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IDEAL BOSE GAS IN SOME DEFORMED
TYPES OF THERMODYNAMICS. CORRESPONDENCE
BETWEEN DEFORMATION PARAMETERS

Two approaches to the construction of thermodynamics in the framework of the q- and
wu-formalisms, which correspond to certain deformations of the algebra of the creation—
annihilation operators, have been considered. By comparing the obtained results, an approx-
imate, independent of the space dimension, correspondence was revealed between the second
virial coefficients for the ideal q- and p-deformed Bose gases. The corresponding discrepancy
arises only at the level of the third virial coefficient. A method for emulating the u-deformed
Bose gas up to the third virial coefficient inclusive by means of the two-parametric nonadditive

Polychronakos statistics is demonstrated.
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1. Introduction

The history of non-standard quantum distributions
goes back to the 1940s, when Giovanni Gentile and
his colleagues tried to apply a statistics intermediate
between the bosonic and fermionic ones [1] to describe
the properties of liquid helium [2, 3]. In effect, this
approach, which consists in the application of non-
standard statistics to effectively model real physical
systems, is the main motivation for studying various
ways to modify quantum distributions [4-8]. Both the
effective consideration of the interaction between par-
ticles [9, 10] and cosmological models [11, 12] can be
taken as examples. As a result, it often becomes possi-
ble to describe complicated physical phenomena with
the help of a simpler mathematical apparatus, which
is especially important while studying many-particle
systems.

One of the variants of non-standard statistics is the
deformation of commutation relations between the
creation and annihilation operators [13-19]. The cor-
responding quantum algebras are now actively used
to analyze complex physical systems [20]. For exam-
ple, the thermodynamics of Bose systems and the
phenomenon of the Bose condensation were studied
with their help in works [21, 22]. In work [23], it was
shown how the structure of particles and the inter-
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action between them can be efficiently taken into ac-
count by means of [i- and g-deformed bosons. The au-
thors of works [24, 25] considered p- and ¢-deformed
bosons as dark matter models.

In this work, the thermodynamics of ideal ¢- and
p-deformed Bose gases [26-29] is considered. It can
be constructed in the framework of the formalism of
the ¢- and p-calculi, respectively [29, 30]. The aim of
the work consists in determining the correspondence
between those two approaches by finding a relation
between the deformation parameters. With the help
of a modification of the statistics of another type —
namely, the phenomenological choice of the expres-
sion for occupation numbers — a more accurate simu-
lation of one of the examined types of deformed ther-
modynamics can be achieved as well.

The paper has the following structure. In Sec-
tion 2, the properties of a g-deformed algebra are
discussed, and one of the ways to construct the g-
deformed thermodynamics is demonstrated. In Sec-
tion 3, a p-deformed algebra is described, as well
as the concept of constructing the relevant thermo-
dynamics. For the sake of completeness, the main
ideas of works [26, 29, 31, 32| are also briefly sum-
marized in Sections 2 and 3. Section 4 is devoted
to general relations for the virial and cluster expan-
sions. It also includes the results of numerical cal-
culations for the virial coefficients in the case of ¢-
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and p-deformations. A correspondence between the
parameters of such systems is established as well. In
Section 6, a two-parameter model of the non-additive
Polychronakos statistics is used as an approximation
to calculate the virial coefficients of a p-deformed bo-
son system. Brief conclusions can be found at the end
of the paper.

2. g-Deformed Algebra
and Thermodynamics of g-Deformed Gas

Let us consider the main steps of constructing a g-
deformed algebra and the corresponding thermody-
namics [13,32]. The creation, a, and annihilation, a,
operators satisfy the following commutation relation
written in terms of the ¢-deformed commutator:
la,a’], = aa’ — ga'a = 1. (2.1)
This is only one of the possible ways to generalize the
ordinary commutator (see, e.g., works [14, 15]).

