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ELECTRON-POSITRON PAIR
PHOTOPRODUCTION IN A STRONG MAGNETIC
FIELD THROUGH THE POLARIZATION CASCADE

The process of the 𝑒−𝑒+ pair photoproduction in a strong magnetic field through the polariza-
tion cascade (the creation of an 𝑒−𝑒+ pair from a single photon and its subsequent annihilation
to a single photon) has been considered. The kinematics of the process is analyzed, and the
expression for the general amplitude is obtained. A radiation correction to the process of pair
creation at the lowest Landau levels by a single photon is found in the case where the energy
of this photon is close to the threshold value. A comparison with the process of 𝑒−𝑒+ pair
production by one photon is made.
K e yw o r d s: 𝑒−𝑒+ pair photoproduction, vacuum polarization, quantum electrodynamics,
strong magnetic field.

1. Introduction

The challenging character of theoretical studies con-
cerning the quantum electrodynamics (QED) pro-
cesses – e.g., photoproduction of electron-positron
pairs – occurring in the presence of a strong ex-
ternal magnetic field is associated with the exis-
tence of such physical objects as neutron stars, where
the magnetic field reaches the critical value 𝐻𝑐 =
𝑚2𝑐3/(𝑒~) ≈ ≈ 4.41 × 1013 Gs (pulsars) or even ex-
ceeds it (magnetars). In most papers, when study-
ing such objects, the main attention is focused on
the first-order processes. In particular, the photopro-
duction process is considered to be the dominat-
ing mechanism of the 𝑒−𝑒+ plasma generation in
the magnetosphere of pulsars, thus playing a key
role in the mechanisms of radiation generation by
them [1–6]. In so doing, the cited authors did not
take into account higher-order processes. However,
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under certain conditions, the latter can have a res-
onant character arising when an intermediate par-
ticle reaches the mass shell. In particular, the ac-
count for the physical vacuum polarization induced
by the generation of a virtual 𝑒−𝑒+ pair and its sub-
sequent annihilation to a photon (polarization loop)
is a poorly studied aspect of the electron-positron pair
photoproduction.

The effect of vacuum polarization in the presence of
an external electromagnetic field has been predicted
rather long ago in works [7, 8]. In particular, in the
cited works, the Heisenberg–Euler Lagrangian was
derived and the birefringence effect in strong electro-
magnetic fields was predicted. Later, this effect was
theoretically studied with the help of a polarization
tensor in the framework of the Schwinger proper-time
method [9–17]. In works [18, 19], the resonant case
where the intermediate particles reach the mass shell
was analyzed. In work [20], the polarization tensor
was studied using Green’s function in a magnetic field
(the tensor is determined by the summation over the
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Landau levels in the basis of exact solutions of the
Dirac equation). The general form of the polariza-
tion operator in the lowest-Landau-level approxima-
tion was also obtained in work [21] and applied in
work [22] to study the magnetic catalysis problem. In
work [23], a possibility of observing the effect of vac-
uum birefringence in alternative configurations of an
external field – namely, in the field of a coil genera-
tor with a laser emf and the field of a radiofrequency
waveguide – was considered theoretically.

It should be noted that much interest has been
drawn recently to the experimental verification of
nonlinear QED effects, in particular, the vacuum bire-
fringence. This effect consists in a change of the elec-
tromagnetic wave polarization in strong external elec-
tromagnetic fields, which is a result of fluctuations of
the electron-positron field in vacuum. In such fields,
nonlinear effects become significantly stronger, and
the physical vacuum transforms into an anisotropic
medium whose properties are different along and
across the field.

Despite a large number of theoretical studies, there
is no direct experimental confirmation of the birefrin-
gence effect for today. Attempts are being made to
detect this effect under laboratory conditions; in par-
ticular, on a PVLAS (Polarization of the vacuum with
laser) installation [24–26]. In this experiment, the lin-
early polarized laser radiation is passed through a sec-
tion with a magnetic field, and the ellipticity and the
rotation angle of the polarization plane that arise due
to the polarization of physical vacuum are attempted
to be measured. But at present, the sensitivity of de-
vices is not sufficiently high to confirm the existence
of the birefringence effect.

