑧𝑏(𝜆) 𝑛̄𝑏±𝜆

1.0 0.868 0.868𝑛̄𝑏

2.0 0.965 0.965𝑛̄𝑏

3.0 0.986 0.986𝑛̄𝑏

4.0 0.994 0.994𝑛̄𝑏

5.0 0.997 0.997𝑛̄𝑏

Table 3. Values of 𝑧𝑐(𝜆)

and the corresponding local mean photon numbers

𝜆 𝑧𝑐(𝜆) 𝑛̄𝑐±𝜆

1.0 0.917 0.917𝑛̄𝑐

2.0 0.984 0.984𝑛̄𝑐

3.0 0.994 0.994𝑛̄𝑐

4.0 0.998 0.998𝑛̄𝑐

5.0 0.999 0.999𝑛̄𝑐

We see from Eq. (94) and the plot of 𝑧𝑐(𝜆) that
𝑛̄𝑐±𝜆 increases with 𝜆 until it reaches the maximum
value given by Eq. (81).

From Figs. 2, 3, and 4 and Tables 1, 2, and 3, we
observe that a large part of the total local mean pho-
ton number is confined in a relatively small frequency
interval.

In the next subsection, we will study the photon-
number variance of light modes a, b, and c in the en-
tire frequency interval, as well as the given frequency
interval.

3.3. Global photon number variance

Here, we will, determine the global photon number
variance. To begin with, the photon-number variance
of light mode a at any time t is given by

Δ𝑛2
𝑎 = ⟨(𝑎̂†𝑎̂)2⟩ − (⟨𝑎̂†𝑎̂⟩)2. (96)

Since 𝑎̂(𝑡) is the Gaussian variable, we can rewrite the
above expression as [19]

⟨𝑎̂†𝑎̂𝑎̂†𝑎̂⟩ = ⟨𝑎̂†𝑎̂⟩⟨𝑎̂†𝑎̂⟩+⟨𝑎̂†𝑎̂†⟩⟨𝑎̂𝑎̂⟩+⟨𝑎̂†𝑎̂⟩⟨𝑎̂𝑎̂†⟩. (97)

Now, by substituting Eq. (97) back into (96), we get

Δ𝑛2
𝑎 = ⟨𝑎̂†2⟩⟨𝑎̂2⟩+ ⟨𝑎̂†𝑎̂⟩⟨𝑎̂𝑎̂†⟩. (98)

Following the same line of reasoning and a procedure
like that in Subsection (3.1), one can arrive at

⟨𝑎̂𝑎̂†⟩ = 𝛾𝑐
𝜅
⟨𝑁̂𝑏⟩+ 1 (99)

and

⟨𝑎̂2⟩ = ⟨𝑎̂†2⟩ = 0. (100)

Finally, in view of Eq. (79) along with (99) and (100),
the photon-number variance of light mode a at the
steady state turns out to be

Δ𝑛2
𝑎 =

𝛾𝑐
𝜅

⟨𝑁𝑎⟩
[︁𝛾𝑐
𝜅
⟨𝑁𝑏⟩+ 1

]︁
. (101)

In view of (65) and (66), the photon number variance
of light mode a has, at the steady state, the form

Δ𝑛2
𝑎 =

[︁𝛾𝑐
𝜅
𝑁
]︁2 [︂ 𝑟𝑎(𝛾 + 𝛾𝑐)

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
×

×
[︂

𝑟𝑎𝛾𝑐
(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
+

+
[︁𝛾𝑐
𝜅
𝑁
]︁[︂ 𝑟𝑎(𝛾 + 𝛾𝑐)

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
. (102)

We note that. in the absence of spontaneous emission,
the photon number variance of light mode a reduces
to

Δ𝑛2
𝑎 = 𝑛̄2

𝑎 + 𝑛̄𝑎. (103)

From (79) and (102), we conclude that the photon
statistics of light mode a is super-Poissonian. We also
note that light mode a is in a chaotic state.

