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IDEAL BOSE GAS IN SOME DEFORMED
TYPES OF THERMODYNAMICS. CORRESPONDENCE
BETWEEN DEFORMATION PARAMETERS

Two approaches to the construction of thermodynamics in the framework of the 𝑞- and
𝜇-formalisms, which correspond to certain deformations of the algebra of the creation–
annihilation operators, have been considered. By comparing the obtained results, an approx-
imate, independent of the space dimension, correspondence was revealed between the second
virial coefficients for the ideal 𝑞- and 𝜇-deformed Bose gases. The corresponding discrepancy
arises only at the level of the third virial coefficient. A method for emulating the 𝜇-deformed
Bose gas up to the third virial coefficient inclusive by means of the two-parametric nonadditive
Polychronakos statistics is demonstrated.
K e yw o r d s: 𝑞- and 𝜇-deformed thermodynamics, 𝑞- and 𝜇-deformed algebras, Jackson
derivative, cluster integrals, virial coefficients, non-additive Polychronakos statistics.

1. Introduction
The history of non-standard quantum distributions
goes back to the 1940s, when Giovanni Gentile and
his colleagues tried to apply a statistics intermediate
between the bosonic and fermionic ones [1] to describe
the properties of liquid helium [2, 3]. In effect, this
approach, which consists in the application of non-
standard statistics to effectively model real physical
systems, is the main motivation for studying various
ways to modify quantum distributions [4–8]. Both the
effective consideration of the interaction between par-
ticles [9, 10] and cosmological models [11, 12] can be
taken as examples. As a result, it often becomes possi-
ble to describe complicated physical phenomena with
the help of a simpler mathematical apparatus, which
is especially important while studying many-particle
systems.

One of the variants of non-standard statistics is the
deformation of commutation relations between the
creation and annihilation operators [13–19]. The cor-
responding quantum algebras are now actively used
to analyze complex physical systems [20]. For exam-
ple, the thermodynamics of Bose systems and the
phenomenon of the Bose condensation were studied
with their help in works [21, 22]. In work [23], it was
shown how the structure of particles and the inter-

c○ O.M. CHUBAI, A.A. ROVENCHAK, 2020

action between them can be efficiently taken into ac-
count by means of �̃�- and 𝑞-deformed bosons. The au-
thors of works [24, 25] considered 𝜇- and 𝑞-deformed
bosons as dark matter models.

In this work, the thermodynamics of ideal 𝑞- and
𝜇-deformed Bose gases [26–29] is considered. It can
be constructed in the framework of the formalism of
the 𝑞- and 𝜇-calculi, respectively [29, 30]. The aim of
the work consists in determining the correspondence
between those two approaches by finding a relation
between the deformation parameters. With the help
of a modification of the statistics of another type –
namely, the phenomenological choice of the expres-
sion for occupation numbers – a more accurate simu-
lation of one of the examined types of deformed ther-
modynamics can be achieved as well.

The paper has the following structure. In Sec-
tion 2, the properties of a 𝑞-deformed algebra are
discussed, and one of the ways to construct the 𝑞-
deformed thermodynamics is demonstrated. In Sec-
tion 3, a 𝜇-deformed algebra is described, as well
as the concept of constructing the relevant thermo-
dynamics. For the sake of completeness, the main
ideas of works [26, 29, 31, 32] are also briefly sum-
marized in Sections 2 and 3. Section 4 is devoted
to general relations for the virial and cluster expan-
sions. It also includes the results of numerical cal-
culations for the virial coefficients in the case of 𝑞-

500 ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 6



Ideal Bose Gas in Some Deformed Types of Thermodynamics

and 𝜇-deformations. A correspondence between the
parameters of such systems is established as well. In
Section 6, a two-parameter model of the non-additive
Polychronakos statistics is used as an approximation
to calculate the virial coefficients of a 𝜇-deformed bo-
son system. Brief conclusions can be found at the end
of the paper.

2. 𝑞-Deformed Algebra
and Thermodynamics of 𝑞-Deformed Gas

Let us consider the main steps of constructing a 𝑞-
deformed algebra and the corresponding thermody-
namics [13, 32]. The creation, 𝑎†, and annihilation, 𝑎,
operators satisfy the following commutation relation
written in terms of the 𝑞-deformed commutator:

[𝑎, 𝑎†]𝑞 = 𝑎𝑎† − 𝑞𝑎†𝑎 = 1. (2.1)

This is only one of the possible ways to generalize the
ordinary commutator (see, e.g., works [14, 15]).