Lately, experiments with the application of high-
power lasers are also planned to be performed. They
will be carried out at HIBEF (Helmholtz Interna-
tional Beamline for Extreme Fields) on the XFEL
(European X-ray Free Electron Laser, Germany) [27]
and ELI (Extreme Light Infrastructure, Czech Re-
public, Romania, Hungary) [28] installations. The ap-
pearance of first results concerning the study of the
polarization of the optical radiation emitted by neu-
tron stars, where the magnetic field is close to the
critical value, should also be mentioned. In particu-
lar, the polarization degree of optical photons, which
can be a result of the vacuum polarization, was deter-
mined for the first time for the isolated neutron star
RX J1856.5-3754 [29].

As for theoretical researches of the process of
electron-positron pair photoproduction in a magnetic
field, it was considered for the first time in work [30]
in the approximation of ultra-relativistic particle mo-
tion. In this approximation, the charged particles are
in highly excited states, and the motion of those parti-
cles is quasiclassical. Using the operator method, this
problem was considered by Baier and Katkov also in
the quasiclassical approximation [31,32]. In work [33],
this method was applied to study the photocreation of
an electron-positron pair located at low Landau lev-
els. It is worth to note that, in work [34], the process
of photogeneration of polarized particles at arbitrary
Landau levels and in arbitrary magnetic fields was
considered.

In works [35,36], simple analytical expressions were
found for the probability of the electron-positron
pair photoproduction in a magnetic field in the gen-
eral quantum-relativistic case without imposing addi-
tional restrictions on the problem parameters (pulses,
energies, field strengths). The results demonstrated
a clear dependence on the photon Stokes parame-
ters. In works [12, 18, 37], the optical theorem was
used to derive general expressions for the probabili-
ties of the electron-positron pair production by a pho-
ton. Note also that, in the works [38,39], the resonant
case of the process of electron-positron pair gener-
ation in a magnetic field by two photons was con-
sidered. In work [40], the 1𝛾 and resonant 2𝛾 pair
creation processes were compared at the parameter
values that are typical of the neutron star magneto-
sphere, and the limiting concentration of cyclotron
photons at which the second-order process dominates
over the first-order one was determined.

We should also mention the works in which third-
order processes were considered, because just such a
process is dealt with in the present paper. In partic-
ular, the process of photon splitting (three external
photon lines) in a magnetic field was studied in work
[11]. Analogous diagrams are also used to explain the
difference between the energy losses by protons and
antiprotons [43], to describe the Barkas effect, and in
chromodynamics (the effective 𝛾𝛾𝐺 vertex) [44].

In this work, the third-order process of 𝑒−𝑒+ pair
photoproduction in a strong magnetic field through
the polarization loop will be considered. In Section 2,
an expression for the total amplitude of the process of
𝑒−𝑒+ pair photoproduction is derived with regard for
the creation of a virtual 𝑒−𝑒+ pair from a single pho-
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ton and its subsequent annihilation to a single pho-
ton. In Section 3, the kinematics of the analyzed pro-
cess is described, its threshold conditions are found,
and the momenta of final particles are determined. In
Section 4, the amplitude of the process concerned is
found in the case where the pair is created at the low-
est Landau levels, and the probability of the process
is determined provided that the energy of the initial
photon is close to the threshold value.

2. Total Amplitude of the 𝑒−𝑒+ Pair
Photoproduction Taking the Polarization
Loop Into Account

In this paper, the calculations are carried out in the
relativistic system of units (~ = 𝑐 = 1). The Lan-
dau gauge with the external field 4-potential 𝐴ext =
= (0, 0, 𝑥𝐻, 0) is also used.

According to the rules of quantum field theory, the
amplitude of the process of electron-positron pair cre-
ation by a single photon making allowance for the
polarization loop is determined as follows:

𝑆𝑓𝑖 = 𝑒3
∫︁
𝑑4𝑥𝑑4𝑥′𝑑4𝑥′′Ψ̄′′

𝑒𝛾
𝜇Ψ′′

𝑝𝐷(𝑥′′ − 𝑥′)×

×Sp [𝛾𝜇𝐺(𝑥
′, 𝑥)𝛾𝜈𝐺(𝑥, 𝑥

′)]𝐴𝜈 . (1)

The Feynman diagram of this process is depicted in
Fig. 1, where the external and internal wavy lines cor-
respond to the photon wave function and propagator,
whereas the external and internal double solid lines
correspond to the wave functions and propagators of
an electron and a positron in the external magne-
tic field.