The particle number operator NN is not reduced to
the product a'a in the g-deformed case. Its commu-
tators with the operators a' and a look like

[N,a']=da', [N,d] =—a. (2.2)
Additionally,
la,a] = [af,al] = 0. (2.3)

By applying the creation operator a' to the vacuum
state |0), we obtain the space of vectors |n),

(a™)™|0) = const |n), (2.4)

which are eigenvectors of the operator N,

Nin) =nin). (2.5)

At the same time,

al0) = 0. (2.6)

The vector |n) can be written in the form

=), 7
[n]q!

where the g-factorial [n],! is defined as

[n]g! = [n]q[n — 1]4-..[1] (2.8)
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in terms of the so-called (basic) g-numbers

q"—1
iy =L (29)
Ultimately, we obtain
atfn) = /i + 1ln + 1), (2.10)
aln) = 4/[n]qln — 1). (2.11)

In the limit ¢ — 1, the basic number [n], equals n,
and all the relations given above become the standard
bosonic ones.

The pair products of the creation and annihilation
operators look like

ala =[N],, aa' =[N +1], (2.12)

and the following expression can be formally obtained
for the operator N:

N=tm [1+ (g —1)ala].

e (2.13)

Let us analyze one of the methods for constructing
the thermodynamics of a g-deformed gas [27, 32]. In
the approach of the grand canonical ensemble, the
Hamiltonian is written in the form

H = Z(Ej — 1N, (2.14)

where ¢; is the energy, and N; the operator of the
particle number, the both corresponding to the j-
th state, and p is the chemical potential. The cor-
responding grand partition function equals

Z =Spe P, (2.15)

where 8 = 1/T is the inverse temperature. According
to the standard definition of the mean value of the
thermodynamic operator O,

(0) = éSp (Oe=PH), (2.16)

the mean occupation number in the j-th state equals

1 _
[(nslg = =Sp (e afay). (2.17)

Let n; be an eigenvalue of the operator IV;. From the
formula

1
Ny = ot [1 +(q— 1)a}a]}, (2.18)

1
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taking into account that a;r.aj = [n;]q, and after a
series of transformations, we obtain the following ex-
pression for the occupation numbers:

1 z7tefesi -1

n; = —

_— 2.19
lnq n 2716,35]‘ _ q’ ( )

where z = e is the activity.

A consistent construction of g-deformed thermody-
namics involves the application of the Jackson deriva-
tive instead of the conventional one [31]. With this
purpose in view, let us consider the logarithm of the
grand partition function

n=s =-— Z In(1
and the total particle number
N =2 n
J

From whence, it is easy to see that the standard re-
lation

— ze~Pe) (2.20)

(2.21)

9. -
N # zaln_ (2.22)

becomes violated. Replacing a% by the so-called Jack-
son derivative Déz) [33],

(= flaz) — f(2) 5 d

D) f(z) = Tg-1) D = T (2.23)
we obtain . ) e,
ZD((;) In= = <— In _qu, ) =

q—1 1—ze %

_Z Ing 1 | z7lefei — 1 _
N . qg—1lng nzfleﬂeﬂ'fq N

1
= 2N, (2.24)

After a slight modification of the Jackson derivative,

D(z) D@, (2.25)

lnq

which is also reduced to the ordinary derivative in
the limit ¢ — 1, we obtain an analog of the standard
thermodynamic relation

N=zD{"InZ =Y n;
J

(2.26)
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It is of interest that, e.g., the authors of work [32] did
not mention about the additional multiplier at the
Jackson derivative.

In order to preserve the standard expressions for
thermodynamic functions, the derivatives have to be
replaced for the variables written in the exponential
form (z = eP* or y; = e P%i). Accordingly, when
changing to the g-deformed thermodynamics, all the
derivatives must be rewritten in terms of z or y;, and,
afterward, the Jackson derivative [31] has to be in-
troduced. The expression for the internal energy can
serve as an example. Instead of the standard expres-
sion

U= —% Ins = % zj:ln(l — zePei), (2.27)

the following transfromation has to be done:

U=> %ﬁgyﬂ In(1 — zy;), (2.28)
J

where

D) f(y;) = f((;yjj()q_ﬁ()yj).

As a result, the formula for the internal energy in the
deformed case reads

1 ePeizml — 1
U:;Ejlnq ZEJHJ’

T Ty (2.29)
i.e. it coincides with the expected one.