The particle number operator 𝑁 is not reduced to
the product 𝑎†𝑎 in the 𝑞-deformed case. Its commu-
tators with the operators 𝑎† and 𝑎 look like

[𝑁, 𝑎†] = 𝑎†, [𝑁, 𝑎] = −𝑎. (2.2)

Additionally,

[𝑎, 𝑎] = [𝑎†, 𝑎†] = 0. (2.3)

By applying the creation operator 𝑎† to the vacuum
state |0⟩, we obtain the space of vectors |𝑛⟩,

(𝑎†)𝑛|0⟩ = const |𝑛⟩, (2.4)

which are eigenvectors of the operator 𝑁 ,

𝑁 |𝑛⟩ = 𝑛 |𝑛⟩ . (2.5)

At the same time,

𝑎|0⟩ = 0. (2.6)

The vector |𝑛⟩ can be written in the form

|𝑛⟩ = (𝑎†)𝑛√︀
[𝑛]𝑞!

|0⟩, (2.7)

where the 𝑞-factorial [𝑛]𝑞! is defined as

[𝑛]𝑞! = [𝑛]𝑞[𝑛− 1]𝑞...[1] (2.8)

in terms of the so-called (basic) 𝑞-numbers

[𝑛]𝑞 =
𝑞𝑛 − 1

𝑞 − 1
. (2.9)

Ultimately, we obtain

𝑎†|𝑛⟩ =
√︁

[𝑛+ 1]𝑞|𝑛+ 1⟩, (2.10)

𝑎|𝑛⟩ =
√︁

[𝑛]𝑞|𝑛− 1⟩. (2.11)

In the limit 𝑞 → 1, the basic number [𝑛]𝑞 equals 𝑛,
and all the relations given above become the standard
bosonic ones.

The pair products of the creation and annihilation
operators look like

𝑎†𝑎 = [𝑁 ]𝑞, 𝑎𝑎† = [𝑁 + 1]𝑞, (2.12)

and the following expression can be formally obtained
for the operator 𝑁 :

𝑁 =
1

ln 𝑞
ln
[︀
1 + (𝑞 − 1)𝑎†𝑎

]︀
. (2.13)

Let us analyze one of the methods for constructing
the thermodynamics of a 𝑞-deformed gas [27, 32]. In
the approach of the grand canonical ensemble, the
Hamiltonian is written in the form

𝐻 =
∑︁
𝑗

(𝜀𝑗 − 𝜇)𝑁𝑗 , (2.14)

where 𝜀𝑗 is the energy, and 𝑁𝑗 the operator of the
particle number, the both corresponding to the 𝑗-
th state, and 𝜇 is the chemical potential. The cor-
responding grand partition function equals

Ξ = Sp 𝑒−𝛽𝐻 , (2.15)

where 𝛽 = 1/𝑇 is the inverse temperature. According
to the standard definition of the mean value of the
thermodynamic operator 𝑂,

⟨𝑂⟩ = 1

Ξ
Sp (𝑂𝑒−𝛽𝐻), (2.16)

the mean occupation number in the 𝑗-th state equals

[𝑛𝑗 ]𝑞 =
1

Ξ
Sp (𝑒−𝛽𝐻𝑎†𝑗𝑎𝑗). (2.17)

Let 𝑛𝑗 be an eigenvalue of the operator 𝑁𝑗 . From the
formula

𝑁𝑗 =
1

ln 𝑞
ln

[︁
1 + (𝑞 − 1)𝑎†𝑗𝑎𝑗

]︁
, (2.18)

ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 6 501



O.M. Chubai, A.A. Rovenchak

taking into account that 𝑎†𝑗𝑎𝑗 = [𝑛𝑗 ]𝑞, and after a
series of transformations, we obtain the following ex-
pression for the occupation numbers:

𝑛𝑗 =
1

ln 𝑞
ln

𝑧−1𝑒𝛽𝜀𝑗 − 1

𝑧−1𝑒𝛽𝜀𝑗 − 𝑞
, (2.19)

where 𝑧 = 𝑒𝛽𝜇 is the activity.
A consistent construction of 𝑞-deformed thermody-

namics involves the application of the Jackson deriva-
tive instead of the conventional one [31]. With this
purpose in view, let us consider the logarithm of the
grand partition function

lnΞ = −
∑︁
𝑗

ln(1− 𝑧𝑒−𝛽𝜀𝑗 ) (2.20)

and the total particle number

𝑁 =
∑︁
𝑗

𝑛𝑗 , (2.21)

From whence, it is easy to see that the standard re-
lation

𝑁 ̸= 𝑧
𝜕

𝜕𝑧
lnΞ (2.22)

becomes violated. Replacing 𝜕
𝜕𝑧 by the so-called Jack-

son derivative 𝐷
(𝑧)
𝑞 [33],

𝐷(𝑧)
𝑞 𝑓(𝑧) =

𝑓(𝑞𝑧)− 𝑓(𝑧)

𝑧(𝑞 − 1)
, 𝐷

(𝑧)
1 =

𝑑

𝑑𝑧
, (2.23)

we obtain
𝑧𝐷(𝑧)

𝑞 ln𝛯 =

(︂
− 1

𝑞 − 1
ln

1− 𝑧𝑞𝑒−𝛽𝜀𝑗

1− 𝑧𝑒−𝜀𝑗

)︂
=

=
∑︁
𝑗

ln 𝑞

𝑞 − 1

1

ln 𝑞
ln

𝑧−1𝑒𝛽𝜀𝑗 − 1

𝑧−1𝑒𝛽𝜀𝑗 − 𝑞
=

=
ln 𝑞

𝑞 − 1

∑︁
𝑗

𝑛𝑗 . (2.24)

After a slight modification of the Jackson derivative,

𝑞 − 1

ln 𝑞
𝐷(𝑧)

𝑞 = �̃�(𝑧)
𝑞 , (2.25)

which is also reduced to the ordinary derivative in
the limit 𝑞 → 1, we obtain an analog of the standard
thermodynamic relation

𝑁 = 𝑧�̃�(𝑧)
𝑞 lnΞ =

∑︁
𝑗

𝑛𝑗 . (2.26)

It is of interest that, e.g., the authors of work [32] did
not mention about the additional multiplier at the
Jackson derivative.