It should be noted that there are also other Feyn-
man diagrams with three vertices describing the pro-
cess of pair photoproduction, e.g., a triangle includ-
ing two double solid and one wavy internal double
solid lines (Fig. 2) and a diagram with the mass op-
erator (Fig. 3). However, in this work, we analyze a
process running near the threshold of the pair cre-
ation at ground Landau levels, which corresponds to
the reaching of the mass shell by intermediate parti-
cles, i.e. to resonant conditions. In this case, the pro-
cesses shown in Figs. 2 and 3 can be represented as
cascades of first-order processes (pair photoproduc-
tion, synchrotron electron or positron emission, and
photon absorption). In this paper, only zero Landau
levels are considered. Therefore, the process of syn-
chrotron emission from a zero level is impossible, so

Fig. 1. Feynman diagram for the process of 𝑒−𝑒+ pair produc-
tion by a single photon making allowance for the polarization
loop

Fig. 2. Feynman diagram for the process of 𝑒−𝑒+ pair pho-
toproduction through the triangle

Fig. 3. Feynman diagram for the process of 𝑒−𝑒+ pair pho-
toproduction through the mass operator

that the contribution of those diagrams can be ne-
glected. But attention should be drawn that if the
process of the electron-positron pair photoproduction
at arbitrary Landau levels is analyzed, the processes
with the mass operator and the internal triangle have
also to be taken into account.

In expression (1) for the process amplitude,

𝐴𝜈 =

√︂
2𝜋

𝜔𝑉
𝑒𝜈𝑒−𝑖𝑘𝑥 (2)

is the wave function of the initial photon [45]. Here,
𝑉 is the normalization volume, 𝑒𝜈 = (0, e) is the 4-
vector of photon polarization,

e =

⎛⎝cos𝜑 cos 𝜃 cos𝛼− 𝑒𝑖𝛽 sin𝜑 sin𝛼

sin𝜑 cos 𝜃 cos𝛼+ 𝑒𝑖𝛽 cos𝜑 sin𝛼
− sin 𝜃 cos𝛼

⎞⎠, (3)

𝜑 and 𝜃 are the azimuthal and polar angles, re-
spectively, and 𝛼 and 𝛽 are polarization parame-
ters. Expression (1) also includes the photon Green’s
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function [45]

𝐷(𝑥′′ − 𝑥′) =
1

(2𝜋)4

∫︁
𝑑4𝑞 𝑒−𝑖𝑞(𝑥′′−𝑥′) 4𝜋

𝑞2 + 𝑖Γ
(4)

and the wave functions of an electron and a positron

Ψ𝑒 =
1√
𝑆
𝑒−𝑖(𝐸𝑒𝑡−𝑝𝑒𝑦𝑦−𝑝𝑒𝑧𝑧)𝜓𝑒(𝜁𝑒),

Ψ𝑝 =
1√
𝑆
𝑒𝑖(𝐸𝑝𝑡−𝑝𝑝𝑦𝑦−𝑝𝑝𝑧𝑧)𝜓𝑝(𝜁𝑝),

(5)

where
𝜁𝑒,𝑝 = 𝑚

√
ℎ
(︁
𝑥±

𝑝(𝑒,𝑝)𝑦

𝑚2ℎ

)︁
,

𝜓𝑒(𝜁𝑒) = 𝐶𝑒[𝑖
√
𝑚𝑒 − 𝜇𝑒𝑚𝑈𝑙𝑒(𝜁𝑒)+

+𝜇𝑒

√
𝑚𝑒 + 𝜇𝑒𝑚𝑈𝑙𝑒−1(𝜁𝑒)𝛾

1]𝑢𝑒, (6)

