GENERAL PHYSICS

https://doi.org/10.15407 /ujpe65.5.393

V.I. GRYTSAY,' A.G. MEDENTSEV,? A.YU. ARINBASAROVA ?

! Bogolyubov Institute for Theoretical Physics, Nat. Acad. of Sci. of Ukraine
(14b, Metrolohichna Str., Kyiv 03680, Ukraine; e-mail: vigrytsay@gmail.com)

2 G.K. Skryabin Institute of Biochemistry and Physiology of Microorganisms of the RAS
(5, Prosp. Nauki, Pushchino, Moscow region, Russian Federation;

e-mail: medentsev-ag@rambler.ru)

AUTOOSCILLATORY DYNAMICS

IN A MATHEMATICAL MODEL OF THE METABOLIC
PROCESS IN AEROBIC BACTERIA. INFLUENCE

OF THE KREBS CYCLE ON THE SELF-ORGANIZATION

OF A BIOSYSTEM

We have modeled the metabolic process running in aerobic cells as open nonlinear dissipative
systems. The map of metabolic paths and the general scheme of a dissipative system partic-
ipating in the transformation of steroids are constructed. We have studied the influence of
the Krebs cycle on the dynamics of the whole metabolic process and constructed projections
of the phase portrait in the strange attractor mode. The total spectra of Lyapunov exponents,
divergences, Lyapunov’s dimensions of the fractality, Kolmogorov-Sinai entropies, and pre-
dictability horizons for the given modes are calculated. We have determined the bifurcation
diagram presenting the dependence of the dynamics on a small parameter, which defines sys-
tem’s physical state.
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1. Introduction

We will study the causes for the appearance of an au-
tooscillatory dynamics in the metabolic process run-
ning in aerobic bacteria which was observed experi-
mentally in a bioreactor with Arthrobacter globiformis
cells [1-5]. The consideration is carried on with the
help of the synergetic method of modeling of the
metabolic processes developed in works by V.I. Gryt-
say [6-33]. The application of this method will allow
us to consider the self-organization and the dynamic
chaos in the metabolic processes in cells and in or-
ganism as a whole and to establish the physical laws
for their vital processes.
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The mentioned microorganism is referred to oxy-
gen-breathing bacteria arisen 2.48 bln years ago. Due
to the evolution of the metabolic processes of pro-
tobionts, the microorganisms not consuming oxygen
transited to oxygen-breathing bacteria with their sub-
sequent evolution to eukaryotes. The consideration of
a specific biochemical process of transformation of
steroids allows us to use the experimentally deter-
mined parameters in the construction of a model and
to conclude about structural-functional connections
under conditions of the self-organization in the vital
activity of cells. The relative simplicity of the given
metabolic process of bacteria under study gives pos-
sibility to model the whole metabolic process in a
cell as an open dissipative system, in which two main
systems (namely, the system of transformation of a
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Fig. 1. Map of metabolic paths of a cell Arthrobacter globiformis

substrate and the respiratory chain) necessary for its
life are self-organized.

2. Mathematical Model

In order to develop a mathematical model of the pro-
cess of transformation of steroids by aerobic bacte-
ria Arthrobacter globiformis, we use the map of their
metabolic paths at the transformation of steroids
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(Fig. 1) obtained as a result of the processing of ex-
perimental data [2, 3].

Since we consider only the process of transforma-
tion of steroids, we separate the localized dissipative
system of transformation of steroids, which interacts
with other metabolic processes in a cell. Its general
scheme is presented in Fig. 2.

Based on the scheme in Fig. 2, we developed a
mathematical model of the metabolic process in a cell
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in the following form:

G Go

AN LV(ED)V(G) —a3G, (1)

% — LWV (EDV(G) =LV (E)V(N)V(P) - asP, (2)
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% — L V(e)V(Q) + LV (EDV(G) - arer,  (5)
% =61V (2 - Q)V(02)V W () —
=16V (e1)V(Q) — lzV(Q)V(N), (6)
T = R (2= QVOV (W) - a0
(7)
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% _ IV (EDV(G) + sV (N)V(Q) — at, (10)

where V(X) = X/(1 + X); VD) = 1/(1 + ¢?);
V(X) is a function describing the adsorption of the
enzyme in the region of a local bond; and V() (v))
is a function characterizing the influence of a kinetic
membrane potential on the respiratory chain.