Similarly, the photon-number variance of light
mode b, in the entire frequency interval, is found at
the steady state to be

Δ𝑛2
𝑏 =

𝛾𝑐
𝜅
⟨𝑁𝑏⟩

[︁𝛾𝑐
𝜅
⟨𝑁𝑐⟩+ 1

]︁
. (104)
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In view of Eqs. (80) and (81), Eq. (104) can be rewrit-
ten as

Δ𝑛2
𝑏 =

[︁𝛾𝑐
𝜅
𝑁
]︁2[︂ 𝑟𝑎𝛾𝑐

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
×

×
[︂

𝑟𝑎𝛾
2
𝑐

[𝛾 + 𝑟𝑎][(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)]

]︂
+

+
[︁𝛾𝑐
𝜅
𝑁
]︁[︂ 𝑟𝑎𝛾𝑐

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
. (105)

We note that, for 𝛾 = 0 and 𝑟𝑎 = 𝛾𝑐, one can easily
get

Δ𝑛2
𝑏 = 𝑛̄2

𝑏 + 𝑛̄𝑏, (106)

which is the photon-number variance for chaotic light.
To the best of our knowledge, the photon-number
variance of light mode b for 𝛾 = 0 and 𝑟𝑎 ≪ 𝛾𝑐 yields

Δ𝑛2
𝑏 = 𝑛̄𝑏. (107)

From (81) and (106), we conclude that the photon
statistics of light mode b is super-Poissonian. Rela-
tions (81) and (107) imply that that the photon statis-
tics of light mode b is Poissonian.

Similarly, one can easily verify that

Δ𝑛2
𝑐 =

[︁𝛾𝑐
𝜅

(︀
⟨𝑁̂𝑎⟩+ ⟨𝑁̂𝑏⟩

)︀]︁[︁𝛾𝑐
𝜅

(︀
⟨𝑁̂𝑏⟩+ ⟨𝑁̂𝑐⟩

)︀
+ 2
]︁
+

+
[︁𝛾𝑐
𝜅
⟨𝑚̂†

𝑐⟩
]︁[︁𝛾𝑐

𝜅
⟨𝑚̂𝑐⟩

]︁
. (108)

From the results obtained above, we have observed
that the global photon-number variance of light mode
b is less than that of light mode a, and the photon-
number variance of the two-mode cavity light does
not happen to be the sum of the photon-number vari-
ances of the separate single-mode cavity light beams.

3.4. Local photon-number variance

To determine the photon-number variance of the
cavity light, we need to consider the spectrum of
photon-number fluctuations of the light mode (see
Fig. 5). The spectrum of photon-number fluctuations
of light mode a with the central frequency 𝜔0 is ex-
pressible as [21]

𝑆𝑎(𝜔) =
1

𝜋
Re

∞∫︁
0

𝑑𝜏𝑒𝑖(𝜔−𝜔0)𝜏 ⟨𝑛̂𝑎(𝑡), 𝑛̂𝑎(𝑡+ 𝜏)⟩𝑠𝑠,

(109)

Fig. 5. Plot of the local photon number variance of light mode
a [Eq. (119)] versus 𝜆 for 𝛾𝑐 = 0.4, 𝜅 = 0.8, 𝑟𝑎 = 2, 𝑁 = 50,
and 𝛾 = 2

where

𝑛̂𝑎(𝑡) = 𝑎̂†(𝑡)𝑎̂(𝑡) (110)

and

𝑛̂(𝑡+ 𝜏) = 𝑎̂†(𝑡+ 𝜏)𝑎̂(𝑡+ 𝜏). (111)

Upon integrating both sides of Eq. (109) over 𝜔, we
easily find
∞∫︁

−∞

𝑆𝑎(𝜔)𝑑𝜔 = Δ𝑛2
𝑎, (112)

where Δ𝑛2
𝑎 is the photon-number variance of light

mode a at the steady state. We can then assert that
𝑆𝑎(𝜔)𝑑𝜔 is the photon-number variance of light mode
a in the interval between 𝜔 and 𝜔+ 𝑑𝜔 at the steady
state [21].