In order to preserve the standard expressions for
thermodynamic functions, the derivatives have to be
replaced for the variables written in the exponential
form (𝑧 = 𝑒𝛽𝜇 or 𝑦𝑗 = 𝑒−𝛽𝜀𝑗 ). Accordingly, when
changing to the 𝑞-deformed thermodynamics, all the
derivatives must be rewritten in terms of 𝑧 or 𝑦𝑗 , and,
afterward, the Jackson derivative [31] has to be in-
troduced. The expression for the internal energy can
serve as an example. Instead of the standard expres-
sion

𝑈 = − 𝜕

𝜕𝛽
lnΞ =

𝜕

𝜕𝛽

∑︁
𝑗

ln(1− 𝑧𝑒−𝛽𝜀𝑗 ), (2.27)

the following transfromation has to be done:

𝑈 =
∑︁
𝑗

𝜕𝑦𝑗
𝜕𝛽

�̃�(𝑦𝑗)
𝑞 ln(1− 𝑧𝑦𝑗), (2.28)

where

�̃�(𝑦𝑗)
𝑞 𝑓(𝑦𝑗) =

𝑓(𝑞𝑦𝑗)− 𝑓(𝑦𝑗)

𝑦𝑗(𝑞 − 1)
.

As a result, the formula for the internal energy in the
deformed case reads

𝑈 =
∑︁
𝑗

𝜀𝑗
1

ln 𝑞
ln

𝑒𝛽𝜀𝑗𝑧−1 − 1

𝑒𝛽𝜀𝑗𝑧−1 − 𝑞
=

∑︁
𝑗

𝜀𝑗𝑛𝑗 , (2.29)

i.e. it coincides with the expected one.

3. 𝜇-Deformed Algebra
and 𝜇-Deformed Thermodynamics

A new way to construct thermodynamics was pro-
posed while studying a 𝜇-deformed oscillator [17, 29].
The corresponding algebra of creation-annihilation
operators is given by the commutation relation

[𝑎, 𝑎†] = 𝜙(𝑁)− 𝜙(𝑁 + 1), (3.1)

with 𝑎𝑎† ≡ 𝜙(𝑁), where

𝜙(𝑁) =
𝑁

1 + 𝜇𝑁
(3.2)

is called the structural deformation function. As was
in the previous case with the 𝑞-deformation, the par-
ticle number operator 𝑁 is not equal to the product
𝑎†𝑎. Instead, analogously to Eq. (2.2), we now have

[𝑁, 𝑎†] = 𝑎†, [𝑁, 𝑎] = −𝑎. (3.3)
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Let us consider a 𝜇-deformed analog of the Bose
gas, a many-particle system with the Hamiltonian

𝐻 =
∑︁
𝑗

(𝜀𝑗 − 𝜈)𝑁𝑗 , (3.4)

where 𝜀𝑗 is the single-particle energy, 𝑁𝑗 the particle
number operator for the 𝑗-th state, and 𝜈 is the chem-
ical potential (we denote it using a different letter to
avoid ambiguities). The corresponding logarithm of
the grand partition function Ξ = Sp 𝑒−𝛽𝐻 equals
lnΞ = −

∑︁
𝑗

ln(1− 𝑧𝑒−𝛽𝜀𝑗 ), (3.5)

where 𝑧 = 𝑒𝛽𝜈 is the activity. The total number of
particles is determined by the formula

𝑁 = 𝑧
𝜕

𝜕𝑧
lnΞ . (3.6)

Now, instead of the ordinary derivative 𝑑
𝑑𝑥 and the

Jackson derivative (in the case of 𝑞-deformation), the
𝜇-derivative is applied [29]:

𝒟(𝜇)
𝑥 𝑥𝑛 = [𝑛]𝜇𝑥

𝑛−1. (3.7)

Here, the 𝜇-number is defined as follows:

[𝑛]𝜇 ≡ 𝑛

1 + 𝜇𝑛
= 𝜙(𝑛). (3.8)

As 𝜇 → 0, the derivative 𝒟(𝜇)
𝑥 transforms into the

ordinary derivative, whereas [𝑛]𝜇→0 → 𝑛.
By replacing 𝜕

𝜕𝑧 by 𝐷
(𝜇)
𝑧 , we obtain

𝑁 (𝜇) = 𝑧𝒟(𝜇)
𝑧 ln𝛯 =

= −𝑧𝒟(𝜇)
𝑧

∑︁
𝑗

ln(1− 𝑧𝑒−𝛽𝜀𝑗 ). (3.9)