In the modeling, it is convenient to introduce the
following dimensionless parameters: [ = [ = k; =
= 02, lz = llO = 027, l5 = 067 l4 = 16 = 05,
l7 = 12, lg = 24, kg = 15, ElO = 3; Bl = 2,
Ny = 0.03; m = 2.5; a = 0.033; a; = 0.007; a1 =
= 0.0068; Fy = 1.2; § = 0.01; B2 = 1; Ny = 0.03;
ag = 0.02; Gy = 0.019; N3 = 2; 75 = 0.2; a5 = 0.014;
a3 = g = Qg = 7 = 0001, 020 = 0.015; N5 = 0.1;
NO = 0003, N4 = 1; KlO =0.7.

Equations (1)—(9) describe variations in the con-
centrations of hydrocortisone (G) (1); prednisolone
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Fig. 2. General scheme of the process of transformation of
steroids by a cell Arthrobacter globiformis
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Fig. 3. Kinetic curves for some variables of the stationary 20
(No = 0) and autooscillatory 2™ (Ng = 0.00366) modes

(P) (2); 208-oxyderivative of prednisolone (B) (3);
oxidized form of 3-ketosteroid-A’-dehydrogenase (E1)
(4); reduced form of 3-ketosteroid-A’-dehydrogenase
(e1) (5); oxidized form of the respiratory chain (Q)
(6); oxygen (O3) (7); 208-oxysteroid-dehydrogenase
(E2) (8); and (9) NAD - H (reduced form of nicotina-
mide adenine dinucleotide) (V). Equation (10) shows
a change in the kinetic membrane potential ().

The reduction of parameters of the system to the
dimensionless form was presented in [2, 3].

The calculations according to the given mathemat-
ical model (1)—(10) were carried out with the appli-
cation of the theory of nonlinear differential equa-
tions [34].

The analogous modeling of bioprocesses was real-
ized in a lot of works (see, e.g., [35-40]).

3. Results of the Study

Within the constructed mathematical model (1)-
(10), we performed the computational experiments,
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Fig. 4. Projections of the phase portrait of a strange attractor arising at No = 0.00344

by studying the dependence of the kinetics of the
metabolic process in a cell on the Krebs cycle [26].
These both processes are coupled with each other
by the level of NADH (N). The variation in the
amount of this metabolite during the Krebs cycle af-
fects the respiratory chain and the activity of enzyme
E5 (see Fig. 2). In Fig. 3, we present the kinetics of
some components in two modes: for Ny = 0 and
Ny = 0.0366. The change in this parameter causes
the transition from the stationary mode 2° to the
autooscillatory one 2. Such modes were observed in
the experiment with a bioreactor [4, 5]. However, the
nature of such oscillations was not clarified, though
some hypotheses were advanced [5].
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In the investigation of the physical dynamical pat-
tern of the mentioned oscillations in cells, we tested
the observed autooscillations for the stability by Lya-
punov. For different values of Ny, we calculated the
total spectra of Lyapunov exponents (see Table),
which enabled us to establish the dynamics of the pro-
cess. The form of constructed attractors characterizes
the mode of the self-organization of the metabolic
process in a cell or the mode of dynamic chaos as
the transient mode describing the adaptation of the
metabolism to a change in the nutrition of a cell from
the external medium. By the determined values of
Lyapunov exponents for strange attractors, we cal-
culated the Lyapunov dimensions of their fractalities,
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Fig. 5. Projections of the phase portrait of a strange attractor arising at No = 0.00344
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Fig. 6. Bifurcation diagram of the dependence of the form of attractors of the dynamic process on the parameter Ng
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Total spectra of Lyapunov exponents (A1 — A10),
divergences (A), Kolmogorov—Sinai entropies (h),
foresight horizons (tmin), and Lyapunov
dimensions of strange attractors (Dp,)

for the dynamic modes at different Ng

No
Lyapu-
, 0.003 0.00328720 0.0043 0.00344
nov’s
indices Structure
2n 2%
A1 —0.0000056 | 0.0000280( 0.0005342 | 0.000607
Ao —0.004731 |—0.000586 | 0.000019 0.000019
A3 —0.0049847 [—0.0046497 | -0.0047941 |—0.00478731
A4 —0.0083491 |-0.0082351 | -0.0079388 |-0.00776693
A5 —0.0230134|-0.0237059 | -0.0230698 |-0.023414386
A6 —0.0302575 |-0.0290098 | -0.0292015 |—0.0289861

