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FINE SPIN-DEPENDENT SPLITTING
OF ELECTRONIC EXCITATIONS AND THEIR
DISPERSION IN SINGLE-LAYER
GRAPHENE AND GRAPHITE 1

The dispersion dependences of electronic excitations in single-layer graphene and crystalline
graphite have been studied taking the electron spin into consideration. Compatibility conditions
for two-valued irreducible projective representations characterizing the symmetry of spinor
excitations in the above structures and the distributions of spinor quantum states over pro-
jective classes and irreducible projective representations at all high-symmetry points in the
corresponding Brillouin zones are determined for the first time. The principal existence of the
spin-dependent splitting (or merging) of the electronic energy states, in particular, the elec-
tronic 𝜋-bands at the Dirac points, is established. The magnitude of spin-dependent splitting
can be significant, e.g., for the transition-metal chalcogenides belonging to the same spatial
symmetry group as crystalline graphite. However, because of the weak spin-orbit interaction
for carbon atoms, it turns out small for all carbon structures including single-layer graphene
and crystalline graphite.
K e yw o r d s: spinor representations of symmetry groups, factor systems, dispersion of ele-
mentary excitations, graphite, graphene.

1. Introduction
In work [1], when describing the dispersion of vibra-
tional excitations in single-layer graphene and crys-
talline graphite without taking the spin of electronic
excitations into account, the projective classes and
standard factor systems, as well as the single-valued
(vector) and projectively equivalent (𝑝-equivalent) ir-
reducible projective representations of spatial sym-
metry groups, according to which those excitations
are classified at the high-symmetry points in the Bril-
louin zones of the above structures, have been deter-
mined for the first time. The compatibility conditions
for irreducible projective representations of various
projective classes corresponding to an ordering of the
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spatial symmetry groups and the wave-vector groups
with k ̸= 0 are determined together with the real-
ization of the projective classes that are possible for
those groups.

The account for the electron spin for the elec-
tronic 𝜋-bands in single-layer graphene and crys-
talline graphite, which was performed in work cite2,
doubles the number of electronic energy states and, as
a result, gives rise to their new classification accord-
ing to the double-valued (spinor) irreducible projec-
tive representations in the new system of projective
classes. The unambiguity in the ordering of spatial
symmetry groups at various high-symmetry points

1 The paper was presented at the XXIVth Galyna Puchkovska
International School-Seminar “Spectroscopy of Molecules
and Crystals” (August 25–30, 2019, Odesa, Ukraine).
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in the k-space survives at that, but there arises a
possibility of the spin-dependent splitting or princi-
pal merging of excited electronic energy states, which
should manifest itself in the fine structure of elec-
tronic excitations in crystalline systems with a low
spin-orbit interaction energy, e.g., in carbon struc-
tures, where the spin-orbit interaction energy is only
1.0–1.5 meV [3].

The electronic “skeletons”, e.g., in hexagonal boron
nitride (ℎ-BN or 𝛾-BN) and the hexagonal poly-
types 2𝐻𝑎 and 2𝐻𝑐 of the transition-metal dichalco-
genides (MoS2, MoSe2, WS2, WSe2, TeS2, and
TeSe2) are also based on the 𝑠𝑝2-hybridization of elec-
tronic states. The crystal lattice symmetry in those
substances is also described by the spatial group
𝑃63/𝑚𝑚𝑐 (𝐷4

6ℎ) as in crystalline graphite, and the
energies of spin-orbit interaction for the correspond-
ing 𝜋-bands are much higher than for carbon 𝜋-
bands. Therefore, we decided to consider the quali-
tative character of the electron spin influence on the
structure of electronic 𝜋-bands and the dispersion of
𝜋-electronic states in graphite and other compounds,
whose crystal lattices are characterized by this spatial
symmetry, in more details.

2. Symmetry Basics for Determining
the Qualitative Character of the Electron
Spin Influence on the Structure
of the Electronic Excitation Energy Spectra
and Their Dispersion in Crystalline Graphite
𝛾-𝐶 and Single-Layer Graphene 𝐶𝐿,1

Among the electronic excitations at various high-
symmetry points in the corresponding Brillouin zones
of crystalline graphite 𝛾-𝐶 and single-layer graphene
𝐶𝐿,1, which were analyzed in works [1,2], we will con-
sider only the excitations of electronic 𝜋-bands. Their
wave functions are orthogonal to the wave functions
of the 𝑠𝑝2-hybridized bands of 𝜎-electrons.

When determining the characters of the projec-
tive representations 𝐷𝜋, which describe the symme-
try of electronic states (without taking the electron
spin into account) at the point 𝐷 of the correspond-
ing Brillouin zone, we used formulas (1)–(18) from
work [1]. At the same time, in order to find the char-
acters of the projective representations 𝐷′

𝜋, which do
the same but making allowance for the electron spin,
formulas (2)–(8) from work [2] were applied. Whe-
ther the projective representations of the wave-vector
groups of spatial symmetry groups belong to the 𝑖-th

projective class 𝐾𝑖 or not was determined by con-
structing the factor systems 𝜔(𝑟2, 𝑟1) and reducing
them to the standard form with the help of the func-
tions on groups, the coefficients 𝑢(𝑟).

In this work, while determining the correspondence
between the projective representations 𝐷𝜋 and 𝐷′

𝜋,
which characterize the symmetry of electronic states
without taking and taking, respectively, the electron
spin into account, the following relation was addition-
ally used for each wave-vector group of the spatial
symmetry groups of crystalline graphite and single-
layer graphene:

𝐷′
𝜋 = 𝐷𝜋 ×𝐷+

1/2. (1)

Here, 𝐷+
1/2 is an even two-dimensional (spinor) pro-

jective representation of the rotation group for the
total electron angular momentum quantum number
𝑗 = 1

2 . For the rotation at the angle 𝜑, its characters
are determined by the formula [2]

𝜒𝑗(𝑐𝜑) =
sin[(𝑗 + 1/2)𝜑]

sin(𝜑/2)
. (2)

In particular, at the points Γ in the Brillouin zones
of crystalline graphite [the spatial symmetry group
𝑃63/𝑚𝑚𝑐 (𝐷4

6ℎ)] and single-layer graphene [the
diperiodic spatial symmetry group 𝑃6/𝑚𝑚𝑚 (𝐷𝐺80)
[4], the group chart of which coincides with the
group chart of the three-periodic space symmetry
group 𝑃6/𝑚𝑚𝑚 (𝐷1

6ℎ)], the point symmetry groups
of equivalent directions are identical; these are the
groups 6/𝑚𝑚𝑚 (𝐷6ℎ), which coincide with the
groups of crystalline and macromolecular classes, re-
spectively.