Expanding the logarithm into a series and applying
the derivative 𝒟(𝜇)

𝑧 to every term, we have

𝑁 (𝜇) = 𝑧𝒟(𝜇)
𝑧

∑︁
𝑗

∞∑︁
𝑛=1

(𝑧𝑒−𝛽𝜀𝑗 )𝑛

𝑛
=

=
∑︁
𝑗

∞∑︁
𝑛=1

𝑒−𝑛𝛽𝜀𝑗

𝑛
[𝑛]𝜇𝑧

𝑛. (3.10)

In the ground state, the energy 𝜀0 = 0 and 𝑧 →
→ 1. Therefore, the term with 𝑗 = 0 diverges, so it is
written down separately,

𝑁 (𝜇) =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛 +
∑︁
𝑗>0

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛𝑒−𝑛𝛽𝜀𝑗 . (3.11)

This (first) term

𝑛
(𝜇)
0 =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛 (3.12)

describes the ground state occupation in the 𝜇-
deformed analog of the Bose condensate.

Now, let us consider an ideal 𝐷-dimensional Bose
gas. We should change from the summation over the
energy states to the integration over the energy with
the density of states

𝑔(𝜀) =
𝑉𝐷

Γ
(︀
𝐷
2

)︀ (︁ 𝑚

2𝜋~2
)︁𝐷

2

𝜀
𝐷
2 −1, (3.13)

where 𝑚 is the particle mass, and 𝑉𝐷 the volume in
the 𝐷-dimensional space. For the deformed analog of
the particle number, we have

𝑁 (𝜇) = 𝑛
(𝜇)
0 +

𝑉𝐷

Γ(𝐷2 )

(︁ 𝑚

2𝜋~2
)︁𝐷

2 ×

×
∞∑︁

𝑛=1

[𝑛]𝜇
𝑛

𝑧𝑛
∞∫︁
0

𝑑𝜀 𝜀
𝐷
2 −1𝑒−𝑛𝛽𝜀.

After the integration, we obtain

𝑁 (𝜇) = 𝑛
(𝜇)
0 +

𝑉𝐷

𝜆𝐷

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛𝐷/2+1

𝑧𝑛, (3.14)

where

𝜆 =

(︂
2𝜋𝛽~2

𝑚

)︂1/2
(3.15)

is the de Broglie thermal wavelength.
In order to construct the 𝜇-deformed thermody-

namics further, let us define the deformed grand par-
tition function Ξ (𝜇) as follows:

lnΞ (𝜇) =

(︂
𝑧
𝜕

𝜕𝑧

)︂−1

𝑁 (𝜇), (3.16)

where the inverse operator means the integration,(︂
𝑧
𝜕

𝜕𝑧

)︂−1

𝑓(𝑧) =

𝑧∫︁
0

𝑑𝑧′
𝑓(𝑧′)

𝑧′
, (3.17)

so that(︂
𝑧
𝜕

𝜕𝑧

)︂−1

𝑧𝑛 =
𝑧𝑛

𝑛
.
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As a result, the quantity lnΞ (𝜇) can be expanded in
a series,

lnΞ (𝜇) =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛2

𝑧𝑛 +
𝑉𝐷

𝜆𝐷

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛𝐷/2+2

𝑧𝑛. (3.18)

Bearing in mind the polylogarithm definition

Li𝛼(𝑧) =

∞∑︁
𝑛=1

𝑧𝑛

𝑛𝛼
, (3.19)

it is convenient to introduce its 𝜇-generalization

Li(𝜇)𝛼 (𝑧) =

∞∑︁
𝑛=1

[𝑛]𝜇
𝑛𝛼+1

𝑧𝑛. (3.20)

As [𝑛]𝜇 → 𝑛, the latter transforms into the conven-
tional polylogarithm. Hence,

lnΞ (𝜇) = Li
(𝜇)
1 (𝑧) +

𝑉𝐷

𝜆𝐷
Li

(𝜇)
𝐷/2+1(𝑧). (3.21)

From whence, we obtain the equation of state
𝑃𝑉𝐷

𝑇
= lnΞ (𝜇) = Li

(𝜇)
1 (𝑧) +

𝑉𝐷

𝜆𝐷
Li

(𝜇)
𝐷/2+1(𝑧). (3.22)

This expression will be used in the next section.

4. Virial Expansion

In order to find a correspondence between various
fractional statistics, we have to compare their ther-
modynamic functions. This operation can be done on
the basis of the relevant virial expansions [34–36]. Af-
terward, using the calculated expressions for the virial
coefficients, the correspondence between various frac-
tional statistics can be established.

The virial coefficients are the coefficients in the
virial expansion of the pressure in a many-particle
system in the density (concentration) parameter:

𝑃

𝑇
=

𝑁

𝑉𝐷

[︃
1 + 𝑏2

𝑁

𝑉𝐷
𝜆𝐷 + 𝑏3

(︂
𝑁

𝑉𝐷
𝜆𝐷

)︂2
+ ...

