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TO THE DIMENSIONAL EFFECT
IN NANOSTRUCTURED SYSTEMS

An expression for the Gibbs–Thomson formula in the nanometer interval from 1 to 10 nm is
obtained, in which the surface energy 𝜎0 depends on the particle size 𝑟. It is shown that the
account for the dependence 𝜎(𝑟) changes the solubility of nanoparticles and the rate of their
growth 𝑑𝑟

𝑑𝑡
, and, hence, the kinetics of the Ostwald ripening process in whole. This circumstance

is especially important in the case of quantum dots obtained using the colloidal chemistry
methods in the spherical form, with dimensions ranging from one to several nanometers.
K e yw o r d s: nanotechnology, nanostructured system, nanoparticle, surface energy, quantum
dot, Ostwald ripening, Gibbs–Thomson effect.

1. Introduction
Nanostructured systems, which are the product of
a nanotechnology, find exclusively important practi-
cal applications. Nanotechnology is a new interdis-
ciplinary science. According to many experts, the
progress in its development can be transformed into
another (fourth) industrial revolution. Nanotechno-
logy is associated with the creation of highly ef-
fective medicines and computers of unprecedented
power, the implementation of “molecular manufac-
tures” working on the basis of the “from bottom to
up” principle, when a required nanostructure is pieced
together from separate atoms and molecules, and so
forth. A special role of the nanotechnology consists in
the creation, implementation, and expansion of tech-
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nological strategies resembling those that exist and
operate in nature.

A new and very interesting phenomenon is ob-
served in the world science. This is an interdisci-
plinary research performed on the basis of science
and technology that are growing and complementing
each other. As a result, new, absolutely unexpected
properties are discovered in well-known substances,
which makes it possible to create new materials and
new technological methods. This phenomenon even
was given a special name, the fusion or merging of
technologies [1].

The production of nanostructured systems for spe-
cial purposes in the framework of the merging of tech-
nologies, or structural materials strengthened by nan-
odispersed phases, or island films, or heterosystems
with quantum dots (QDs), and so on implies the sta-
bility of their structure. However, the Ostwald ripen-
ing (OR), which is observed in those and similar sys-
tems, may be accompanied by an imbalance of their
nanostructure and a partial – sometimes, complete –
loss of their properties useful for practice that were
acquired by the system during its synthesis.
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The essence of the OR phenomenon, which is a
result of the Gibbs–Thomson effect, consists in that
owing to the diffusional transfer of the substance from
particles with a larger surface curvature to particles
with a smaller one, the former particles dissolve and
disappear, whereas the latter grow at the expense of
the former. This process gives rise to a continuous
growth of the average particle size and an unbalance
in the initial microstructure.

The first theory describing the OR was the theory
created by Lifshits, Slezov, and Wagner (LSW) [2–
4]. It described well experimental data obtained in
the micrometer interval of particle sizes. In particu-
lar, it was true the Lifshits–Slezov (LS) and Wagner
(W) size distributions. With the development of the
nanotechnology, the LSW theory was applied to na-
nostructured systems without any reservations and
without working out the corresponding criteria. It
turned out, however, that the classical version of the
LSW theory is hardly applicable to describe exper-
imental data obtained for nanometer-sized particles
(nanoparticles, NPs).

In order to bring the LSW theory closer to prac-
tice, it was modified [5–8]. The idea consisted in that
the modified theory should account for the specific
features of OR in nanostructured systems. In partic-
ular, it can be a possibility of the NP growth (dissolu-
tion) simultaneously driven by two mechanisms, the
diffusion and Wagner ones. As a result, in the modi-
fied LSW theory, instead of the NP size distribution,
we have the generalized LSW (GLSW) distribution,
which describes many more experimental curves than
the LS and W distributions do.

Nevertheless, there exist some experimental his-
tograms that are not described by any of the LS,
W, and GLSW theoretical curves. This fact means
that not all factors that govern the OR process in
nanostructured systems are taken into account in the
available theories. First of all, this concerns the struc-
tural size effect, where the particle size is a critical
quantity [1].