The symmetry of the valence band (𝜋-band) of
single-layer graphene 𝐶𝐿,1 at the center of its Bril-
louin zone, i.e., at the point Γ , for electronic states
without taking the electron spin into account, is de-
termined by the representation Γ−

3 (𝐴−
3 ) of the point

group 6/𝑚𝑚𝑚 (𝐷6ℎ) (the highest-energy binding 𝜋-
orbital with 𝜓𝑣(r) =

1√
2
[𝜑1(r)+𝜑2(r)]), and the sym-

metry of the conduction bands (𝜋*-band, the anti-
binding 𝜋*-orbital with 𝜓𝑐(r) =

1√
2
[𝜑1(r)− 𝜑2(r)] by

the representation Γ+
2 (𝐴+

2 )). Here, 𝜑1(r) and 𝜑2(r)
are the atomic 𝜋-orbitals of the first and second crys-
tallographically non-equivalent C atoms that form a
unit cell in single-layer graphene. Using the method
of linear combination of atomic orbitals (LCAO), it is
easy to find that the highest valence band (not tak-
ing the electron spin into account) at the point Γ
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Table 1. Characters of the single-valued irreducible representations (Γ
(0)
2 )+ (Γ

+
2 )

and (Γ
(0)
3 )−(Γ

−
3 ) (the projective class 𝐾0), the spinor representation 𝐷

+
1/2

(the projective

class 𝐾1), and the products of the projective representations (Γ
(0)
2 )+ ⊗ 𝐷

+
1/2

and (Γ
(0)
3 )− ⊗ 𝐷

+
1/2

(the projective class 𝐾1) of the 6/𝑚𝑚𝑚 (𝐷6ℎ)

Projec-
tive
class

Notation for irreducible
projective representation

6/𝑚𝑚𝑚 (𝐷6ℎ)

𝑒 𝑐3 𝑐23 3𝑢2 𝑐2 𝑐56 𝑐6 3𝑢′
2 𝑖 𝑖𝑐3 𝑖𝑐23 3𝑖𝑢2 𝑖𝑐2 𝑖𝑐56 𝑖𝑐6 3𝑖𝑢′

2

𝐾0 (𝛤
(0)
2 )+ 𝛤+

2 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1

(𝛤
(0)
3 )− 𝛤−

3 1 1 1 −1 1 1 1 −1 −1 −1 −1 1 −1 −1 −1 1

𝐾1 𝐷+
1/2

2 1 −1 0 0 −
√
3

√
3 0 2 1 −1 0 0 −

√
3

√
3 0

(𝛤
(0)
2 )+ ⊗𝐷+

1/2
= ((𝛤 ′)

(1)
1 )+

(𝛤+
2 ⊗𝐷+

1/2
= 𝛤+

7 )
2 1 −1 0 0

√
3 −

√
3 0 2 1 −1 0 0

√
3 −

√
3 0

(𝛤
(0)
3 )− ⊗𝐷+

1/2
= ((𝛤 ′)

(1)
2 )−

(𝛤−
3 ⊗𝐷+

1/2
= 𝛤−

8 )
2 1 −1 0 0 −

√
3

√
3 0 −2 −1 1 0 0

√
3 −

√
3 0

in crystalline graphite 𝛾-𝐶, as well as in single-layer
graphene 𝐶𝐿,1, has the Γ−

3 (𝐴−
3 ) symmetry, and the

lower-energy 𝜋-band has the Γ+
2 (𝐴+

2 ) symmetry. The
lower-energy conduction 𝜋*-band (not taking the
electron spin into account) in crystalline graphite, as
in single-layer graphene, has the Γ+

2 (𝐴+
2 ) symmetry,

and the higher-energy conduction 𝜋*-band has the
Γ−
3 (𝐴−

3 ) symmetry.
From Table 1 of this work, as well as Table 4 of

work [1] and Table 1 of work [2], one can see that if
the electron spin is taken into account, the spinless
orbital Γ+

2 of the projective class 𝐾0 [in our notation,
this is (Γ

(0)
2 )+] transforms into the spin (spinor) or-

bital Γ+
7 of the projective class 𝐾1 [in our notation,

this is ((Γ ′)
(1)
1 )+], and the spinless orbital Γ−

3 of the
projective class 𝐾0 [in our notation, this is (Γ

(0)
3 )−]

into the spin (spinor) orbital Γ−
8 of the projective

class 𝐾1 [in our notation, this is ((Γ ′)
(1)
2 )−] in both

single-layer graphene and crystalline graphite.
Let us first find the compatibility condition for the

irreducible projective representations of electronic ex-
citations along the line Γ−Δ−𝐴 in the Brillouin zone
of crystalline graphite [1] both neglecting the electron
spin and taking it into account.

2.1. Point Δ

The factor group of the wave-vector group by an infi-
nite invariant subgroup of translations at the point Δ

of the Brillouin zone in crystalline graphite 𝛾-𝐶 is
isomorphic to the point group 6𝑚𝑚 (𝐶6𝑣), which
is a symmetry group of equivalent directions at this
point. The wave-vector star at the point Δ contains
two rays; these are two vectors directed along the axis
k𝑧: (kΔ)1 = −k𝑧 and (kΔ)2 = k𝑧 (0 < |k𝑧| < 1

2 |b1|).
It is easy to see that, for the factor system

𝜔1,Δ(𝑟2, 𝑟1), which is determined by the symme-
try properties of the crystal spatial group, all val-
ues calculated by formula (8) of work [1] are equal
to +1. This means that 𝜔1,Δ(𝑟2, 𝑟1) = 𝜔′

(0)(𝑟2, 𝑟1),
i.e., the factor system 𝜔1,Δ(𝑟2, 𝑟1) is a standard fac-
tor system of the projective class 𝐾0, and all single-
valued representations of the group 6𝑚𝑚 (𝐶6𝑣) co-
incide with the vector ones at the point Δ. The
transformations of the spinors, the wave functions of
the states with a half-integer spin, are characterized
by double-valued representations, which have to be
projective representations of the ordinary symmetry
group [1]. The structure of double-valued representa-
tions is determined by the factor systems 𝜔2(𝑟2, 𝑟1)
that reflect the symmetry transformations of spinors
or, more precisely, describe the transformations of
their spin variables.