Next, we need to evaluate the two-time correlation
function that appears in Eq. (109). To this end, in
view of Eqs. (110) and (111), we readily obtain⟨︀
𝑛̂𝑎(𝑡), 𝑛̂𝑎(𝑡+ 𝜏)

⟩︀
=
⟨︀
𝑎̂†(𝑡)𝑎̂(𝑡+ 𝜏)

⟩︀⟨︀
𝑎̂(𝑡)𝑎̂†(𝑡+ 𝜏)

⟩︀
+

+
⟨︀
𝑎̂(𝑡)𝑎̂(𝑡+ 𝜏)

⟩︀⟨︀
𝑎̂†(𝑡)𝑎̂†(𝑡+ 𝜏)

⟩︀
. (113)

It can also be established in a similar manner that

⟨𝑎̂(𝑡)𝑎̂†(𝑡+ 𝜏)⟩=⟨𝑎̂𝑎̂†⟩
[︂

𝜅

𝜅− 2𝜇
𝑒−𝜇𝜏− 2𝜇

𝜅− 2𝜇
𝑒−

𝜅
2 𝜏

]︂
−

− 𝜅

𝜅− 2𝜇

[︀
𝑒−𝜇𝜏 − 𝑒−

𝜅
2 𝜏
]︀

(114)

and

⟨𝑎̂(𝑡)𝑎̂(𝑡+ 𝜏)⟩ = ⟨𝑎̂2⟩
[︂

𝜅

𝜅− 2𝜇
𝑒−𝜇𝜏 − 2𝜇

𝜅− 2𝜇
𝑒−

𝜅
2 𝜏

]︂
.

(115)
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Here 𝜇 = 𝛾 + 𝛾𝑐. Upon substituting Eqs. (85), (114),
and (115) into Eq. (113), we get

⟨︀
𝑛̂𝑎(𝑡), 𝑛̂𝑎(𝑡+ 𝜏)

⟩︀
𝑠𝑠

= Δ𝑛2
𝑎

[︃(︂
𝜅

𝜅− 2𝜇

)︂2
𝑒−2𝜇𝜏 −

− 4𝜅𝜇

(𝜅−2𝜇)2
𝑒−(𝜅+2𝜇

2 )𝜏 +

(︂
2𝜇

𝜅−2𝜇

)︂2
𝑒−𝜅𝜏

]︃
− 𝑛̄𝑎

(𝜅−2𝜇)2
×

×
[︁
𝜅2𝑒−2𝜇𝜏 − (𝜅2 + 𝜅𝜇)𝑒−(

𝜅+2𝜇
2 )𝜏 + 𝜅𝜇𝑒−𝜅𝜏

]︁
. (116)

Therefore, in view of Eq. (116), the spectrum of
photon-number fluctuations, after performing the in-
tegration, takes the form

𝑆𝑎(𝜔) =

(︂
Δ𝑛𝑎

𝜅− 2𝜇

)︂2 [︃
2𝜅2𝜇/𝜋

(2𝜇)2 + (𝜔 − 𝜔0)2
−

− 4𝜇𝜅(𝜅+ 2𝜇)/2𝜋

(𝜅+2𝜇
2 )2 + (𝜔 − 𝜔0)2

+
4𝜇2𝜅/𝜋

𝜅2 + (𝜔 − 𝜔0)2

]︃
−

− 𝑛̄𝑎

(𝜅− 2𝜇)2

[︃
2𝜅2𝜇/𝜋

(2𝜇)2 + (𝜔 − 𝜔0)2
−

− (𝜅2 + 𝜇𝜅)(𝜅+ 2𝜇)/2𝜋(︀
𝜅+2𝜇

2

)︀2
+ (𝜔 − 𝜔0)2

+
𝜇𝜅2/𝜋

𝜅2 + (𝜔 − 𝜔0)2

]︃
. (117)