𝜓𝑝(𝜁𝑝) = 𝐶𝑝[𝑖
√︀
𝑚𝑝 + 𝜇𝑝𝑚𝑈𝑙𝑝(𝜁𝑝)−

−𝜇𝑝

√︀
𝑚𝑝 − 𝜇𝑝𝑚𝑈𝑙𝑝−1(𝜁𝑝)𝛾

1]𝑢𝑝, (7)

𝑆 is the normalization area, 𝜇𝑒,𝑝 are the double pro-
jections of the electron and positron spins,

𝐶𝑒,𝑝 =
1

2

√︃ √
𝑒𝐻

𝐸𝑒,𝑝𝑚𝑒,𝑝
(8)

are the normalization constants,

𝑚𝑒,𝑝 = 𝑚
√︀

1 + 2𝑙𝑒,𝑝ℎ, (9)

𝑢𝑒,𝑝 =
1

𝑅𝑒,𝑝

(︀
0,∓𝑅2

𝑒,𝑝, 0, 𝑝(𝑒,𝑝)𝑧
)︀

(10)

are constant bispinors, and

𝑅𝑒,𝑝 =
√︀
𝐸𝑒,𝑝 − 𝜇𝑒,𝑝𝑚𝑒,𝑝. (11)

The function 𝐺(𝑥, 𝑥′) in expression (1) for the am-
plitude is Green’s function of an electron in the mag-
netic field. It was obtained for the first time in work
[46] and, using another method, in work [47]. In ad-
dition, it was found in work [48] proceeding from the
exact solutions of the Dirac equations. This function
looks like

𝐺(𝑥′, 𝑥) = −𝑚
√
ℎ

(2𝜋)3

∫︁
𝑑3𝑔 𝑒−𝑖Φ𝐺𝐻(𝑥′, 𝑥), (12)

where 𝑑3𝑔 = 𝑑𝑔0𝑑𝑔𝑦𝑑𝑔𝑧, Φ = 𝑔0(𝑡
′ − 𝑡) − 𝑔𝑦(𝑦

′ −
− 𝑦) − 𝑔𝑧(𝑧

′ − 𝑧) is the phase, ℎ = 𝐻/𝐻𝑐,

𝐻𝑐 = 𝑚2/𝑒 = 4.41× 1013 Gs is the Schwinger critical
magnetic field,

𝐺𝐻(𝑥′, 𝑥) =
∑︁
𝑛

1

𝑔20 − 𝐸2
𝑔

((𝛾𝑃 +𝑚)[𝜏𝑈𝑛𝑈
′
𝑛 +

+ 𝜏*𝑈𝑛−1𝑈
′
𝑛−1] + 𝑖𝑚

√
2𝑛ℎ𝛾1[𝜏𝑈𝑛−1𝑈

′
𝑛 −

− 𝜏*𝑈𝑛𝑈
′
𝑛−1]), (13)

𝐸𝑔 =
√︀
𝑚2(1 + 2𝑛ℎ) + 𝑔2𝑧 , (14)

𝜏 =
1

2
(1 + 𝑖𝛾2𝛾1), (15)

𝑃 = (𝑔0, 0, 0, 𝑔𝑧), (16)

𝛾 are the Dirac matrices, 𝑈𝑛 is the Hermite function,
𝜌(𝑥) = 𝑚

√
ℎ𝑥+𝑔𝑦/(𝑚

√
ℎ) is the argument of 𝑈𝑛, and

the primed functions in Eq. (13) depend on 𝑥′. Note
that this propagator is widely used, when calculating
the amplitudes of the second-order processes in which
the electron plays the role of an intermediate particle
(see, e.g., works [38–40, 49]).