The procedure of constructing the factor system
𝜔2(𝑟2, 𝑟1) and the method of its reduction to the stan-
dard form 𝜔′

2(𝑟2, 𝑟1) were described in Section 5 of
work [1] in detail. The factor system 𝜔2(𝑟2, 𝑟1) that
was constructed following this method for the point
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Table 2. Factor systems 𝜔2(𝑟2, 𝑟1) at the point Δ of crystalline graphite [the spatial
symmetry group 𝑃63/𝑚𝑚𝑐 (𝐷4

6ℎ), the point symmetry group 6𝑚𝑚 (𝐶6𝑣)] (𝑎) and standard
factor system 𝜔′

2(𝑟2, 𝑟1) corresponding to the standard form of the factor system 𝜔2(𝑟2, 𝑟1) (𝑏)

a

b
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Table 3. Characters of irreducible representations of the double group (6𝑚𝑚)′ (𝐶′
6𝑣)

(6𝑚𝑚)′(𝐶′
6𝜐) 𝑒 𝑞

𝑐3,
𝑞𝑐23

𝑐23,
𝑞𝑐3

3𝑖𝑢2,
3𝑞𝑖𝑢2

𝑐2,
𝑞𝑐2

𝑐56,
𝑞𝑐6

𝑐6,
𝑞𝑐56

3𝑖𝑢′
2,

3𝑞𝑖𝑢′
2

Γ1 𝐴1 1 1 1 1 1 1 1 1 1
Γ2 𝐴2 1 1 1 1 1 –1 –1 –1 –1
Γ3 𝐴3 1 1 1 1 –1 1 1 1 –1
Γ4 𝐴4 1 1 1 1 –1 –1 –1 –1 1
Γ5 𝐸1 2 2 –1 –1 0 2 –1 –1 0
Γ6 𝐸2 2 2 –1 –1 0 –2 1 1 0
Γ7 𝐸′

1 2 –2 1 –1 0 0
√
3 −

√
3 0

Γ8 𝐸′
2 2 –2 1 –1 0 0

√
3 −

√
3 0

Γ9 𝐸′
3 2 –2 –2 2 0 0 0 0 0

Table 4. Characters of single- and double-valued irreducible representations at the point Δ

Projec-
tive
class

Notation for irreducible
projective

representation

6𝑚𝑚 (𝐶6𝑣)

𝑒 𝑐3 𝑐23 3𝑖𝑢2 𝑐2 𝑐56 𝑐6 3𝑖𝑢′
2

𝐾0 Δ
(0)
1 Δ1 1 1 1 1 𝜂k 𝜂k 𝜂k 𝜂k

Δ
(0)
2 Δ2 1 1 1 −1 𝜂k 𝜂k 𝜂k −𝜂k

Δ
(0)
3 Δ3 1 1 1 −1 −𝜂k −𝜂k −𝜂k 𝜂k

Δ
(0)
4 Δ4 1 1 1 1 −𝜂k −𝜂k −𝜂k −𝜂k

Δ
(0)
5 Δ5 2 −1 −1 0 2𝜂k −𝜂k −𝜂k 0

Δ
(0)
6 Δ6 2 −1 −1 0 −2𝜂k 𝜂k 𝜂k 0

𝐾1 (Δ′)
(1)
1 Δ7(𝐸′

1) 2 1 −1 0 0
√
3𝜂k −

√
3𝜂k 0

(Δ′)
(1)
2 Δ8(𝐸′

2) 2 1 −1 0 0 −
√
3𝜂k

√
3𝜂k 0

(Δ′)
(1)
3 Δ9(𝐸′

3) 2 −2 2 0 0 0 0 0

𝜂k = 𝑒−ka1/2 = 𝑒−𝑖(kΔ)1a1/2 = 𝑒−𝑖(−k𝑧)a1/2.

group 6𝑚𝑚 (𝐶6𝑣) is given in Table 2, 𝑎. While con-
structing this factor system, the generating elements
𝑎 = 𝑐3, 𝑏 = 𝑖(𝑢2)1, and 𝑐 = 𝑐2 were chosen, which sat-
isfy the following generating relations for the double-
valued group (6𝑚𝑚)′ (𝐶 ′

6𝑣): 𝑎6 = 𝑒, 𝑏4 = 𝑒, 𝑐4 = 𝑒,
𝑎𝑏 = 𝑞𝑏𝑎2, 𝑎𝑐 = 𝑐𝑎, and 𝑏𝑐 = 𝑞𝑐𝑏. This factor sys-
tem, being reduced to the standard form, i.e., the
factor system 𝜔′

2(𝑟2, 𝑟1), is given in Table 2, 𝑏. The
lower part of Table 2, 𝑎 contains the values of the
coefficients 𝑢2(𝑟), which are used to reduce the factor
system 𝜔2(𝑟2, 𝑟1) of the point group 6𝑚𝑚 (𝐶6𝑣) to its
standard form 𝜔′

2(𝑟2, 𝑟1).
In Table 3, the irreducible representations of

the double-valued group (6𝑚𝑚)′ (𝐶 ′
6𝑣) are pre-

sented. The representations that are additional to
the irreducible representations of the ordinary group

6𝑚𝑚 (𝐶6𝑣) are projective for the latter and be-
long to the projective class 𝐾1. This fact proves that
the factor system 𝜔′

2(𝑟2, 𝑟1) is really a standard fac-
tor system of the projective class 𝐾1 of the group
6𝑚𝑚 (𝐶6𝑣), i.e., 𝜔′

2(𝑟2, 𝑟1) = 𝜔′
(1)(𝑟2, 𝑟1), where the

notation of the standard factor system contains the
subscript, where the parenthesized number designates
its projective class. In Table 2, 𝑏, the symmetry el-
ements of the group 6𝑚𝑚 (𝐶6𝑣) are additionally
grouped horizontally into blocks 𝑎 and 𝑏, and verti-
cally into blocks 𝑎(𝑎1, 𝑎2) and 𝑏(𝑏1, 𝑏2). In Table 2, 𝑏,
solid lines are used to distinguish the blocks of the
coefficients with a value of −1.