3. pu-Deformed Algebra

and p-Deformed Thermodynamics

A new way to construct thermodynamics was pro-
posed while studying a u-deformed oscillator [17,29].
The corresponding algebra of creation-annihilation
operators is given by the commutation relation

[a,a'] = @(N) = (N +1), (3.1)
with aa’ = ¢(V), where
o) = 1o (32)

is called the structural deformation function. As was
in the previous case with the g-deformation, the par-
ticle number operator N is not equal to the product
a'a. Instead, analogously to Eq. (2.2), we now have

[N,a']=af, [N,a] = —a. (3.3)
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Let us consider a p-deformed analog of the Bose
gas, a many-particle system with the Hamiltonian

H = Z(EJ

where ¢; is the single-particle energy, N; the particle
number operator for the j-th state, and v is the chem-
ical potential (we denote it using a different letter to
avoid ambiguities). The corresponding logarithm of
the grand partition function £ = Spe™#H equals

In==-— Zln(l — ze7Pei), (3.5)

J

(3.4)

where z = eP¥ is the activity. The total number of
particles is determined by the formula

Nfzélnu.

- (3.6)

Now, instead of the ordinary derivative % and the
Jackson derivative (in the case of g-deformation), the
p-derivative is applied [29]:

DWWz = [n],z" L. (3.7
Here, the pg-number is defined as follows:

n
[l = o = (). (33

As pu — 0, the derivative ’Dgf‘ ) transforms into the
ordinary derivative, whereas [n],o — n.

By replacing -2 55 by D(” ) , we obtain
NW = DWW n = =

= DM Zln(l — ze Pei).
J

(3.9)

Expanding the logarithm into a series and applying
the derivative D,(Z“ ) to every term, we have

N — D) Z i (ze=Pei)m _
n
j n=1
SHN

7 n=1

—nﬁej

(3.10)

In the ground state, the energy ¢g = 0 and z —
— 1. Therefore, the term with j = 0 diverges, so it is
written down separately,

N(/L) — i %Z” + Z i %Zne—nﬁej )

n=1 j>0n=1

(3.11)
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This (first) term
Z L
— n

describes the ground state occupation in the p-
deformed analog of the Bose condensate.

Now, let us consider an ideal D-dimensional Bose
gas. We should change from the summation over the
energy states to the integration over the energy with
the density of states

(3.12)

g(e) =

Vo ( i )% g1 (3.13)

D 2
I (L) \2rh
where m is the particle mass, and Vp the volume in

the D-dimensional space. For the deformed analog of
the particle number, we have

N Z 0 VD (2 )%X
F( ) \2mh?

- [n}ﬂ n i D1 —nBe

X Z Tz dee=""e .
n=1 0

After the integration, we obtain
() — Voo~ [ o

=1
where
9 h2 1/2
A= ( L ) (3.15)
m

is the de Broglie thermal wavelength.

In order to construct the p-deformed thermody-
namics further, let us define the deformed grand par-
tition function 5 as follows:

-1
0 =® — ( 3) NG,

where the inverse operator means the integration,

(3.16)

-1 2 ,
<2662> f(z)= /dz'%, (3.17)
0
so that
o\, 2"
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As a result, the quantity In =) can be expanded in
a series,

= .“' n [n]# n
Z z + —= nD/2+2Z : (3.18)
Bearing in mind the polylogarithm definition

oo

Liy(z Z

(3.19)

it is convenient to introduce its u-generalization

Ll (2 Z na+1

(3.20)

As [n], — n, the latter transforms into the conven-
tional polylogarithm. Hence,

- . Vb
In 20 = Lif (2) + ATLI%L;2+1(Z)- (3.21)
From whence, we obtain the equation of state
PVp _ . Vb
2 = EW = Lif) () + L), (). (3:22)

This expression will be used in the next section.

4. Virial Expansion

In order to find a correspondence between various
fractional statistics, we have to compare their ther-
modynamic functions. This operation can be done on
the basis of the relevant virial expansions [34-36]. Af-
terward, using the calculated expressions for the virial
coefficients, the correspondence between various frac-
tional statistics can be established.