In this work, we will try to show how the size effect
(within an interval from 1 to 10 nm) can affect the
solubility of NPs and, therefore, the OR kinetics.

2. Solubility of Nanoparticles
from One to Ten Nanometers in Dimensions

The solute concentration 𝐶𝑟 at the interface particle–
solution (the solubility) is described by the well-

known Gibbs–Thomson formula

𝐶𝑟 = 𝐶∞ℓ
2𝜎0𝜐𝑚

𝑘𝑇
1
𝑟 , (1)

where 𝐶∞ is the equilibrium concentration at a plane
interface, 𝜎0 is the specific surface energy, 𝜐𝑚 is the
volume of a solute atom, 𝑘 is the Boltzmann constant,
and 𝑟 is the particle radius. As a rule, formula (1) is
written in the form

𝐶𝑟 = 𝐶∞

(︂
1 +

2𝜎0𝜐𝑚
𝑘𝑇

1

𝑟

)︂
, (2)

where the smallness of the power exponent in Eq. (1)
is taken into account.

Particles (structural elements) in nanostructured
systems can be of various shapes: spherical, flat (disk-
shaped), in the form of a spherical segment (dome-
shaped), and others; and the solution can be the
supersaturated steam, supersaturated liquid (melt),
supersaturated solid phase (solid solution), and oth-
ers. Expression (1) not only allows one to better un-
derstand the physical essence of the Gibbs–Thomson
effect, but it is one of the most important rela-
tionships in the OR theory. It makes it possible to
determine the growth rate 𝑑𝑟

𝑑𝑡 in the OR process,
and, hence, to formulate a closed system of integro-
differential equations whose solution enables the com-
plete determination of the OR kinetics, i.e., the time
evolution of such parameters as the solute concentra-
tion ⟨𝐶⟩, the supersaturation Δ = ⟨𝐶⟩ − 𝐶∞, the
critical, 𝑟𝑘, maximum, 𝑟𝑔, and average sizes of NPs,
their concentration, size distribution, and so forth.

In formula (1), the parameter 𝜎0 is considered to be
constant. However, it turned out that the structural-
size effect is observed in the NP size interval from
1 up to 100 nm. It consists in that if the NP size is
smaller than 10 nm, 𝜎0 is not a constant anymore, but
depends on the NP size [1]. Taking this circumstance
into account, formula (1) for the NP size interval from
1 to 10 nm takes the form

𝐶𝑟 = 𝐶∞ℓ
2𝜎𝜐𝑚
𝑘𝑇

1
𝑟 . (3)

If we consider, in the first approximation, that

𝜎 = 𝜎0
𝑟0
𝑟
, (4)

where 𝑟0 ≈ 10 nm, then Eq. (3) can be rewritten as
follows:

𝐶𝑟 = 𝐶∞ℓ
2𝜎0𝑟0𝜐𝑚

𝑘𝑇
1
𝑟2 ≈ 𝐶∞

(︂
1 +

2𝜎0𝑟0𝜐𝑚
𝑘𝑇

1

𝑟2

)︂
. (5)
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Thus, in Eq. (5), the exponent power is reciprocal not
to the NP radius, but to its square. This means that
the solubility of NPs drastically increases in the indi-
cated size interval and, accordingly, their instability
also grows, which ultimately changes the OR kinetics.

Expression (5) corresponds to spherical NPs. In or-
der to obtain corresponding formulas for NPs of any
geometric shape, then, when modeling the structural
elements of a nanostructured system, it is necessary
to use a transient expression for the Gibbs–Thomson
formula in the form [8]

𝐶𝑟 = 𝐶∞ℓ
𝜐𝑚
𝑘𝑇 Δ𝑃 ≈ 𝐶∞

(︁
1 +

𝜐𝑚
𝑘𝑇

Δ𝑃
)︁
, (6)

where Δ𝑃 is the additional pressure under the curved
NP surface. The additional Laplace pressure Δ𝑃 can
be expressed via the particle size by equating the
work executed by the pressure, when the NP volume
changes by 𝑑𝑉 and the reduction of the free surface
energy: Δ𝑃𝑑𝑉 = 𝜎𝑑𝑆 or