The characters of irreducible representations of the
projective classes 𝐾0 (ordinary single-valued or vec-
tor) and 𝐾1 (double-valued projective or spinor) at
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the point Δ are presented in Table 4. There is no ad-
ditional degeneracy of states, if their invariance at the
point Δ under the time inversion operation is taken
into account.

The compatibility of irreducible projective repre-
sentations at various points in the Brillouin zone
of crystalline structures belonging to a definite
spatial symmetry group is established by analyz-
ing the atomic equivalence representations at those
points2. Let us find the compatibility relations be-
tween the projective representations that characterize
the symmetry of electronic 𝜋-bands not taking and
taking the electron spin into account for crystalline
graphite between the points Γ and 𝐴 in its Brillouin
zone.

In work [1], it was shown that the standard fac-
tor system for the vibrational and electronic states
in crystalline graphite 𝛾-𝐶 [the spatial symmetry
group 𝑃63/𝑚𝑚𝑐 (𝐷4

6ℎ), the point symmetry group
of equivalent directions is the crystalline class group
6/𝑚𝑚𝑚 (𝐷6ℎ)] at the point 𝐴 of its Brillouin zone
without taking the electron spin into account be-
longs to the projective class 𝐾5, whereas the stan-
dard factor system for the electronic states taking
the electron spin into account belongs to the projec-
tive class 𝐾4. This means that the representations of
the projective class 𝐾0 for the electronic states at
the point Γ without taking the electron spin into
account transform into the representations of the
projective class 𝐾5 at the point 𝐴; and the repre-
sentations of the projective class 𝐾1 for the elec-
tronic states at the point Γ taking the spin into
account [1], into the representations of the projec-
tive class 𝐾4 at the point 𝐴. According to which
projective representations the vibrational or elec-
tronic states (not taking the spin or taking an in-
teger spin into account) and the electronic states
with the half-integer spin (taking the electron spin
into account) transform at the point 𝐴, i.e., the
compatibility conditions for the ordinary and projec-
tive representations at the point Γ and the projec-
tive representations at the point 𝐴, is determined by
the atomic equivalence representations at the points
Γ and 𝐴.

Table 5 demonstrates the characters of the equiva-
lent group representations at the points Γ and 𝐴 in
the Brillouin zone of crystalline graphite 𝛾-𝐶. The

2 This is true for the orbitals of the same spatial symmetry.

point symmetry groups of equivalent directions in
them are characterized by the same point group
6/𝑚𝑚𝑚 (𝐷6ℎ) (taken from work [1]). It is easy to see
that only the elements 𝑒, 𝑐3, 𝑐23, and 3𝑖𝑢2 have identi-
cal characters of the projective equivalence represen-
tations at the points Γ and 𝐴 in the Brillouin zone
of crystalline graphite. The symmetry of the electron
𝜋- and 𝜋*-orbitals without taking the electron spin
into account is characterized by one-dimensional rep-
resentations at the point Γ and by two-dimensional
projective representations at the point 𝐴. This means
that the valence 𝜋-bands (these are the bands Γ−

3 and
Γ+
2 ), which are non-degenerate at the point Γ , and

the conduction 𝜋*-bands (these are also the bands Γ−
3

and Γ+
2 ), which are non-degenerate at the point 𝐴,

combine in pairs to form doubly degenerate electronic
bands, the symmetry of which is characterized by
projective representations with the characters deter-
mined by the sums of representation characters for el-
ements with identical nonzero characters in the equiv-
alence representations for the points Γ and 𝐴. From
Table 5 and taking Table 9 from work [1] into account,
one can see that, at the point Γ , the non-degenerate
orbitals of the valence 𝜋-bands (without taking the
electron spin into account) Γ−

3 and Γ+
2 of the projec-

tive class 𝐾0, as well as the non-degenerate orbitals
of the conductance 𝜋*-bands Γ+

2 and Γ−
3 , combine in

pairs into double-degenerate orbitals with the sym-
metry 𝐴(5)

1 of the projective class 𝐾5.
Table 5 also demonstrates the characters of the

projective representations of the doubly degener-
ate spin (spinor) orbitals (taking the electron spin
into account) at the point Γ ; these are the or-
bitals ((Γ ′)

(1)
1 )+ ≡ Γ+

7 and ((Γ ′)
(1)
2 )− ≡ Γ−

8 , the
symmetry of which is characterized by the projec-
tive representations of the projective class 𝐾1. The
standard factor system for the spinor states at the
point 𝐴 is a standard factor system of the projec-
tive class 𝐾4, in which all projective representa-
tions are four-dimensional. In other words, the dou-
bly degenerate spinor orbitals indicated above must
also combine into fourfold-degenerate ones at the
point 𝐴. Following the procedure described above
for finding the characters of projective representa-
tions of doubly degenerate orbitals using the equiv-
alence representations at the points Γ and 𝐴, it
is easy to find the characters of those fourfold-
degenerate orbitals. In Table 5, these are the char-
acters of the four-dimensional spinor projective rep-
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Table 5. Calculation results for the compatibility relations
between electronic states without taking and taking the electron spin
into account at the points Γ and 𝐴 in the Brillouin zone of crystalline graphite 𝛾-𝐶

Notation for irreducible
projective

representation

6/𝑚𝑚𝑚 (𝐷6ℎ)