The virial coefficients are the coefficients in the
virial expansion of the pressure in a many-particle
system in the density (concentration) parameter:

P N

. 4.1
= SRRV

N 2
1+ bg—AD + bs </\D> +
Vb

where P is the pressure, T' the temperature, the ra-
tio % is the D-dimensional concentration, and A the
de Broglie thermal wavelength. The multipliers b; are
the dimensionless j-th virial coefficients. The first co-
efficient in the expansion corresponds to the ideal gas,
the second one takes into account the (effective) pair
interaction between the gas particles, the third one
makes allowance for three-particle interactions, and
so forth.
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A first step in deriving expressions for the virial
expansion coefficients is the cluster expansion of the
grand partition function in a series in the activity z,

—ln: :ZBgZ

where By are the so-called cluster integrals. Then the
virial coefficients can be found, by using the relations

(4.2)

By
33 B?
by A?P = 72§ + 434' (4.4)

From the equation of state (3.22) corresponding to
the p-deformed thermodynamics and accounting for
the series expansion (3.19) of the u-deformed poly-
logarithm, we immediately obtain the cluster inte-
grals (4.2):

1 _ 1 ) Vb
EIHS = (L11H (2) + )\T)Llp/zﬂ( )) =

i )

L (m"er %%@zi’w
4L ( L z+ 2] 22+ [3]“2z3+...> =

Vp \ 12 22 32
A \152” T 98
= Byz+ Byz® + B32® + ... (4.5)
Whence

(4.6)

Ju (4.7)

Ju : (4.8)

In the thermodynamic limit as Vp — oo (in this case,
N — oo and % = const), we have

L lu (4.9)

Bi= 3505

Ultimately, after calculating the cluster integrals, we
arrive at the following expressions for virial coeffi-
cients (4.3) and (4.4), respectively:

w_ [, 1
2 ()2 2pz

(4.10)
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W 208, 1 2-[2, 1 Y
)= e () - 010

At D = 3, those formulas coincide with the results of
work [29].

Now, let us calculate the cluster integrals for ¢-
deformations. They can be easily found on the basis
of the following expression for the occupation num-
bers n;:

N 1 >
V—D = V—D;nj = ;éBgZe.

Let us change from the summation over the energy
levels to the integration over the energy with the den-
sity of states [37]

VD m L
— /D [T\ 51
96 =1 Cr

The distribution function n; is known [see Eq. (2.19)]:

(4.12)

(4.13)

1 efeizml -1

'nlj = H ni@ﬁsz_l — q

Therefore,
N 1 [
= v [ ot =

O oo
1 m \z ezl 1 — ze P¢

= — |—= d | . 4.14

r® (277712) / c Ing " — qzePe (4.14)

0

Taking the series expansion of a logarithm into ac-
count, we obtain, with an accuracy to the z3-term,
that

N 11 1 22 128
Vo APIng\’ 120721 T g3D1
1 %22

1 ¢323 >
+ — =
93D/2-1

= Blz + 2B222 —+ 33323,

—4qF— 4 9D/2—1
(4.15)
From whence, knowing the cluster integrals, we find

the following expressions for the virial coefficients
(4.3) and (4.4):

@ _ Ing g+1

b T oD/2+24 1’ (4.16)
2In*q ¢* -1  In? 1)2

B = 2044 PR Ch D R T
95072 (g~ 1) | 2P¥ (- 17
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5. Calculation Results for Virial Coefficients

Figure 1 illustrates the results of calculations for the
virial coefficients béq) (¢-deformation, panel a) and
bé“ ) (u-deformation, panel b) in the case of space di-
mension D = 3. The corresponding general views for
2 < D < 4 are shown in Fig. 2.

It is easy to verify that, in the limits ¢ — 1 and
© — 0, we obtain expressions for the ideal Bose gas,
namely,

(@) _ Ing g+1 _ 1
bl = —Sbprig—1| T ap/n (5-1)
qg—1
(1) 2. 1 1 (
— S - 5.2)
N W B

Hence, if the space dimension amounts, e.g., to D =
= 2, the second virial coefficients expectedly equal
[34]
1

b(‘]) =—-, iy

2 4 4

By comparing the expressions for the second virial

coefficient, we can observe an approximate correspon-
dence between the ¢g- and p-deformed Bose gases. For
this purpose, we solve the equation

1
bgﬂ) ——

bs? = by (5.3)

Note that the solution of this equation does not de-
pend on the space dimension D, because the cor-
responding multipliers mutually compensate each
other. The obtained dependence is rather cumber-
some,

pq) = 2(611_1){2(1 —q)+(1+¢q)lng—

— \/2(1 —¢?)Ing + (1+q)21n2q}7 (5.4)
and it is convenient to plot it (see Fig. 3).