After the integration over 𝑑3𝑥, 𝑑3𝑥′, 𝑑3𝑥′′, 𝑑3𝑓 , and
𝑑3𝑞, we obtain

𝑆𝑓𝑖 = 𝐶𝛿3(𝑝𝑒 + 𝑝𝑝 − 𝑘)

∫︁
𝑑3𝑔𝑑𝑞𝑥𝑑𝑥𝑑𝑥

′𝑑𝑥′′ ×

× 𝑒𝑖𝑘𝑥𝑥−𝑖𝑞𝑥𝑥
′+𝑖𝑞𝑥𝑥

′′

𝜔2 − 𝑘2𝑦 − 𝑘2𝑧 − 𝑞2𝑥 + 𝑖Γ

∑︁
𝑛,𝑛′

𝐵

(𝑔20 − 𝐸2
𝑔)(𝑓

2
0 − 𝐸2

𝑓 )
,

(17)
where

𝐶 =
2𝑒3

𝑆

√︂
2𝜋

𝑉 𝜔
,

𝐵 = 𝜓𝑒(𝜁𝑒)𝛾
𝜇𝜓𝑝(𝜁𝑝)Sp[𝛾𝜇𝐺𝐻(𝑔; 𝜌′, 𝜌)𝛾𝜈 ×

×𝐺𝐻(−𝑓 ; 𝜂, 𝜂′)]𝑒𝜈 . (18)

Formula (17) is a general expression for the ampli-
tude of a third-order process in the fine structure
constant. It has a rather complicated form, because it
contains infinite sums over the Landau levels of inter-
mediate particles. Furthermore, the quantity 𝐵 [see
Eq. (18)] consists of 64 terms. Therefore, in what fol-
lows, we will consider a case where the magnetic field
is rather strong, so that the lowest-Landau-level ap-
proximation can be applied, which significantly sim-
plifies the calculations.
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3. Kinematics of the Process

Before calculating the amplitude and probability of
the process, let us consider its kinematics. The kine-
matics of the researched process is absolutely iden-
tical to that of the pair photoproduction, which was
studied in detail in many papers, including our works
[35, 36].

The conservation laws for the process concerned in
a magnetic field look like{︃
𝜔 = 𝐸𝑒 + 𝐸𝑝,

𝑘𝑧 = 𝑝𝑒𝑧 + 𝑝𝑝𝑧.
(19)

As one can see from Eqs. (19), the conservation laws
for the energy and the longitudinal component of
the electron and positron momenta with respect to
the magnetic field direction are obeyed. To find the
threshold conditions, the following function is intro-
duced:

𝑓(𝑝) = 𝜔 − 𝐸𝑒 − 𝐸𝑝, (20)

where 𝑝 is the 𝑧-component of the electron momen-
tum. The energy conservation law is fulfilled, if 𝑓 = 0.
The function 𝑓 can also be written in the form

𝑓 = 𝜔̃ −
√︀
1 + 2𝑙𝑒ℎ+ 𝑝2 −

√︁
1 + 2𝑙𝑝ℎ+ (𝜔̃𝑢− 𝑝)2,

(21)

where the tilde (˜) over the symbol means the divi-
sion by the electron mass, 𝑢 = cos 𝜃, and 𝜃 is the angle
between the photon propagation and magnetic field
directions. The dependences of the function 𝑓 on the
electron momentum and the photon frequency in the
cases of the longitudinal and transverse photon prop-
agations with respect to the magnetic field are shown
in Figs. 4 and 5, respectively, for the Landau levels
𝑙𝑒 = 3 and 𝑙𝑝 = 1. As one can see from Fig. 4, the
function 𝑓 never equals zero. Therefore, the process
of pair production is impossible, if 𝜃 = 0.

The process threshold is determined from the con-
dition that the function 𝑓 equals zero at its maximum
point. Probing this function with respect to its max-
imum, we obtain

𝑝𝑚 =
𝑚𝑒

𝑚𝑒 +𝑚𝑝
𝜔𝑢. (22)

Expression (22) and Fig. 5 testify that if the pho-
ton propagates perpendicularly to the magnetic field,

Fig. 4. Dependence of the function 𝑓 on the electron momen-
tum 𝑝 and the photon frequency 𝜔̃ for the longitudinal photon
propagation with respect to the magnetic field direction (𝜃 = 0)
and for the Landau levels 𝑙𝑒 = 3 and 𝑙𝑝 = 1. All quantities are
reckoned in the electron mass units