𝑒 𝑐3 𝑐23 3𝑢2 𝑐2 𝑐56 𝑐6 3𝑢′
2 𝑖 𝑖𝑐3 𝑖𝑐23 3𝑖𝑢2 𝑖𝑐2 𝑖𝑐56 𝑖𝑐6 3𝑖𝑢′

2

𝛤eq 4 4 4 0 0 0 0 4 0 0 0 4 4 4 4 0

𝐴eq 4 4 4 0 0 0 0 0 0 0 0 4 0 0 0 0

𝛤+
2 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1

𝑢1,𝐴(𝑟) 1 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1

𝑢1,𝐴(𝑟)𝛤+
2 1 1 1 1 −1 −1 −1 −1 1 1 1 1 1 1 1 1

𝛤−
3 1 1 1 −1 1 1 1 −1 −1 −1 −1 1 −1 −1 −1 1

𝑢1,𝐴(𝑟)𝛤−
3 1 1 1 −1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1

(𝛤+
2 + 𝛤−

3 ) 2 2 2 0 0 0 0 −2 0 0 0 2 −2 −2 −2 0

𝑢1,𝐴(𝑟)(𝛤+
2 + 𝛤−

3 ) 2 2 2 0 0 0 0 −2 0 0 0 2 2 2 2 0

𝐴
(5)
1 2 2 2 0 0 0 0 0 0 0 0 2 0 0 0 0

2𝐴
(5)
1 4 4 4 0 0 0 0 0 0 0 0 4 0 0 0 0

((𝛤 ′)
(1)
2 )+ (𝛤+

7 ) 2 1 −1 0 0
√
3 −

√
3 0 2 1 −1 0 0

√
3 −

√
3 0

((𝛤 ′)
(1)
3 )− (𝛤−

8 ) 2 1 −1 0 0 −
√
3

√
3 0 −2 −1 1 0 0

√
3 −

√
3 0

(((𝛤 ′)
(1)
1 )+ + ((𝛤 ′)

(1)
2 )−) 4 2 −2 0 0 0 0 0 0 0 0 0 0 2

√
3 −2

√
3 0

𝑢1,𝐴(𝑟)(((𝛤 ′)
(1)
1 )+ + ((𝛤 ′)

(1)
2 )−) 4 2 −2 0 0 0 0 0 0 0 0 0 0 −2

√
3 2

√
3 0

2(𝐴′)
(4)
3 8 4 −4 0 0 0 0 0 0 0 0 0 0 0 0 0

resentation (𝐴′)
(4)
3 of the projective class 𝐾4 (taken

from works [1, 2]).
In a similar way, we can sequentially calculate the

compatibility relations for irreducible projective rep-
resentations: not directly from the point Γ to the
point 𝐴 in the Brillouin zone of crystalline graphite
𝛾-𝐶, but first from the point Γ to the interme-
diate point Δ and then from the point Δ to the
point 𝐴. For the corresponding calculation, the char-
acter values for the atomic equivalence representa-
tions at the point Δ – these are the representations
Δeq, Δr, Δvib, Δ𝑧, Δ𝜋, 𝐷+

1/2, Δ
′
𝑧 and Δ′

𝜋 – are pre-
sented in Table 6. In addition, a diagram that deter-
mines the compatibility of irreducible projective rep-
resentations of the spatial group 𝑃63/𝑚𝑚𝑐 (𝐷

4
6ℎ) in

the direction Γ −𝐴 in the Brillouin zone correspond-
ing to this group is exhibited in Fig. 1.

Figure 2 schematically illustrates the dispersion of
the electronic 𝜋 and 𝜋* energy bands (𝑎) without tak-
ing and (𝑏) taking the electron spin into account in
the Brillouin zone of crystalline graphite 𝛾-𝐶 along
the line Γ−Δ−𝐴. As one can see from both Fig. 2 and

Table 6. Calculation results
for the characters of projective representations
without taking and taking the electron spin
into account at the point Δ in the Brillouin
zone of crystalline graphite 𝛾 − 𝐶

Notation
for irreducible

projective
representation

6𝑚𝑚 (𝐶6𝑣)

𝑒 𝑐3 𝑐23 3𝑖𝑢2 𝑐2 𝑐56 𝑐6 3𝑖𝑢′
2

Δeq 4 4 4 4 0 0 0 0

Δr 3 0 0 1 −1 2 2 1

Δvib 12 0 0 4 0 0 0 0

Δ𝑧 1 1 1 1 1 1 1 1

Δ𝜋 4 4 4 4 0 0 0 0

𝐷+
1/2

2 1 −1 0 0 −
√
3

√
3 0

Δ′
𝑧 2 1 −1 0 0 −

√
3

√
3 0

Δ′
𝜋 = Δeq ⊗Δ′

𝑧 8 4 −4 0 0 0 0 0

the results of the detailed group-theoretic considera-
tion carried out above, no spin-dependent splitting of
electronic excitations is expected to take place in this
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Fig. 1. Compatibility diagram for the irreducible projective
representations of the group 𝑃63/𝑚𝑚𝑐 (𝐷4

6ℎ) in the Brillouin
zone of crystalline graphite 𝛾-𝐶 along the line Γ −Δ−𝐴

direction, which is the most symmetric along the 𝑘𝑧-
axis of the Brillouin zone in crystalline graphite. The
account for the electron spin results in that, for ev-
ery point in the Γ − Δ − 𝐴 direction, only the de-
generacy order of electronic states becomes twice as
large, which is admissible for the representations at
this point.

Figure 3 exhibits, on the qualitative level, the
dispersion of electronic excitations along the line
𝐾−𝑃−𝐻 in the Brillouin zone of crystalline graphite
(𝑎) without taking and (𝑏) taking the electron spin
into account (taken from work [2]). The figure demon-
strates that, along the 𝐾 − 𝑃 − 𝐻 line in the Bril-
louin zone of crystalline graphite 𝛾-𝐶, there are a
number of spin-dependent splittings. The origin of
their appearance was comprehensively substantiated
in work [3] using the group-theoretic methods based
on the consideration of the projective representations
of spatial symmetry groups. The projective classes of
those representations were determined according to
their factor systems, which were constructed for the
first time. The energies of the spin-dependent split-
tings are determined by the energy of the spin-orbit
interaction, which is low for carbon atoms, being esti-
mated as only 1.0–1.5 meV [3]. Therefore, in order to

show the spin-dependent splittings, which are funda-
mental for the determination of the fine energy struc-
ture of electronic states, their energy in the dispersion
curves in Fig. 3 was increased 103 times.