Now, we realize that the photon-number variance
in the frequency interval between 𝜔′ = −𝜆 and 𝜔′ = 𝜆
is expressible as

Δ𝑛2
𝑎±𝜆 =

𝜆∫︁
−𝜆

𝑆𝑎(𝜔
′)𝑑𝜔′ (118)

where 𝜔′ = 𝜔 − 𝜔0. Therefore, the substitution of
Eqs. (117) into (118), after carrying out the integra-
tion and making use of (88), gives

Δ𝑛2
𝑎±𝜆 = Δ𝑛2

𝑎

[︃
2

𝜋

(︂
𝜅

𝜅− 2𝜇

)︂2
tan−1

(︂
𝜆

2𝜇

)︂
−

− 2

𝜋

4𝜅𝜇

(𝜅− 2𝜇)2
tan−1

(︂
2𝜆

𝜅+ 2𝜇

)︂
+

+
2

𝜋

(︂
2𝜇

𝜅− 2𝜇

)︂2
tan−1

(︂
𝜆

𝜅

)︂]︃
−

− 𝑛̄𝑎

(𝜅− 2𝜇)2

[︃
2

𝜋
𝜅2 tan−1

(︂
𝜆

2𝜇

)︂
−

− 2

𝜋
(𝜅2 + 𝜅𝜇) tan−1

(︂
2𝜆

𝜅+ 2𝜇

)︂
+

2

𝜋
𝜅𝜇 tan−1

(︂
𝜆

𝜅

)︂]︃
.

(119)

In order to investigate the dependence of the local
photon number variance on the frequency of the gen-
erated light, the number of the atoms available in the
cavity, the stimulated emission decay constant, the
spontaneous emission decay constant, the pumping
rate, and cavity damping constant, we will plot the
local photon number variance versus these parame-
ters. To this end, we only consider the dependence of
the local photon number variance on the frequency of
the generated light, while the number of the atoms
available in the cavity, the stimulated emission decay
constant, the spontaneous emission decay constant,
the pumping rate, and cavity damping constant are
fixed. Based on this, we only plot the photon num-
ber variance given by Eq. (119) versus 𝜆 in which we
observe that a large part of the total local mean pho-
ton number is confined in a relatively small frequency
interval.

4. Quadrature Squeezing

In this section, we will study the quadrature vari-
ance and the quadrature squeezing of the cavity light
modes produced by an electrically driven three-level
laser with an open cavity and coupled to a two-mode
vacuum reservoir via a single-port mirror. Applying
the steady-state solutions of the equations of evolu-
tion of the expectation values of the atomic opera-
tors and the quantum Langevin equations for the cav-
ity mode operators, we obtain the global quadrature
variances of the separate single-mode light beams. In
addition, we will determine the global quadrature
squeezing of the two-mode cavity light.

4.1. Quadrature variance

Here, we will calculate the global quadrature vari-
ances of light modes a and b produced by the system
under consideration. To begin with, we need to de-
termine the quadrature variance of light mode a in
the entire frequency interval. The squeezing proper-
ties of light mode a is described by two quadrature
operators of the form [14]

𝑎̂+ = 𝑎̂† + 𝑎̂ (120)
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and

𝑎̂− = 𝑖(𝑎̂† − 𝑎̂). (121)

These operators are Hermitian and satisfy the com-
mutation relation

[𝑎̂−, 𝑎̂+] = 2𝑖
[︁𝛾𝑐
𝜅

(︁
𝑁̂𝑎 − 𝑁̂𝑏

)︁
− 1
]︁
. (122)