Fig. 5. The same as in Fig. 4, but for the perpendicular
photon propagation with respect to the magnetic field direction
(𝜃 = 𝜋/2)

the electron momentum always equals zero at the
maximum point. Therefore, if the threshold condi-
tions are satisfied, the electron-positron pair is cre-
ated at the Landau levels, with the 𝑧-components of
the electron and positron momenta, being absent in
this case. Then, proceeding from Eqs. (21) and (22),
the threshold photon energy can be found in the form

𝜔𝑡𝑟 =
𝑚𝑒 +𝑚𝑝√
1− 𝑢2

. (23)

Hence, for a photon propagating perpendicularly to
the magnetic field (𝑘𝑧 = 0), we have a simple condi-
tion for the process threshold:

𝜔𝑡𝑟 = 𝑚𝑒 +𝑚𝑝. (24)

The conservation laws can also be used to deter-
mine the electron momentum. In the general case, if
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the photon energy exceeds the threshold value, we
obtain

𝑝1,2 =
𝑚2

𝑒 −𝑚2
𝑝 + 𝜔2𝑣2

2𝜔𝑣2
𝑢±

±
√︂
𝜔2

4
−
𝑚2

𝑒 +𝑚2
𝑝

2𝑣2
+

(𝑚2
𝑒 −𝑚2

𝑝)
2

4𝜔2𝑣4
, (25)

where 𝑣 = sin 𝜃. In the case 𝜃 = 𝜋/2, the electron
momentum looks like

𝑝1,2 = ±𝑚
√︂
𝜔̃2

4
− 1− ℎ(𝑙𝑒 + 𝑙𝑝) +

ℎ2

𝜔̃2
(𝑙𝑒 − 𝑙𝑝)2. (26)

For the lowest Landau levels (𝑙𝑒,𝑝 = 0), we obtain

𝑝1,2 = ±𝑚
√︂
𝜔̃2

4
− 1. (27)

4. Amplitude and Probability
of the Process in the Case of the Lowest
Landau Levels

Below, we will consider the case where a photon prop-
agates perpendicularly to the magnetic field (𝜃 =
= 𝜋/2), and its energy is close to the threshold value,
i.e. [hereafter, 𝜔̃ = 𝜔/(2𝜋)]

𝜔̃2 = 𝜔̃2
th + 𝛿, 𝛿 ≪ 1. (28)

In addition, we will assume that an electron-positron
pair is created at the lowest Landau levels, and the in-
termediate particles are at the ground Landau levels,

𝑛𝑔,𝑓 = 0, 𝑙𝑒,𝑝 = 0. (29)

It should be noted that the corresponding conditions
are satisfied in strong magnetic fields that are close
to the critical value or exceed it.

In the case concerned [Eqs. (29)], the threshold con-
dition (23) acquires a simple form

𝜔̃th = 1, 𝜔̃th =
𝜔th

2𝑚
. (30)

Then, the 𝑧-component of the electron momentum
equals

𝑝 = ±𝑚
√
𝛿. (31)

Now, integrating over 𝑥, 𝑥′, 𝑥′′, 𝑔𝑦, and 𝑞𝑥 in ex-
pression (17), we obtain the process amplitude in the
form

𝑆𝑓𝑖 = −𝐶 ′Φ′√︀1− 𝜇𝑒

√︀
1 + 𝜇𝑝 𝛿

3(𝑝𝑒 + 𝑝𝑝 − 𝑘)×

×
∫︁
𝑑𝑔0𝑑𝑔𝑧𝐴

′, (32)

where

𝐶 ′ =

√︃
2𝜋

𝑉 𝜔𝐸𝑒𝐸𝑝

𝜋𝑒3

𝑆𝑘2
𝑚2ℎ𝑒−

3𝜂
2 ,

𝐴′ =
𝑢̄𝑒𝛾

𝜇𝑢𝑝𝑆𝑝[𝛾𝜇(𝛾𝑔 +𝑚)𝛼𝛾𝜈(−𝛾𝑓 +𝑚)𝛼]𝑒𝜈

(𝑔20 − 𝐸2
𝑔)(𝑓

2
0 − 𝐸2

𝑓 )
,

Φ′ = exp

{︂
𝑖
𝑘𝑥𝑘𝑦 − 2𝑝𝑒𝑦𝑘𝑥

2𝑚2ℎ

}︂
,

𝜂 =
𝜔2

2𝑚2ℎ
≈ 2

ℎ
.