2.2. Point 𝑈

Figure 4 illustrates the dispersion curves for the elec-
tronic excitations along the line 𝑀 − 𝑈 − 𝐿 in the
Brillouin zone of crystalline graphite (𝑎) without tak-
ing and (𝑏) taking the electron spin into account. The
curves were plotted on the basis of the results of quan-
titative calculations performed in works [5, 6].

The compatibility conditions for the irreducible
representations at the points Γ and 𝑀 in the Bril-
louin zones of crystalline graphite and single-layer
graphene are trivial. The representations of the or-
bitals (Γ

(0)
2 )+(Γ+

2 ) and (Γ
(0)
3 )−(Γ−

3 ) at the points Γ
in the corresponding Brillouin zones of crystalline
graphite and single-layer graphene without taking the
electron spin into account transform into the repre-
sentations (𝑀

(0)
2 )+(𝑀+

2 ) and (𝑀
(0)
3 )−(𝑀−

3 ), respec-
tively, at the points 𝑀 with the parity conserva-
tion; and the representations of the spin 𝜋-orbitals
((Γ ′)

(0)
1 )+(Γ+

7 ) and (Γ ′)−2 (Γ
−
8 ) at the points Γ trans-

form into the representations of the spin 𝜋-orbitals
((𝑀 ′)(1))+(𝑀+

5 ) and ((𝑀 ′)(1))−(𝑀−
5 ), respectively,

at the points 𝑀 (taken from work [2]).
At the point 𝑈 in the Brillouin zone of crystalline

graphite 𝛾-𝐶, the factor group of the wave-vector
group for the invariant translation subgroup is iso-
morphic to the point symmetry group 𝑚𝑚 (𝐶2𝑣). For
the point 𝑈 , the latter is a point symmetry group
of equivalent directions. The wave-vector star at the
point 𝑈 in the Brillouin zones of crystalline graphite
𝛾-𝐶 contains six rays: (k𝑈 )1 = −k𝑧− 1

2b3, (k𝑈 )2 = =
−k𝑧 +

1
2b2, (k𝑈 )3 = −k𝑧 − 1

2 (b2−b3), (k𝑈 )4 = k𝑧 −
− 1

2b3, (k𝑈 )5 = k𝑧 +
1
2b2, and (k𝑈 )6 = k𝑧 − 1

2 (b2 −
−b3), where 0 < |k𝑧| < 1

2 |b1|). As an example, let us
consider the ray (k𝑈 )1, i.e., the ray of the point 𝑈1,
for which the symmetry elements transforming this
ray into the equivalent one, thus forming a point
symmetry group 𝑚𝑚 (𝐶2𝑣), include the elements 𝑒,
𝑖(𝑢2)1, 𝑐2, and 𝑖(𝑢′2)1. As the generating elements of
this group, we select the elements 𝑎 = 𝑖(𝑢2)1 ((𝜎𝑣)1)
and 𝑏 = 𝑐2. This choice of generating elements takes
the composition principle into account, according to
which the group 𝑚𝑚 (𝐶2𝑣) can be represented as the
direct group product 𝑚𝑚 = 𝑚⊗ 2 (𝐶2𝑣 = 𝐶𝑠 ⊗ 𝐶2).
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Fig. 2. Dispersion of electronic energy 𝜋- and 𝜋*-bands in the Brillouin zone of crystalline
graphite 𝛾-𝐶 along the line Γ − Δ − 𝐴: without taking (𝑎) and taking the electron spin
into account (𝑏)

Fig. 3. Dispersion of electronic energy 𝜋- and 𝜋*-bands in the Brillouin zone of crystalline
graphite 𝛾-𝐶 along the line 𝐾 − 𝑃 −𝐻: without taking (𝑎) and taking the electron spin
into account (𝑏)

Using the defining relations for the group
𝑚𝑚 (𝐶2𝑣), let us calculate all values of the factor
system 𝜔2(𝑟2, 𝑟1). It is clear that, in this case, as the
determining relations, we should take those for the

double group (𝑚𝑚)′ (𝐶 ′
2𝑣): 𝑎4 = 𝑒, 𝑏4 = 𝑒, and

𝑎𝑏 = 𝑞𝑏𝑎. The corresponding calculation procedure
was described in work cite1 in detail. The calculated
factor system 𝜔2(𝑟2, 𝑟1), which describes the transfor-
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Fig. 4. Dispersion of electronic energy 𝜋- and 𝜋*-bands in the Brillouin zone of crystalline
graphite 𝛾-𝐶 along the line 𝑀 − 𝑈 − 𝐿: without taking (𝑎) and taking the electron spin
into account (𝑏)

Table 7. Factor systems 𝜔2(𝑟2, 𝑟1) at the point 𝑈 in crystalline
graphite [the spatial symmetry group 𝑃63/𝑚𝑚𝑐 (𝐷4

6ℎ), the point
symmetry group 𝑚𝑚 (𝐶2𝑣)] (𝑎) and standard factor system 𝜔′

2(𝑟2, 𝑟1)

corresponding to the standard form of the factor system 𝜔2(𝑟2, 𝑟1) (𝑏)

a b

mation of spin variables in the point symmetry group
𝑚𝑚 (𝐶2𝑣), is given in Table 7, 𝑎. This factor system
belongs to the projective class 𝐾1, because 𝛼 = −1,
𝛽 = 1, and 𝛾 = 1 for it. As was done above for anal-
ogous factor systems, the subscripts near the coeffi-
cient values for the factor system 𝜔2(𝑟2, 𝑟1) represent
a multiplication table of elements of the point sym-
metry group 𝑚𝑚 (𝐶2𝑣). The numbers in parentheses
indicate the numerical designations of elements cor-
responding to the products 𝑟2𝑟1.

Making use of the coefficients 𝑢2(𝑟) presented in the
lower part of Table 7, 𝑎, the factor system 𝜔2(𝑟2, 𝑟1)
is reduced to a 𝑝-equivalent block-symmetric form,
the factor system 𝜔′

2(𝑟2, 𝑟1), which corresponds to
the definition of the standard factor system [1]. This
standard factor system of the group 𝑚𝑚 (𝐶2𝑣) of
the projective class 𝐾1 is presented in Table 7, 𝑏. It
is the values of the coefficients 𝑢2(𝑟) that determine
the projective spinor representations of symmetry
groups. Furthermore, the values of those coefficients
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are identical for the same elements 𝑟 entering various
point groups [2].