The operators 𝑎̂+ and 𝑎̂− represent physical quanti-
ties called the plus and minus quadratures, respec-
tively, while 𝑎̂† and 𝑎̂ are the creation and annihila-
tion operators of light mode a. The uncertainty re-
lation for the quadrature operators can be expressed
as [1]

Δ𝑎+Δ𝑎− ≥
⃒⃒⃒𝛾𝑐
𝜅

(︀
⟨𝑁̂𝑎⟩ − ⟨𝑁̂𝑏⟩

)︀
− 1
⃒⃒⃒
, (123)

so that, in view of Eqs. (65) and (66), the uncertainty
relation for the quadrature operators of cavity light
mode 𝑎 has, at the steady-state, the form

Δ𝑎̂+Δ𝑎̂− ≥

⃒⃒⃒⃒
⃒𝛾𝑐𝜅

(︂
𝑟𝑎𝛾

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

)︂
𝑁 − 1

⃒⃒⃒⃒
⃒.

(124)

Moreover, we consider the case where the atoms are
not bombarded from either the ground or bottom lev-
els to the top level. Thus, by setting 𝑟𝑎 = 0, wwe get
Eq. (124) in the form

Δ𝑎+Δ𝑎− ≥ 1. (125)

Next, we proceed to calculate the quadrature vari-
ance of cavity light mode a. The quadrature variance
of cavity light mode a is defined by

Δ𝑎̂2± = ⟨𝑎̂2±⟩ − ⟨𝑎̂±⟩2. (126)

With the aid of Eq. (120) and (121), the quadrature
variance can be expressed as

Δ𝑎̂2± = ⟨𝑎̂𝑎̂†⟩+ ⟨𝑎̂†𝑎̂⟩ ± ⟨𝑎̂2⟩±

± ⟨𝑎̂†2⟩ ∓ ⟨𝑎̂⟩2 ∓ ⟨𝑎̂†⟩2 − 2⟨𝑎̂⟩⟨𝑎̂†⟩. (127)

Now, recalling that the expectation value of 𝑎̂ is
zero and substituting Eqs. (80), (99), and (100) into

Eq. (127), the quadrature variance of light mode a,
at the steady state, takes the form

Δ𝑎̂2± =
𝛾𝑐
𝜅

[︃
𝑟𝑎(𝛾 + 2𝛾𝑐)

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︃
𝑁 + 1. (128)

Furthermore, in the absence of spontaneous emission,
the quadrature variance can be put in the form

Δ𝑎̂2± =
𝛾𝑐
𝜅

[︃
2𝑟𝑎𝛾𝑐

𝛾2
𝑐 + 2𝑟𝑎𝛾𝑐

]︃
𝑁 + 1. (129)

This quadrature variance can also be expressed as

Δ𝑎̂2± = 2𝑛̄𝑎 + 1, (130)

which is the quadrature variance for chaotic light in
an arbitrary ordering. Moreover, we consider the case
where the atoms are not pumped from the ground
or bottom levels. Thus, by setting 𝑟𝑎 = 0 in either
Eq. (128) or (129), we readily get

𝑎̂2± vac = 1, (131)

where vac represents the vacuum state, and Eq. (131)
is an arbitrary ordered quadrature variance of light
mode a in the vacuum state. We note that, for 𝑟𝑎 =
= 0, the uncertainties in the plus and minus quadra-
tures are equal and satisfy the minimum uncertainty
relation.