In order to integrate over 𝑔0 and 𝑔𝑧, let us rewrite
the denominator in expression (32) with the help
of the 𝛼-representation, which is analogous to the
Schwinger proper-time method:

1

𝑔20 − 𝐸2
𝑔 + 𝑖𝜖

= −𝑖
∞∫︁
0

𝑑𝛼𝑒𝑖𝛼(𝑔
2
0−𝐸2

𝑔+𝑖𝜖). (33)

The presence of a polarization loop is known to result
in a divergence. Therefore, the regularization proce-
dure has to be carried out. In this work, we use the
following method [50]:

1

𝑔20−𝐸2
𝑔+𝑖𝜖

=−𝑖
∞∫︁
0

𝑑𝛼𝑒𝑖𝛼(𝑔
2
0−𝑔2

𝑧+𝑖𝜖)[𝑒−𝑖𝛼𝑚2

−𝑒−𝑖𝛼𝑀2

].

(34)

When integrating, the following change of variables
is performed:

𝛼 = 𝜆
1− 𝜉

2
, 𝛽 = 𝜆

1 + 𝜉

2
. (35)

Then, taking Eqs. (33)–(35) into account, the integral
in expression (32) can be rewritten in the form

∫︁
𝑑𝑔0𝑑𝑔𝑧𝐴

′ = −𝑒𝑧𝑢0𝜋𝑚2

1∫︁
−1

𝑑𝜉

∞∫︁
0

𝑑𝜆𝐸 (𝜆, 𝜉)×

× (1− 𝜔̃2 + 𝜔̃2𝜉2), (36)

where

𝑢0 = 𝑅𝑒𝑝𝑅𝑝𝑚 −𝑅𝑝𝑝𝑅𝑒𝑚,
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𝐸 (𝜆, 𝜉) = 𝑒−𝑖𝜖𝜆[𝑒−𝑖𝜆𝐴 + 𝑒−𝑖𝜆𝐵 − 𝑒−𝑖𝜆𝐶 − 𝑒−𝑖𝜆𝐷],

𝐴 = 𝑚2 (1 + 𝐹 ),

𝐵 = 𝑚2

(︂
𝐹 +

𝑀2

𝑚2

)︂
,

𝐶 = 𝑚2

{︂
𝐹 +

1

2
(1 + 𝜉) +

𝑀2

2𝑚2
(1− 𝜉)

}︂
,

𝐷 = 𝑚2

{︂
𝐹 +

1

2
(1− 𝜉) +

𝑀2

2𝑚2
(1 + 𝜉)

}︂
,

𝐹 = 𝜔̃2(𝜉2 − 1).

When the regularization procedure has been carried
out, formula (36) reads∫︁
𝑑𝑔0𝑑𝑔𝑧𝐴

′ = −2𝑖𝜋𝑒𝑧𝑢0(𝐼 − 2), (37)

where

𝐼 =

1∫︁
−1

𝑑𝜉

1 + 𝐹 − 𝑖𝜖
=

=
1

𝜔̃
√
𝜔̃2 − 1

[︃
ln

⃒⃒⃒⃒
⃒ 𝜔̃ −

√
𝜔̃2 − 1

𝜔̃ +
√
𝜔̃2 − 1

⃒⃒⃒⃒
⃒+ 𝑖𝜋

]︃
, 𝜔̃ > 1. (38)

In case (29),

𝐼 − 2 ≈ 𝑖𝜋√
𝛿
. (39)

Taking expressions (37) and (Int2) into account, we
get amplitude (32) in the following form:

𝑆𝑓𝑖 = 𝑒𝑧𝑢0
2𝜋3𝑒3

𝑆Γ
√
𝛿

√︃
2𝜋

𝑉 𝜔𝐸𝑒𝐸𝑝
𝑚2ℎ×

×
√︀

1− 𝜇𝑒

√︀
1 + 𝜇𝑝 Φ

′𝛿3(𝑝𝑒 + 𝑝𝑝 − 𝑘). (40)

From whence, one can see that the amplitude of the
electron-positron pair photoproduction in a strong
magnetic field with regard for the vacuum polariza-
tion differs from zero in the case where the projections
of the electron and positron spins equal 𝜇𝑒 = −1 and
𝜇𝑝 = 1, respectively. This conclusion is in agreement
with the results obtained in works [35,36] for the pair
photoproduction in a magnetic field.