In Table 8, the characters of irreducible representa-
tions of the double group (𝑚𝑚)′ (𝐶 ′

2𝑣) are quoted. It
is its additional [additional to the vector single-valued
representations of the group 𝑚𝑚 (𝐶2𝑣)] single-valued
representations that are the double-valued (spinor)
representations of the group 𝑚𝑚 (𝐶2𝑣). Note that it
is the only representation of the projective class 𝐾1,
namely, the representation Γ5(𝐸

′).
The characters of irreducible representations of a

point 𝑈 of the projective classes 𝐾0 (the ordinary
single-valued or vector ones) and 𝐾1 (the double-va-
lued projective or spinor one) are given in Table 9. In
work [1], it was shown that the standard factor sys-
tem for the vibrational and electronic states with-
out taking the electron spin into account for crys-
talline graphite 𝛾-𝐶 [the spatial symmetry group
𝑃63/𝑚𝑚𝑐 (𝐷

4
6ℎ)] at the point 𝐿 in its Brillouin zone –

similarly to the point 𝐴 – belongs to the projective
class 𝐾5, and the standard factor system for the elec-
tronic states taking the electron spin into account –
again, similarly to the point 𝐴 – to the projective
class 𝐾4. This means that the representations of the
projective class 𝐾0 for the electronic states without
taking the electron spin into account at the point 𝑀
transform into the representations of the projective
class 𝐾5 at the point 𝐿, and the representations of
the projective class 𝐾1 for the electronic states taking
the electron spin into account at the point 𝑀 [1] into
the representations of the projective class 𝐾4 at the
point 𝐿. According to which representations at the
point 𝐿 the vibrational or electronic states with an
integer spin or neglecting it and the electronic states
taking the electron spin into account (the states with
a half-integer spin) – in other words, the compatibil-
ity conditions for the ordinary and projective repre-
sentations at the point 𝑀 and the projective repre-
sentations at the point 𝐿 – this issue is again deter-
mined by the atomic equivalence representations at
the points 𝑀 and 𝐿.

Table 10 shows the characteristics of equivalence
representations at the points 𝑀 and 𝐿 in the Bril-
louin zone of crystalline graphite 𝛾-𝐶 (taken from
work [1]). At these points, the point symmetry groups
of equivalent directions are characterized by the
same point groups 𝑚𝑚𝑚 (𝐷2ℎ). From Table 10, it
is easy to see that only the symmetry elements 𝑒
and 𝑖(𝑢2)1 have the same characters of projective

equivalence representations at the points 𝑀 and 𝐿
in the Brillouin zone of crystalline graphite. The
symmetry of the electronic 𝜋- and 𝜋*-orbitals with-
out taking the electron spin into account is char-
acterized by one-dimensional representations at the
point 𝑀 and two-dimensional projective representa-
tions at the point 𝐿. This means that the electronic
valence 𝜋-bands (𝑀

(0)
3 )− (𝑀−

3 ) and (𝑀
(0)
2 )+ (𝑀+

2 )

and the electronic conduction 𝜋*-bands (𝑀
(0)
2 )+ and

(𝑀
(0
3 )− – all are non-degenerate at the point 𝑀 –

combine in pairs at the point 𝐿 to form doubly degen-
erate electronic bands. The symmetry of the latter is
characterized by projective representations with the
characters that are determined, as it was in the case
of the points Γ and 𝐴, by the sums of the represen-
tation characters for the elements with identical non-
zero characters in the equivalence representations at
the points 𝑀 and 𝐿.

From Table 10 and taking Tables 8 and 9 from
work [1] into account, one can also see that the non-
degenerate orbitals of the valence 𝜋-bands without
taking the electron spin into account at the point 𝑀

Table 8. Characters of irreducible
representations of the double group (𝑚𝑚)′ (𝐶′

2𝑣)

(6/𝑚𝑚)′ (𝐶′
6𝑣) 𝑒 𝑞

𝑖(𝑢2)1,
𝑞𝑖(𝑢2)1

𝑐2,
𝑞𝑐2

𝑖(𝑢′
2)1,

𝑞𝑖(𝑢′
2)1

𝛤1 𝐴1 1 1 1 1 1
𝛤2 𝐴2 1 1 1 −1 −1

𝛤3 𝐵1 1 1 −1 1 −1

𝛤4 𝐵2 1 1 −1 −1 1
𝛤5 𝐸′ 2 −2 0 0 0

Table 9. Characters of single- and double-valued
irreducible representations at the point 𝑈

Projec-
tive
class

Notation
for irreducible

projective
representation

𝑚𝑚 (𝐶2𝑣)

𝑒 𝑖(𝑢2)1 𝑐2 𝑖(𝑢′
2)1

𝐾0 𝑈
(0)
1 𝑈1 1 1 𝜂k 𝜂k

𝑈
(0)
2 𝑈2 1 −1 𝜂k −𝜂k

𝑈
(0)
3 𝑈3 1 −1 −𝜂k 𝜂k

𝑈
(0)
4 𝑈4 1 1 −𝜂k −𝜂k

𝐾1 (𝑈 ′)(1) 𝑈5(𝐸′) 2 0 0 0

𝜂k = 𝑒−𝑖ka1/2 = 𝑒−𝑖(k𝑈 )1a1/2 = 𝑒−𝑖(−k𝑧)a1/2.
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Table 10. Calculation results for the compatibility relations
between electronic states without taking and taking the electron
spin into account at the points M and 𝐿 in the Brillouin zone of crystalline graphite 𝛾-𝐶

Notation for irreducible
projective representation

𝑚𝑚𝑚 (𝐷2ℎ)