Similarly, the uncertainty relation for the quadra-
ture operators of cavity mode b has, at the steady-
state, the form

Δ𝑏̂+Δ𝑏̂− ≥

⃒⃒⃒⃒
⃒𝛾𝑐𝜅
[︃

𝑟𝑎𝛾𝑐
(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︃
×

×
[︂
1− 𝛾𝑐

𝑟𝑎 + 𝛾

]︂
𝑁 − 1

⃒⃒⃒⃒
⃒. (132)

Moreover, we consider the case where the atoms are
not bombarded either from the ground or bottom
levels to the top level. Thus, upon setting 𝑟𝑎 = 0,
Eq. (132) reduces to

Δ𝑏̂+Δ𝑏̂− ≥ 1. (133)

In the absence of spontaneous emission, expression
(132) reads reduces to

Δ𝑏̂+Δ𝑏̂− ≥

⃒⃒⃒⃒
⃒𝛾𝑐𝜅

[︂
𝑟𝑎

𝛾𝑐 + 2𝑟𝑎

]︂ [︂
1− 𝛾𝑐

𝑟𝑎

]︂
𝑁 − 1

⃒⃒⃒⃒
⃒. (134)
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Fig. 6. Plot of the global quadrature squeezing of the two-
mode cavity light versus 𝑟𝑎 [Eq. (150)] for 𝜅 = 0.8, 𝑁 = 50,
𝛾 = 0, and 𝛾𝑐 = 0.4

Now, since 𝛾𝑐/𝑟𝑎 = 𝜒, the above equation takes the
form

Δ𝑏̂+Δ𝑏̂− ≥

⃒⃒⃒⃒
⃒𝛾𝑐𝜅

[︂
1− 𝜒

2 + 𝜒

]︂
𝑁 − 1

⃒⃒⃒⃒
⃒. (135)

For 𝜒 ≫ 1 well below the threshold, we immediately
observe that the product of uncertainties yields

Δ𝑏̂+Δ𝑏̂− ≥ 𝛾𝑐
𝜅
𝑁 + 1. (136)

The quadrature variance of light mode b, at steady
state, can also take the form

Δ𝑏̂2± =
𝛾𝑐
𝜅

[︂
𝑟𝑎𝛾𝑐

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
×

×
[︂
1 +

𝛾𝑐
𝑟𝑎 + 𝛾

]︂
𝑁 + 1 (137)

Furthermore, in the case where the spontaneous emis-
sion is absent, 𝛾 = 0, the quadrature variance can be
put in the form

Δ𝑏̂2± =
𝛾𝑐
𝜅

[︂
𝜒+ 1

𝜒+ 2

]︂
𝑁 + 1. (138)

We easily see that, for 𝜒 ≫ 1, the above expression
simplifies to

Δ𝑏̂2± =
𝛾𝑐
𝜅
𝑁 + 1. (139)

We note that, in the absence of spontaneous emis-
sion and well below the threshold, the uncertainties
in the plus and minus quadrature are equal and sat-
isfy the minimum uncertainty relation as indicated in
Eqs. (136) and (139).

4.2. Quadrature squeezing

The squeezing properties of light mode c are de-
scribed by two quadrature operators of the form [14]

𝑐+ = 𝑐† + 𝑐 and 𝑐− = 𝑖(𝑐† − 𝑐). (140)

These operators are Hermitian and satisfy the com-
mutation relation

[𝑐−, 𝑐+] = 2𝑖
[︁𝛾𝑐
𝜅

(︀
𝑁̂𝑎 − 𝑁̂𝑐

)︀
− 2
]︁
. (141)

The uncertainty relation for the quadrature operators
can be expressed as

Δ𝑐+Δ𝑐− ≥
⃒⃒⃒𝛾𝑐
𝜅

(︀
⟨𝑁̂𝑎⟩ − ⟨𝑁̂𝑐⟩

)︀
− 2
⃒⃒⃒
, (142)

so that, in view of Eqs. (65) and (67), the uncertainty
relation for the quadrature operators of cavity mode
c has, at steady-state, the form

Δ𝑐+Δ𝑐− ≥

⃒⃒⃒⃒
⃒𝛾𝑐𝜅

[︂
𝑟𝑎

(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

]︂
×

×
[︂
𝛾 + 𝛾𝑐 − 𝛾2

𝑐

𝑟𝑎 + 𝛾

]︂
𝑁 − 2

⃒⃒⃒⃒
⃒. (143)