Δ𝑃 =
𝜎0𝑟0
𝑟

𝑑𝑆

𝑑𝑉
. (7)

In particular, for a dome-shaped particle in the
form of a spherical segment,

Δ𝑃 =
2𝜎0𝑟0
𝑟2

sin 𝜃
𝛼2(𝜃)

𝛼1(𝜃)
, (8)

where 𝜃 is the contact angle [8, 9], so that

𝐶𝑟 = 𝐶∞ℓ
2𝜎0𝑟0𝜐𝑚

𝑘𝑇 sin 𝜃
𝛼2(𝜃)

𝛼1(𝜃)
1
𝑟2 ≈

≈ 𝐶∞

(︂
1 +

2𝜎0𝑟0𝜐𝑚
𝑘𝑇

sin 𝜃
𝛼2(𝜃)

𝛼1(𝜃)

1

𝑟2

)︂
. (9)

In the case of disk-shaped particles that look like a
cylinder of height h and radius r, and are embedded
into a supersaturated solution of adatoms on a flat
surface,

𝐶𝑟 = 𝐶∞ℓ
𝜎0𝑟0𝜐𝑚

𝑘𝑇
1
𝑟2 ≈ 𝐶∞

(︂
1 +

𝜎0𝑟0𝜐𝑚
𝑘𝑇

1

𝑟2

)︂
, (10)

if ℎ = const, and

𝐶𝑟 = 𝐶∞ℓ
4
3

𝜎0𝑟0𝜐𝑚
𝑘𝑇

1
𝑟2 ≈

≈ 𝐶∞

(︂
1 +

4

3

𝜎0𝑟0𝜐𝑚
𝑘𝑇

1

𝑟2

)︂
, (11)

if ℎ/𝑟 = const.

Sometimes, pyramidal QDs in heterostructures are
modeled as cone-shaped NPs so that

𝐶𝑟 = 𝐶∞ℓ
2𝜎0𝑟0𝜐𝑚

𝑘𝑇

√︁
1+ 1

𝑎2
1
𝑟2 ≈

≈ 𝐶∞

(︃
1 +

2𝜎0𝑟0𝜐𝑚
𝑘𝑇

√︂
1 +

1

𝑎2
1

𝑟2

)︃
, (12)

where 𝑎 = ℎ
𝑟 = const, h is the cone height, and r is

the cone base radius.

3. Conclusions

In order to determine the growth rate 𝑑𝑟
𝑑𝑡 for parti-

cles in the nanometer size interval from 1 to 10 nm in
the course of OR, it is necessary to know the Gibbs–
Thomson formula for this interval. The dependence of
the superficial energy 𝜎 on the particle radius, 𝜎(𝑟),
in its classical version testifies to possible changes in
the solubility and the growth rate 𝑑𝑟

𝑑𝑡 for NPs, and,
therefore, in the OR kinetics. This is especially im-
portant for QDs synthesized using the colloidal chem-
istry methods in the form of spherical NPs, whose
sizes vary from one to several nanometers.
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ДО РОЗМIРНОГО ЕФЕКТУ
В НАНОСТРУКТУРНИХ СИСТЕМАХ

Узагальнено формулу Ґiббса–Томсона для нанометрового
дiапазону вiд 1 до 10 нм, в якому величина поверхневої

енергiї 𝜎0 залежить вiд розмiрiв частинок. Показано, що
врахування залежностi 𝜎(𝑟) приводить до змiни розчинно-
стi наночастинок i швидкостi їх росту 𝑑𝑟

𝑑𝑡
, а вiдтак i до змiни

кiнетики всього процесу оствальдiвського дозрiвання. Це
особливо важливо у випадку квантових точок, отримува-
них методами колоїдної хiмiї, у виглядi сферичних части-
нок, розмiри яких коливаються вiд одного до декiлькох на-
нометрiв.

Ключ о в i с л о в а: нанотехнологiя, наноструктурна си-
стема, наночастинка, поверхнева енергiя, квантова точка,
оствальдiвське дозрiвання, ефект Ґiббса–Томсона.
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