𝑒 (𝑢2)1 𝑐2 (𝑢′
2)1 𝑖 𝑖(𝑢2)1 𝑖𝑐2 𝑖(𝑢′

2)1

𝑀eq 4 0 0 4 0 4 4 0

𝐿eq 4 0 0 0 0 4 0 0

(𝑀
(0)
2 )+ (𝑀+

2 ) 1 1 −1 −1 1 1 −1 −1

(𝑀
(0)
3 )− (𝑀−

3 ) 1 −1 1 −1 −1 1 −1 1

𝐿
(5)
1 2 0 0 0 0 2 0 0

𝐷+
1/2

2 0 0 0 2 0 0 0

((𝑀 ′)(1))+ = (𝑀
(0)
2 )+ ⊗𝐷+

1/2
2 0 0 0 2 0 0 0

((𝑀 ′)(1))− = (𝑀
(0)
3 )− ⊗𝐷+

1/2
2 0 0 0 −2 0 0 0

𝑃
(4)
1 2 2 0 0 0 0 0 0

𝑃
(4)
2 2 −2 0 0 0 0 0 0

(𝐿′)
(4)
1 2 2𝑖 0 0 0 0 0 0

(𝐿′)
(4)
2 2 −2𝑖 0 0 0 0 0 0

((𝐿′)
(4)
1 + (𝐿′)

(4)
2 ) 4 0 0 0 0 0 0 0

(the orbitals (𝑀
(0)
3 )− and (𝑀

(0)
2 )+ of the projec-

tive class 𝐾0) and the non-degenerate orbitals of
the conduction 𝜋*-bands (the orbitals (𝑀

(0)
2 )+ and

(𝑀
(0)
3 )−) combine in pairs into doubly degenerate or-

bitals with the 𝐿(5)
1 symmetry belonging to the pro-

jective class 𝐾5.
In Table 10, we also present the characters of

the projective representations of doubly degenerate
spinor orbitals taking the electron spin into account
at the point 𝑀 . These are the orbitals ((𝑀 ′)(1))+

and ((𝑀 ′)(1))−. Their symmetry is characterized by
the projective representations of the projective class
𝐾1. The standard factor system for the spinor states
at the point 𝐿 belongs to the projective class 𝐾4

(taken from works [1, 2]). All projective representa-
tions in this class, with regard for the invariance of
the electronic energy states with respect to time in-
version, are four-dimensional.

Table 10 also includes the characters of the projec-
tive representations of the projective class 𝐾4 (these
are the representations 𝑃 (4)

𝑖 , which correspond to the
standard factor system of the projective class𝐾4) and
the characters of the projective representations at the
point 𝐿 in the Brillouin zone of crystalline graphite
𝛾-𝐶 (these are the representations 𝐿(4)

𝑖 ). The rela-

tion between them is determined by formula (9) from
work [2] and was also presented in Table 17 of the
cited work.

From the data in Table 10, it is easy to see that the
doubly degenerate spinor orbital at the point 𝑀 [this
is the orbital ((𝑀 ′)(1))+] transforms into the doubly
degenerate spinor orbital (𝐿′)

(4)
1 at the point 𝐿, and

the doubly degenerate spinor orbital at the point 𝑀
[this is the orbital ((𝑀 ′)(1))−] into the doubly de-
generate spinor orbital (𝐿′)

(4)
2 at the point 𝐿. In so

doing, two doubly degenerate spinor orbitals at the
point 𝐿 [these are the orbitals (𝐿′)

(4)
1 and (𝐿′)

(4)
2 ],

owing to the invariance of the electronic states un-
der the time inversion at the point 𝐿 [1] for the va-
lence 𝜋- and conduction 𝜋*-bands combine in pairs
to form the hybridized fourfold degenerate spinor or-
bitals ((𝐿′)

(4)
1 + (𝐿′)

(4)
2 ).

3. Conclusions

The results obtained in this work allow the following
conclusions to be drawn.

(i) A group-theoretic analysis has been performed
for the first time for the symmetry properties of
the fine structure of the electronic 𝜋′-bands in
crystalline graphite [the spatial symmetry group
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𝑃63/𝑚𝑚𝑐 (𝐷4
6ℎ)] and single-layer graphene [the di-

periodic spatial group 𝑃6/𝑚𝑚𝑚 (𝐷𝐺80)] taking the
electron spin into account. It is shown that this con-
sideration results in a small spin-dependent splitting
or a principal hybridization of electronic states, inclu-
ding the symmetry of the states at the intermediate
points Δ and 𝑈 in the directions Γ − Δ − 𝐴 and
𝑀 − 𝑈 − 𝐿, respectively, of the corresponding Bril-
louin zones.

(ii) The correlation between the electronic excita-
tions in crystalline graphite taking the electron spin
into account and the spinor excitations in single-layer
graphene has been considered.

(iii) The principal existence of the splitting of elec-
tronic states, which arises even at insignificant ener-
gies of the spin-orbit interaction, if the electron spin
is taken into account, and the principal hybridization
of electronic states, at which only their degeneracy
order increases, have been analyzed with the help of
group-theoretic methods in detail.
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ТОНКЕ СПIНЗАЛЕЖНЕ РОЗЩЕПЛЕННЯ
ЕЛЕКТРОННИХ ЗБУДЖЕНЬ ТА ЇХНЯ ДИСПЕРСIЯ
В ОДНОШАРОВОМУ ГРАФЕНI I ГРАФIТI

Р е з ю м е

Дослiджено дисперсiйнi залежностi електронних збуджень
одношарового графену i кристалiчного графiту iз врахува-
нням спiну електрона. Вперше визначено умови сумiсностi
двозначних незвiдних проективних представлень, що хара-
ктеризують симетрiю спiнорних збуджень у зазначених ви-
ще структурах, та розподiли спiнорних квантових станiв за
проективними класами та незвiдними проективними пред-
ставленнями для всiх точок високої симетрiї у вiдповiдних
цим структурам зонах Брiллюена. Встановлено принципо-
ве iснування спiнзалежних розщеплень енергетичних еле-
ктронних станiв, зокрема, розщеплень електронних 𝜋-зон
в точках Дiрака, або їх принципове об’єднання. Величина
спiнзалежних розщеплень може бути значною, наприклад,
для халькогенiдiв перехiдних металiв такої самої просторо-
вої групи симетрiї, як у кристалiчного графiту, але є неве-
ликою для одношарового графену i кристалiчного графiту,
оскiльки вона зумовлена малою енергiєю спiн-орбiтальної
взаємодiї для атомiв вуглецю i, як наслiдок, є невеликою
для всiх вуглецевих структур.
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