Moreover, in the absence of spontaneous emission, ex-
pression, (143) reduces to

Δ𝑏̂+Δ𝑏̂− ≥

⃒⃒⃒⃒
⃒𝛾𝑐𝜅

[︂
1− 𝜒

2 + 𝜒

]︂
𝑁 − 2

⃒⃒⃒⃒
⃒. (144)

For 𝜒 ≫ 1, the product of uncertainties yields

Δ𝑐+Δ𝑐− ≥ 𝛾𝑐
𝜅
𝑁 + 2. (145)

Next, we proceed to calculate the quadrature vari-
ance of light mode c. The quadrature variance of light

mode c, with the aid of ⟨𝑚̂𝑐⟩ =
√︁
⟨𝑁̂𝑎⟩⟨𝑁̂𝑐⟩, is found,

at the steady state, to be

Δ𝑐2± =
𝛾𝑐
𝜅

[︃
1 +

𝑟𝑎𝛾𝑐
(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

×

×
(︂
1± 2

√︂
𝛾 + 𝛾𝑐
𝛾 + 𝑟𝑎

)︂]︃
𝑁 + 2. (146)

Furthermore, in the absence of spontaneous emission,
this expression reduces to

Δ𝑐2± =
𝛾𝑐
𝜅

[︂
1 +

1± 2
√
𝜒

2 + 𝜒

]︂
𝑁 + 2. (147)
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We note that, for 𝜒 ≫ 1, this expression further re-
duces to

Δ𝑐2± =
𝛾𝑐
𝜅
𝑁 + 2. (148)

On the basis of Eqs. (145) and (148), we note that
the Heisenberg uncertainties in the two-mode quadra-
ture are equal and satisfy the minimum uncertainty
relation [6]. Thus, the three-level laser under consid-
eration generates two-mode coherent light, when it
operates under the condition 𝛾 = 0 and 𝜒 ≫ 1.

We immediately notice that the two-mode cavity
light is in a squeezed state, and the squeezing occurs
in the minus quadrature. To this end, the quadrature
squeezing of the two-mode cavity light relative to the
quadrature variance of the two-mode coherent state
in the entire frequency interval is given by [3, 6]

𝑆 =
(Δ𝑐−)

2
coh − (Δ𝑐−)

2

(Δ𝑐−)2coh
= 1− (Δ𝑐−)

2

(Δ𝑐−)2coh
. (149)

By substituting the quadrature variance defined by
the minus parts of (146) and (148) into (149), the
steady-state global quadrature squeezing of the two-
mode cavity light is found to be

𝑆 = 1−

(︃
𝛾𝑐
𝜅

[︃
1 +

𝑟𝑎𝛾𝑐
(𝛾 + 𝛾𝑐)2 + 𝑟𝑎(𝛾 + 2𝛾𝑐)

×

×
(︂
1− 2

√︂
𝛾 + 𝛾𝑐
𝛾 + 𝑟𝑎

)︂]︃
𝑁 + 2

)︃
/
(︁𝛾𝑐
𝜅
𝑁 + 2

)︁
. (150)

The inspection of Fig. 6 indicates that, for cer-
tain values of 𝑟𝑎, the degree of squeezing of the two-
mode cavity light increases with 𝑟𝑎. Then the degree
of squeezing decreases, as 𝑟𝑎 increases. For example,
it is found from the plot that if 𝑟𝑎 = 0.101, the max-
imum quadrature squeezing of the two-mode cavity
light is found to be 46.3% below the coherent-state
level. This global quadrature squeezing is slightly less
than that of the global quadrature squeezing dis-
cussed in Ref. [12], in which the maximum global
quadrature squeezing is 50% below the coherent state
level. This difference is resulted from the arbitrary
ordering of the noise operators associated with the
vacuum reservoir.