]︃
, (4.1)

where 𝑃 is the pressure, 𝑇 the temperature, the ra-
tio 𝑁

𝑉𝐷
is the 𝐷-dimensional concentration, and 𝜆 the

de Broglie thermal wavelength. The multipliers 𝑏𝑗 are
the dimensionless 𝑗-th virial coefficients. The first co-
efficient in the expansion corresponds to the ideal gas,
the second one takes into account the (effective) pair
interaction between the gas particles, the third one
makes allowance for three-particle interactions, and
so forth.

A first step in deriving expressions for the virial
expansion coefficients is the cluster expansion of the
grand partition function in a series in the activity 𝑧,

1

𝑉𝐷
lnΞ =

∞∑︁
ℓ=1

𝐵ℓ𝑧
ℓ, (4.2)

where 𝐵ℓ are the so-called cluster integrals. Then the
virial coefficients can be found, by using the relations

𝑏2𝜆
𝐷 = −𝐵2

𝐵2
1

, (4.3)

𝑏3𝜆
2𝐷 = −2

𝐵3

𝐵3
1

+ 4
𝐵2

2

𝐵4
1

. (4.4)

From the equation of state (3.22) corresponding to
the 𝜇-deformed thermodynamics and accounting for
the series expansion (3.19) of the 𝜇-deformed poly-
logarithm, we immediately obtain the cluster inte-
grals (4.2):

1

𝑉𝐷
ln𝛯 =

1

𝑉𝐷

(︂
Li

(𝜇)
1 (𝑧) +

𝑉𝐷

𝜆𝐷
Li𝜇𝐷/2+1(𝑧)

)︂
=

=
1

𝑉𝐷

(︂
[1]𝜇
12

𝑧 +
[2]𝜇
22

𝑧2
[3]𝜇
32

𝑧3 + ...

)︂
+

+
1

𝜆𝐷

(︂
[1]𝜇

1
𝐷
2 +2

𝑧 +
[2]𝜇

2
𝐷
2 +2

𝑧2 +
[3]𝜇

3
𝐷
2 +2

𝑧3 + ...

)︂
=

= 𝐵1𝑧 +𝐵2𝑧
2 +𝐵3𝑧

3 + ... . (4.5)

Whence

𝐵1 =
[1]𝜇
𝑉𝐷

+
1

𝜆𝐷

[1]𝜇
1

, (4.6)

𝐵2 =
[2]𝜇
4𝑉𝐷

+
1

𝜆𝐷

[2]𝜇

2
𝐷
2 +2

, (4.7)

𝐵3 =
[3]𝜇
9𝑉𝐷

+
1

𝜆𝐷

[3]𝜇

3
𝐷
2 +2

. (4.8)

In the thermodynamic limit as 𝑉𝐷 → ∞ (in this case,
𝑁 → ∞ and 𝑁

𝑉𝐷
= const), we have

𝐵ℓ =
1

𝜆𝐷

[ℓ]𝜇

ℓ
𝐷
2 +2

. (4.9)

Ultimately, after calculating the cluster integrals, we
arrive at the following expressions for virial coeffi-
cients (4.3) and (4.4), respectively:

𝑏
(𝜇)
2 = − [2]𝜇

([1]𝜇)2
1

2𝐷/2+2
, (4.10)
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𝑏
(𝜇)
3 = −2 · [3]𝜇

([1]𝜇)3
1

3𝐷/2+2
+

(︂
2 · [2]𝜇
([1]𝜇)2

1

2𝐷/2+2

)︂2
. (4.11)

At 𝐷 = 3, those formulas coincide with the results of
work [29].

Now, let us calculate the cluster integrals for 𝑞-
deformations. They can be easily found on the basis
of the following expression for the occupation num-
bers 𝑛𝑗 :

𝑁

𝑉𝐷
=

1

𝑉𝐷

∑︁
𝑗

𝑛𝑗 =

∞∑︁
ℓ=1

ℓ𝐵ℓ𝑧
ℓ. (4.12)

Let us change from the summation over the energy
levels to the integration over the energy with the den-
sity of states [37]

𝑔(𝜀) =
𝑉𝐷

Γ
(︀
𝐷
2

)︀ (︁ 𝑚

2𝜋~2
)︁𝐷

2

𝜀
𝐷
2 −1. (4.13)

The distribution function 𝑛𝑗 is known [see Eq. (2.19)]:

𝑛𝑗 =
1

ln 𝑞
ln

𝑒𝛽𝜀𝑗𝑧−1 − 1

𝑒𝛽𝜀𝑗𝑧−1 − 𝑞
.