The results of calculations for the third virial co-
efficient in the two-dimensional case are shown in
Fig. 4. In the limiting cases ¢ — 1 and g — 0, which
correspond to the ordinary Bose gas, we obtain the
result b7 = 70 = 3, as it has to be [34].

It is of interest to see how different is the third
virial coefficient for different deformations. For this
purpose, let us substitute the parameter p in the ex-
pression for b by the dependence u(q) [Eq. (5.3)]

and equate the result to béq). The results obtained for

505



O.M. Chubai, A.A. Rovenchak

-0.17 -b(zq)

-0.18
-0.19
-0.20
-0.21
-0.22
-0.23
-0.24

-0.25
0.

-0.17 —b(zu)

-0.18
-0.19
-0.20
-0.21
-0.22
-0.23

-0.24

u
-0.25 : : : :
0.0 0.2 0.4 0.6 08 1.0

b
Fig. 1. Second virial coefficient bg in the case of space dimen-
sion D = 3. Plot a corresponds to the g-deformation, and plot
b to the p-deformation
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-0.3 00
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20 25 3.0 35 40 10
D
b

Fig. 2. Second virial coefficient by for various space dimen-
sions 2 < D < 4. Plot a corresponds to the g-deformation, and
plot b to the u-deformation
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Fig. 3. Solution p(q) [formula (5.4)] of Eq. (5.3)

0.04 T r T -
I

0.03

0.02 -
0.01
0.00
-0.01 |
-0.02 |

-0.03 |

-0.04
0.0

0.030 —b(aﬂ) ' ' ‘ ‘ ]

0.025 | ]
0.020 | 1
0.015 | ]
0.010 | 1
0.005 | 1

u
0.000

0.0 0.2 0.4 0.6 0.8 1.0

b
Fig. 4. Third virial coefficient b3 in the case of space dimen-
sion D = 2. Plot a corresponds to the g-deformation, and plot
b to the p-deformation

various space dimensions are shown in Fig. 5. One can
easily see that the difference between the virial coef-
ficients decreases as the space dimension D increases.

Hence, on the basis of the second virial coefficient,
we established an approximate correspondence be-
tween the ¢- and p-deformed Bose gases, which is
independent of the space dimension. However, this
dependence manifests itself already at the level of
the third virial coefficient. Therefore, in order to con-
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struct a more accurate correspondence (say, for the
u-deformed Bose gas), two-parameter statistics can
be used. Alternatively, instead of g-deformation, the
(p, q)-deformation can be considered [38]. In the next
section, we will use one of the two-parameter statis-
tics, which was proposed in works [35, 39].

6. Two-Parameter Model as an
Approximation of py-Deformed Bose Gas

Let us model the thermodynamics of the u-deformed
Bose gas with the help of the non-additive Polychron-
akos statistics [35, 39]. In the latter, the occupation
numbers look like

1
NAPS _
" T 1B _ ) (6.1)
z7leq =

where e, is the Tsallis Q-exponential function ' [40],

v iHQ=1,
14 (1= ]t/
ifQ#1and 1+ (1 - Q)z >0,
0/ (1-0)
ifQ#Tand 14+ (1—-Q)z <0.

The cluster integrals are calculated from rela-
tion (4.12). We obtain

N 1 1 €
e DL K
j z e =T

(6.2)

oo
= (B2 (6.3)

=1

When operating with the Tsallis Q-exponential
functions, one should bear in mind that the rules
applicable to ordinary exponential functions are not
valid for their Tsallis counterparts. For instance,
(ed)¥ # e and eg'y # eheq [41]. Furthermore, if
the parameter @ > 1, the interval of nonzero values
for the function e} is confined to the right by the
argument value xg = 1/(Q — 1) [see definition (6.2)].