Finally, let us determine the probability of the ex-
amined process near the threshold with the help of
formula (40) for the amplitude. For this purpose, let

us take advantage of the well-known rule from quan-
tum field theory [45]:

𝑑𝑊 = |𝑆𝑓𝑖|2𝑑𝑁𝑒𝑑𝑁𝑝,

𝑑𝑁𝑒,𝑝 =
𝑑2𝑝𝑒,𝑝𝑆

(2𝜋)2
.

(41)

Then, making use of formulas (40) and (41), we ob-
tain the following expression for the probability of the
process per unit time:

𝑤𝛾→𝛾→𝑒−𝑒+ = 𝛼3 𝑚3ℎ3

4Γ2𝛿
√
𝛿
(1 + 𝜉3), (42)

where 𝛼 is the fine structure constant.

5. Conclusions

In this work, the process of electron-positron pair
photoproduction in a strong magnetic field has been
studied taking the polarization cascade into consider-
ation. A formula is obtained for the total amplitude of
this process, and the corresponding probability is de-
termined in the case where the 𝑒−𝑒+ pair is created
at the lowest Landau levels by a single photon. As
one can see from expression (42), the probability of
the process depends on the initial photon polariza-
tion, similar to the process of pair photoproduction;
namely, it depends only on 𝜉3 and vanishes for the
normal photon polarization (𝜉3 = −1).

The expressions obtained in this work made it pos-
sible to estimate the influence of the physical vac-
uum polarization on the photoproduction process in
a strong magnetic field. In the case where the photon
energy is close to the threshold energy of pair photo-
production, the probability of the electron-positron
pair production by a single photon looks like

𝑤𝛾→𝑒−𝑒+ = 𝛼
𝑚ℎ

4
√
𝛿
(1 + 𝜉3). (43)

By comparing expressions (42) and (43), we obtain

𝑤𝛾→𝛾→𝑒−𝑒+ = 𝛼2 ℎ
2

𝛿Γ̃2
𝑤𝛾→𝑒−𝑒+ . (44)

One can see from this expression that, in the selected
case, the ratio between the probabilities of the pro-
cesses of the first and third orders in the fine struc-
ture constant depends on the width of the intermedi-
ate photon state and the detuning from the process
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threshold value. To evaluate the proportionality fac-
tor in Eq. (44), let us put the magnetic field equal
to ℎ = 10 (such fields are observed near magnetars),
the detuning to 𝛿 = 0.1, and the intermediate state
width to Γ̃ ∼ 𝛼ℎ2 [40]. Then the sought coefficient
equals 0.1.

This work was executed in the framework of the sci-
entific programs Nos. 0116U005848 and 0118U003535
of the National Academy of Sciences of Ukraine. The
authors are grateful to Professor V.V. Skalozub for the
idea of a research, valuable comments, and discussion
of the results obtained.
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ФОТОНАРОДЖЕННЯ
ЕЛЕКТРОН-ПОЗИТРОННОЇ ПАРИ
ЧЕРЕЗ ПОЛЯРИЗАЦIЙНИЙ КАСКАД
У СИЛЬНОМУ МАГНIТНОМУ ПОЛI

Р е з ю м е

У роботi дослiджено процес фотонародження 𝑒−𝑒+ пари з
врахуванням поляризацiйного каскаду (народження та по-
слiдовної анiгiляцiї пари в один фотон) в сильному магнi-
тному полi. Проаналiзовано кiнематику та отримано вираз
для загальної амплiтуди процесу. Знайдено радiацiйну по-
правку при народженнi пари фотоном на найнижчi рiвнi
Ландау для випадку, коли енергiя початкового фотона має
значення, близьке до порогового. Проведено порiвняння з
процесом народження 𝑒−𝑒+ пари одним фотоном.
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