Therefore,

𝑁

𝑉𝐷
=

1

𝑉𝐷

∞∫︁
0

𝑑𝜀 𝑔(𝜀)𝑛(𝜀) =

=
1

Γ
(︀
𝐷
2

)︀ (︁ 𝑚

2𝜋~2
)︁𝐷

2

∞∫︁
0

𝑑𝜀
𝜀

𝐷
2 −1

ln 𝑞
ln

1− 𝑧𝑒−𝛽𝜀

1− 𝑞𝑧𝑒−𝛽𝜀
. (4.14)

Taking the series expansion of a logarithm into ac-
count, we obtain, with an accuracy to the 𝑧3-term,
that

𝑁

𝑉𝐷
= − 1

𝜆𝐷

1

ln 𝑞

(︂
𝑧 +

1

4

𝑧2

2𝐷/2−1
+

1

9

𝑧3

3𝐷/2−1
−

− 𝑞𝑧 − 1

4

𝑞2𝑧2

2𝐷/2−1
+

1

9

𝑞3𝑧3

3𝐷/2−1

)︂
=

= 𝐵1𝑧 + 2𝐵2𝑧
2 + 3𝐵3𝑧

3, (4.15)

From whence, knowing the cluster integrals, we find
the following expressions for the virial coefficients
(4.3) and (4.4):

𝑏
(𝑞)
2 = − ln 𝑞

2𝐷/2+2

𝑞 + 1

𝑞 − 1
, (4.16)

𝑏
(𝑞)
3 = −2

9

ln2 𝑞

3𝐷/2

𝑞3 − 1

(𝑞 − 1)3
+

ln2 𝑞

2𝐷+2

(𝑞 + 1)2

(𝑞 − 1)2
. (4.17)

5. Calculation Results for Virial Coefficients

Figure 1 illustrates the results of calculations for the
virial coefficients 𝑏

(𝑞)
2 (𝑞-deformation, panel 𝑎) and

𝑏
(𝜇)
2 (𝜇-deformation, panel 𝑏) in the case of space di-

mension 𝐷 = 3. The corresponding general views for
2 ≤ 𝐷 ≤ 4 are shown in Fig. 2.

It is easy to verify that, in the limits 𝑞 → 1 and
𝜇 → 0, we obtain expressions for the ideal Bose gas,
namely,

𝑏
(𝑞)
2 = − ln 𝑞

2𝐷/2+2

𝑞 + 1

𝑞 − 1

⃒⃒⃒⃒
⃒
𝑞→1

= − 1

2𝐷/2+1
, (5.1)

𝑏
(𝜇)
2 = − [2]𝜇

([1]𝜇)2
1

2𝐷/2+2

⃒⃒⃒⃒
⃒
𝜇→0

= − 1

2𝐷/2+1
. (5.2)

Hence, if the space dimension amounts, e.g., to 𝐷 =
= 2, the second virial coefficients expectedly equal
[34]

𝑏
(𝑞)
2 = −1

4
, 𝑏

(𝜇)
2 = −1

4
.

By comparing the expressions for the second virial
coefficient, we can observe an approximate correspon-
dence between the 𝑞- and 𝜇-deformed Bose gases. For
this purpose, we solve the equation

𝑏
(𝑞)
2 = 𝑏

(𝜇)
2 . (5.3)

Note that the solution of this equation does not de-
pend on the space dimension 𝐷, because the cor-
responding multipliers mutually compensate each
other. The obtained dependence is rather cumber-
some,

𝜇(𝑞) =
1

2(𝑞 − 1)

{︂
2(1− 𝑞) + (1 + 𝑞) ln 𝑞−

−
√︁
2(1− 𝑞2) ln 𝑞 + (1 + 𝑞)2 ln2 𝑞

}︂
, (5.4)

and it is convenient to plot it (see Fig. 3).
The results of calculations for the third virial co-

efficient in the two-dimensional case are shown in
Fig. 4. In the limiting cases 𝑞 → 1 and 𝜇 → 0, which
correspond to the ordinary Bose gas, we obtain the
result 𝑏

(𝑞→1)
3 = 𝑏

(𝜇→0)
3 = 1

36 , as it has to be [34].
It is of interest to see how different is the third

virial coefficient for different deformations. For this
purpose, let us substitute the parameter 𝜇 in the ex-
pression for 𝑏

(𝜇)
3 by the dependence 𝜇(𝑞) [Eq. (5.3)]

and equate the result to 𝑏
(𝑞)
3 . The results obtained for
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a

b
Fig. 1. Second virial coefficient 𝑏2 in the case of space dimen-
sion 𝐷 = 3. Plot 𝑎 corresponds to the 𝑞-deformation, and plot
𝑏 to the 𝜇-deformation

a

b
Fig. 2. Second virial coefficient 𝑏2 for various space dimen-
sions 2 ≤ 𝐷 ≤ 4. Plot 𝑎 corresponds to the 𝑞-deformation, and
plot 𝑏 to the 𝜇-deformation

Fig. 3. Solution 𝜇(𝑞) [formula (5.4)] of Eq. (5.3)

a

b
Fig. 4. Third virial coefficient 𝑏3 in the case of space dimen-
sion 𝐷 = 2. Plot 𝑎 corresponds to the 𝑞-deformation, and plot
𝑏 to the 𝜇-deformation

various space dimensions are shown in Fig. 5. One can
easily see that the difference between the virial coef-
ficients decreases as the space dimension 𝐷 increases.

Hence, on the basis of the second virial coefficient,
we established an approximate correspondence be-
tween the 𝑞- and 𝜇-deformed Bose gases, which is
independent of the space dimension. However, this
dependence manifests itself already at the level of
the third virial coefficient. Therefore, in order to con-
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struct a more accurate correspondence (say, for the
𝜇-deformed Bose gas), two-parameter statistics can
be used. Alternatively, instead of 𝑞-deformation, the
(𝑝, 𝑞)-deformation can be considered [38]. In the next
section, we will use one of the two-parameter statis-
tics, which was proposed in works [35, 39].