1 The lowercase letter ¢ is usually used in this notation. How-
ever, instead, we use the capital letter @) here to distinguish
it from the g-deformation parameter.
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Fig. 5. Third virial coefficient for various space dimensions
D: b(3Q) (solid curves) and bé“) (dash-dotted curves). The pa-
rameter p(q) is described by Eq. (5.4)

After simple calculations, we obtain the following
result for the cluster integrals:

lfyl

AD ¢

By =

{t; D/2}q, (6.4)

where the notation {¢; s} was introduced; namely,

{listo=07° it Q=1,

{l;s}o = = ( ) SS)) if Q<1, (6.5)
{l;s}o = ]? <8’ Q)l +s)> it Q@>1.
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Fig. 6. Dependences of the parameters of the non-additive
Polychronakos statistics on the parameter of the u-deformed
Bose gas. The space dimension D = 3 (solid curves) and 2
(dash-dotted curves)

Here, B(z,y) is the Euler beta-function. Now, the
virial coefficients are functions of two parameters, @)
and ~:

ARQ) = ST D (6.6

b3AT(Q,7) =

 292{3;D/2}o = . {%D/2}}

IR AR TETS o0

By solving the system of equations

{bIJAPS@m =, 68)
BYAPS(Q, ~) = bg"), :

we obtain the dependences of the parameters () and
v on u. They are shown in Fig. 6.

Thus, the thermodynamics of the u-deformed Bose
gas with an accuracy up to the third virial coefficient
can be described with the help of the non-additive
Polychronakos statistics, the parameters Q(p) and
~v(p) of which are determined from the system of
equations (6.8).
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7. Conclusions

To summarize, two approaches modifying the algebra
of creation-annihilation operators and, accordingly,
two different ways for constructing the thermodynam-
ics of systems corresponding to the so-called ¢- and p-
deformations are considered in this work. It is shown
how analytical expressions can be derived for the
thermodynamic functions of the ideal D-dimensional
g- and p-deformed Bose gases. In order to make the
reading convenient and the presentation comprehen-
sive, the main expressions obtained by other authors
are also given, with some of them being also general-
ized to the D-dimensional case.

By comparing the results obtained for the sec-
ond virial coefficient, an approximate correspondence
between the ¢- and p-deformed Bose gases is re-
vealed, which turns out to be independent of the
space dimension. However, this dependence mani-
fests itself for the third virial coefficient. Therefore,
two-parameter deformations should be used to con-
struct more accurate correspondences. As an exam-
ple, the non-additive Polychronakos statistics is con-
sidered. Its parameters are used to calculate the de-
pendences Q(u) and v(u), which reproduce the ther-
modynamics of the p-deformed Bose gas up to the
third virial coefficient inclusive.
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LIEAJIBHUI BO3E-TA3 YV JIESAKNUX
JIE@OPMOBAHUX TEPMOJIMHAMIKAX.
3B’S130K MIXK [TAPAMETPAMU JIEGOPMAILIIIT

Peszmowme

Y pob6oTi po3rIAHYTO ABa HiAXOAn A0 MOOYIOBU TEPMOAUHAMI-
KM B MeXkax ¢- Ta p-dopMasiizMmy, IO BiJIIOBiai0OTh IEBHUM
nedopMmariisiMm  anrebpu OnepaTopiB MOPOJZKEHHSI—3HUIIIEHHSI.
IlnsixoMm 3icTaBieHHS OTPUMAaHUX PE3YJIBTATIB JJIsi JIPYroro
BipiasbHOrO KoedinieHTa BCTAHOBJIEHO HAOJIIMKEHY BiIIIOBifI-
HICTb MiXK iffeajibHUMU - Ta p-1edOpPMOBaHUMEU OO3e-ra3amu,
IO He 3aJIe’KUTh BiJ BuUMipHOCTI npocropy. PosbikHocTi BH-
HUKAIOThb JIMIIEe Ha piBHI Tpernoro BipiampHOro koedimien-
Ta. [lokazaHo, sK 3a JJOIIOMOrOIO JIBOIIApAMETPUYHOI Hea u-
TuBHOI crarucTuku IlosixpoHakoca MOXKHA 3€MYJIIOBATH [i-
nedopMmoBanuii 603e-ra3 3 TOYHICTIO A0 TPETHOI'O BipiaJibHOrO
KoedilieHTa BKJIIOYHO.
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