5. Conclusion

We have studied the statistical and squeezing prop-
erties of the cavity light generated by the three-
level laser. In this optical system, 𝑁 three-level atoms

available in a cavity coupled to a two-mode vacuum
reservoir are pumped to the top level from the ground
and bottom levels by means of the electron bom-
bardment. We consider the case where the three-level
atoms, as well as the cavity light, are interacting with
the two-mode vacuum reservoir.

Employing the master equation, we have obtained
the quantum Langevin equation for the cavity mode
and atomic operators. Applying the steady-state so-
lutions of the equations of evolution of the expecta-
tion values of the atomic operators and the quantum
Langevin equations, we obtained the global and lo-
cal photon statistics of the single-mode light beams,
as well as the two-mode light beam. In the absence
of spontaneous emission, we have noticed that the
global mean photon number of light mode a is just
equals to the global mean photon number of light
mode b. On the other hand, in the presence of spon-
taneous emission, we have noticed that the global
mean photon number of light mode a is just greater
than the global mean photon number of light mode
b. Moreover, it is also found that the global mean
photon number of the two-mode cavity light is just
the sum of the global mean photon numbers of the
separate single-mode cavity lights. Furthermore, we
have determined the global and local photon-number
variance for the single-mode cavity light beams and
the two-mode cavity light. From the results, we hav
obtained, we have observed that the global photon-
number variance of light mode a is greater than that
of light mode b, and the photon-number variance of
the two-mode cavity light does not happen to be the
sum of the photon-number variances of the separate
single-mode cavity light beams. In addition, we have
also observed that a large part of the local mean pho-
ton number and the local photon number variance are
confined in a relatively very small frequency interval.

Moreover, we have established the global quadra-
ture squeezing of the two-mode cavity light. Although
light modes a and b are separately in a chaotic state,
it turns out that the two-mode cavity light is in a
squeezed state under certain conditions with a maxi-
mum quadrature squeezing of 46% below the coherent
state-level.
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ДИНАМIКА ДВОМОДОВОГО
ЛАЗЕРА З ЕЛЕКТРИЧНОЮ НАКАЧКОЮ

Дослiджено статистичнi властивостi та стиснення свiтла у
резонаторi трирiвневого лазера. У вiдкритому резонаторi
лазера N трирiвневих атомiв взаємодiють з двомодовим
вакуумним резервуаром i накачуються на верхнiй рiвень
за допомогою електронного бомбардування. Застосовуючи
стацiонарнi розв’язки рiвнянь еволюцiї для середнiх зна-
чень атомних операторiв i квантовi рiвняння Ланжевена
для операторiв мод резонатора, ми отримали загальну i ло-
кальну статистики фотонiв для свiтлових променiв з одно-
та двомодових резонаторiв. Встановлено, що загальне сере-
днє число фотонiв i дисперсiя числа фотонiв, що випромi-
нюються з верхнього рiвня, бiльшi, нiж для свiтла, що ви-
промiнюється з промiжного рiвня. Свiтло резонатора, що
випромiнюється з верхнього i промiжного рiвнiв, може бу-
ти окремо в хаотичному станi при певних умовах. Однак
свiтло з двомодового резонатора при певних умовах може
бути в стисненому станi. Ми встановили, що максимальне
квадратурне стиснення свiтла двомодового резонатора буде
приблизно на 46% нижче порiвняно iз когерентним станом.
Наявнiсть шуму вакуумного резервуара збiльшує диспер-
сiю числа фотонiв i зменшує квадратурне стиснення свiтла
резонатора, але не змiнює середнє число фотонiв. Ми по-
казали, що локальнi значення середнього числа фотонiв i
дисперсiї числа фотонiв резонатора наближаються до за-
гальних значень при збiльшеннi частотного iнтервалу.

Ключовi слова: константа розпаду стимульованої емiсiї фо-
тонiв, статистика фотонiв, спектр потужностi, флуктуацiї
кiлькостi фотонiв, квадратурне стиснення.
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