6. Two-Parameter Model as an
Approximation of 𝜇-Deformed Bose Gas

Let us model the thermodynamics of the 𝜇-deformed
Bose gas with the help of the non-additive Polychron-
akos statistics [35, 39]. In the latter, the occupation
numbers look like

𝑛NAPS
𝑗 =

1

𝑧−1𝑒
𝛽𝜀𝑗
𝑄 − 𝛾

, (6.1)

where 𝑒𝑥𝑄 is the Tsallis 𝑄-exponential function 1 [40],

𝑒𝑥𝑄 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑒𝑥, if 𝑄 = 1,

[1 + (1− 𝑞)𝑥]1/(1−𝑞)

if 𝑄 ̸= 1 and 1 + (1−𝑄)𝑥 > 0,

01/(1−𝑞)

if 𝑄 ̸= 1 and 1 + (1−𝑄)𝑥 ≤ 0.

(6.2)

The cluster integrals are calculated from rela-
tion (4.12). We obtain

𝑁

𝑉𝐷
=

1

𝑉𝐷

∑︁
𝑗

𝑛NAPS
𝑗 =

1

𝑉𝐷

∞∫︁
0

𝑑𝜀
𝑔(𝜀)

𝑧−1𝑒𝛽𝜀𝑄 − 𝛾
=

=
1

Γ(𝐷2 )

(︁ 𝑚

2𝜋~2
)︁𝐷

2

∞∫︁
0

𝑑𝜀 𝜀
𝐷
2 −1

∞∑︁
ℓ=1

𝛾ℓ−1(︁
𝑒𝛽𝜀𝑄

)︁ℓ
𝑧ℓ =

=

∞∑︁
ℓ=1

ℓ𝐵ℓ𝑧
ℓ. (6.3)

When operating with the Tsallis 𝑄-exponential
functions, one should bear in mind that the rules
applicable to ordinary exponential functions are not
valid for their Tsallis counterparts. For instance,
(𝑒𝑥𝑄)

𝑦 ̸= 𝑒𝑥𝑦𝑄 and 𝑒𝑥+𝑦
𝑄 ̸= 𝑒𝑥𝑄𝑒

𝑦
𝑄 [41]. Furthermore, if

the parameter 𝑄 > 1, the interval of nonzero values
for the function 𝑒𝑥𝑄 is confined to the right by the
argument value 𝑥0 = 1/(𝑄− 1) [see definition (6.2)].

1 The lowercase letter 𝑞 is usually used in this notation. How-
ever, instead, we use the capital letter 𝑄 here to distinguish
it from the 𝑞-deformation parameter.

Fig. 5. Third virial coefficient for various space dimensions
𝐷: 𝑏

(𝑞)
3 (solid curves) and 𝑏

(𝜇)
3 (dash-dotted curves). The pa-

rameter 𝜇(𝑞) is described by Eq. (5.4)

After simple calculations, we obtain the following
result for the cluster integrals:

𝐵ℓ =
1

𝜆𝐷

𝛾ℓ−1

ℓ
{ℓ; 𝐷/2}𝑄, (6.4)

where the notation {ℓ; 𝑠}𝑄 was introduced; namely,

{ℓ; 𝑠}𝑄 = ℓ−𝑠 if 𝑄 = 1,

{ℓ; 𝑠}𝑄 =
B
(︁
𝑠, ℓ

1−𝑄 − 𝑠
)︁

(1−𝑄)𝑠 Γ(𝑠)
if 𝑄 < 1,

{ℓ; 𝑠}𝑄 =
B
(︁
𝑠, ℓ

𝑄−1 + 1
)︁

(𝑄− 1)𝑠 Γ(𝑠)
if 𝑄 > 1.

(6.5)
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Fig. 6. Dependences of the parameters of the non-additive
Polychronakos statistics on the parameter of the 𝜇-deformed
Bose gas. The space dimension 𝐷 = 3 (solid curves) and 2
(dash-dotted curves)

Here, B(𝑥, 𝑦) is the Euler beta-function. Now, the
virial coefficients are functions of two parameters, 𝑄
and 𝛾:

𝑏NAPS
2 (𝑄, 𝛾) = −𝛾

2

{2;𝐷/2}𝑄
{1;𝐷/2}2𝑄

, (6.6)

𝑏NAPS
3 (𝑄, 𝛾) =

= −2𝛾2

3

{3;𝐷/2}𝑄
{1;𝐷/2}3𝑄

+ 𝛾2
{2;𝐷/2}2𝑄
{1;𝐷/2}4𝑄

. (6.7)

By solving the system of equations{︃
𝑏NAPS
2 (𝑄, 𝛾) = 𝑏

(𝜇)
2 ,

𝑏NAPS
3 (𝑄, 𝛾) = 𝑏

(𝜇)
3 ,

(6.8)

we obtain the dependences of the parameters 𝑄 and
𝛾 on 𝜇. They are shown in Fig. 6.