A7 |-0.079155 |-0.0796078|-0.80446039 [-0.080484059

s |-0.0870153|-0.0860939|—0.0833784 |—-083210056101
Ao |-0.1807851 |-1.7927866|-0.1787882 |-0.178729

Ao |-0.5214070|-0.5136290|-0.5147199 | 0.5145829

A |-0.9354453|-0.9245716|-0.9217877 |-0.921326

h 0.000549 | 0.000627
timin 1821161 1595914
Dp 2.114537 | 2.13088

T

Kolmogorov—Sinai entropies, and foresight horizons
[35]. On the basis of those data, we may judge about
the structure of strange attractors. Some their pro-
jections are shown in Figs. 4 and 5 (Ny = 0.00344).

Then we calculated the bifurcation diagram pre-
senting the dynamics of the metabolic process as a
function of Ny (see Fig. 6). There, the transitions
from the 1-fold mode to multiple modes, as well as
strange attractors, are clearly seen.

4. Conclusions

A mathematical model of the open dissipative sys-
tem with localized metabolic process involving aer-
obic bacteria is presented. The general map of its
metabolic paths is constructed.

The synergetic method to study the self-organi-
zation and dynamical chaos in metabolic processes
in a cell and the whole organism is developed.

In adreement with experimental data, we have de-
termined the map of paths of the metabolic pro-
cess running in aerobic bacteria and the general
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scheme of a dissipative system of transformation of
steroids. Using the constructed mathematical model,
we have studied the dependence of the dynamics on
a change in the small parameter of the Krebs cycle
and found the modes of autooscillations and strange
attractors. The total spectra of Lyapunov exponents,
divergences, Lyapunov dimensions of the fractality,
Kolmogorov—Sinai entropies, and predictability hori-
zons are calculated. The bifurcation diagram pre-
senting the dependence of the dynamics of the pro-
cess on a small parameter determining the mode
of self-organization or dynamical chaos in the cell
metabolism is constructed.

The obtained theoretical results have also practical
meaning, by presenting a physical interpretation of
the causes for the appearance of destructive autooscil-
latory modes observed in biotechnological processes
running in bioreactors (Section 2 and [4, 5]). The vari-
ables of the mathematical model which depend on a
small parameter will allow the bioengineers to skil-
fully control the course of a biotechnological process.

The present work was partially supported by
the Program of Fundamental Research of the De-
partment of Physics and Astronomy of the Na-
tional Academy of Sciences of Ukraine “Mathemati-
cal models of non-equilibrium process in open system”
No. 0120U100857.
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B.J. I'puyati, O.I. Medenuyes, I'.FO. Apinbacaposa

ABTOKOJIMBHA JUHAMIKA

B MATEMATUYHIN MOJIEJII METABOJITYHOT'O
ITPOIIECY AEPOBHOI BAKTEPII. BILJIUB [IUKJTY
KPEBCA HA CAMOOPTAHI3AIIIIO BIOCUCTEMU

Peszmowme

IIpoBeneno MonesoBaHHST MeTabOJIYHOrO Ipolecy aepoGHOT
KJITUHU SK BiAKpUTOl HeNHIAHOI qucunaTuBHOl cucremu. [lo-
6y/10BaHO KapTy 11 MeTabOIIYHUX IIJIAXIB 1 3arajbHy CXeMy JIu-
CHIIATUBHOI CHCTEMH, IO IPUUMAE ydIacTb y TpaHcdopMaril
crepoizis. locmimxkeno BB 1ukiay Kpebca Ha nuHamiky B
[iJIOMy MEeTabOJIIIHOTO IPOLEeCy, IOOYIOBAHO IPOEKILil dha3oBo-
ro IOPTPETY B PEXKUMi JUBHOIO aTpakTopa. Po3paxoBaHO 1oB-
Hi CIIEKTPU MMOKa3HUKIB JIsmyHOBa, JMBEPreHIfiil, JsIIyHOBChKL
poamipHocTi dpakraabrOocTi, enrpomnil Kosmoroposa—Cinasi ta
FOPU3OHTH Ilepei0adeHHsT B JaHux pexkumax. [lobynosano 6i-
dypxrariifny giarpaMy 3ajeKHOCTI JUHAMIKH BiJ MaJioro ma-
paMeTpa, 110 BILIUBa€ Ha (DI3UYHMII CTAH CUCTEMU.
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