Thus, the thermodynamics of the 𝜇-deformed Bose
gas with an accuracy up to the third virial coefficient
can be described with the help of the non-additive
Polychronakos statistics, the parameters 𝑄(𝜇) and
𝛾(𝜇) of which are determined from the system of
equations (6.8).

7. Conclusions

To summarize, two approaches modifying the algebra
of creation-annihilation operators and, accordingly,
two different ways for constructing the thermodynam-
ics of systems corresponding to the so-called 𝑞- and 𝜇-
deformations are considered in this work. It is shown
how analytical expressions can be derived for the
thermodynamic functions of the ideal 𝐷-dimensional
𝑞- and 𝜇-deformed Bose gases. In order to make the
reading convenient and the presentation comprehen-
sive, the main expressions obtained by other authors
are also given, with some of them being also general-
ized to the 𝐷-dimensional case.

By comparing the results obtained for the sec-
ond virial coefficient, an approximate correspondence
between the 𝑞- and 𝜇-deformed Bose gases is re-
vealed, which turns out to be independent of the
space dimension. However, this dependence mani-
fests itself for the third virial coefficient. Therefore,
two-parameter deformations should be used to con-
struct more accurate correspondences. As an exam-
ple, the non-additive Polychronakos statistics is con-
sidered. Its parameters are used to calculate the de-
pendences 𝑄(𝜇) and 𝛾(𝜇), which reproduce the ther-
modynamics of the 𝜇-deformed Bose gas up to the
third virial coefficient inclusive.
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26. J.A. Tuszyński, J.L. Rubin, J. Meyer, M. Kibler. Statistical
mechanics of a 𝑞-deformed boson gas. Phys. Lett. A 175,
173 (1993).

27. A. Lavagno, P. Narayana Swamy. Thermostatistics of a 𝑞-
deformed boson gas. Phys. Rev. E 61, 1218 (2000).

28. A.M. Gavrilik, I.I. Kachurik, Yu.A. Mishchenko. Two-
fermion composite quasi-bosons and deformed oscillators.
Ukr. J. Phys. 56, 948 (2011).

29. A.P. Rebesh, I.I. Kachurik, A.M. Gavrilik. Elements of 𝜇-
calculus and thermodynamics of 𝜇-bose gas model. Ukr. J.
Phys. 58, 1182 (2013).

30. V. Kac, P. Cheung. Quantum Calculus (Springer, 2002).
31. A. Lavagno, P. Narayana Swamy. Generalized thermody-

namics of 𝑞-deformed bosons and fermions. Phys. Rev. E
65, 036101 (2002).

32. A. Lavagno, A.M. Scarfone, P. Narayana Swamy. 𝑞-
deformed structures and generalized thermodynamics.
Rep. Math. Phys 55, 423 (2005).

33. F.H. Jackson. On 𝑞-functions and a certain difference op-
erator. Trans. Roy. Soc. Edin. 46, 253 (1909).

34. A. Khare. Fractional Statistics and Quantum Theory
(World Scientific, 2005).

35. A. Rovenchak. Two-parametric fractional statistics models
for anions. Eur. Phys. J. B 87, 175 (2014).

36. A.A. Rovenchak. Exotic Statistics (Lviv University Press,
2018) (in Ukrainian). [ISBN: 978-617-10-0461-0].

37. L. Salasnich. BEC in nonextensive statistical mechanics.
Int. J. Mod. Phys. B 14, 405 (2000).

38. A.M. Gavrilik, A.P. Rebesh. Deformed gas of 𝑝, 𝑞-bosons:
Virial expansion and virial coefficients. Mod. Phys. Lett. B
25, 1150030 (2012).

39. A. Rovenchak. Weakly nonadditive Polychronakos statis-
tics. Phys. Rev. A 89, 052116 (2014).

40. C. Tsallis. What are the numbers that experiments pro-
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О.М.Чубай, А.А. Ровенчак

IДЕАЛЬНИЙ БОЗЕ-ГАЗ У ДЕЯКИХ
ДЕФОРМОВАНИХ ТЕРМОДИНАМIКАХ.
ЗВ’ЯЗОК МIЖ ПАРАМЕТРАМИ ДЕФОРМАЦIЙ

Р е з ю м е

У роботi розглянуто два пiдходи до побудови термодинамi-
ки в межах 𝑞- та 𝜇-формалiзму, що вiдповiдають певним
деформацiям алгебри операторiв породження–знищення.
Шляхом зiставлення отриманих результатiв для другого
вiрiального коефiцiєнта встановлено наближену вiдповiд-
нiсть мiж iдеальними 𝑞- та 𝜇-деформованими бозе-газами,
що не залежить вiд вимiрностi простору. Розбiжностi ви-
никають лише на рiвнi третього вiрiального коефiцiєн-
та. Показано, як за допомогою двопараметричної неади-
тивної статистики Полiхронакоса можна земулювати 𝜇-
деформований бозе-газ з точнiстю до третього вiрiального
коефiцiєнта включно.

ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 6 509


