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METHODS OF CALCULATION
OF THE MAGNETO-OPTICAL CHARACTERISTICS
OF FERROMAGNETIC MATERIALS'

We have calculated the optical and magneto-optical properties of ferromagnetics in a wide
spectral range hv = 1.24-5.15 eV, by applying theoretical models which were reported ear-
lier in the literature. This allowed us to find a connection between the conductivity and the
measured values of the complex Kerr angle © in order to establish the most proper technique
for processing the experimental data. The behavior of the dispersion curves of diagonal and
non-diagonal components of the tensor of optical conductivity depends on the choice of signs
of the imaginary parts of a complex Kerr angle and a refractive index, which should be taken
into account in the data analysis. The differences between dispersion dependences are insignif-
icant in the region of energies higher than 4.5 eV. In this paper, the classical theory of free
electrons in metals has been applied to give more details about the magneto-optical Kerr effect
in ferromagnetic samples.
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1. Introduction

From comprehensive perspectives, it is important to
consider a variety of approaches studying such com-
plex systems as nanostructured ferromagnetic mate-
rials which are embedded in a dielectric matrix. Such
objects (structures) are of interest not only from
the theoretical, but also from the practical point of
view and have already been used for the information
recording. It is worth to mention amorphous transi-
tion metals with amorphizer embedded in a dielectric
matrix as nanogranules. The most commonly used di-
electric materials for such purposes are oxides of non-
transition elements such as Si and Al. Optical spec-
tral techniques were chosen to effectively look into
the electronic structure of such complex objects and
their properties, in particular, magneto-optical ones,
in order to allow the separation of components of the
absorption spectra which were originated from elec-
trons with different spin directions (forward 1 and
backward | to the direction of a spontaneous magne-
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tization). Structures (Cog1Fe39B2);(Si02)1_, were
selected as objects of the study.

It is especially important to study the optical prop-
erties of a continuous amorphous Coy1FezgBog ferro-
magnetic matrix on the basis of the measured spectra
of real and imaginary parts of the Kerr complex angle
over a wide spectral interval. However, the processing
of the experimental data meets significant difficulties
due to divergences in plus and minus signs of the com-
plex Kerr angle Ok and the complex refractive index
n in equations. The final results can differ drastically
depending on a choice of the signs.

Before examining the model of electronic struc-
ture of Coy1FesgBog ferromagnetic alloys based on the
study of the results of optical and magneto-optical ex-
periments over a wide spectral interval, it is necessary
to select the model which should be used in process-
ing the data of magneto-optical experiments in order
to describe these properties most properly.

1 The paper was presented at XXIVth Galyna Puchkovska In-
ternational School-Seminar “Spectroscopy of Molecules and
Crystals” (August 25-30, 2019, Odesa, Ukraine).
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The Kerr effect was discovered [1] as a light polar-
ization plane rotation after the reflection from a pol-
ished surface of ferromagnetic iron. The effect is more
often described as a phenomena related to the third-
order nonlinear susceptibility tensor which is respon-
sible for the induced birefringence in studied sam-
ples. Different cases of polar and nonpolar molecules,
gases, liquids or solid state media [2, 3] may result in
different relationships for induced optical nonlineari-
ties. In general, various manifestations of the optical
Kerr phenomenon are associated with the birefrin-
gence and optical anisotropy in a medium which may
have different origin. If we take refraction indices par-
allel and perpendicular to the anisotropy axis (n,
n, ), the birefringence which can be induced either
by a strong electric field or magnetic macro order-
ing results in nonequal diagonal components of the
dielectric tensor. For the magneto-optical Kerr effect
(MOKE) [4], the dielectric tensor has nonzero off-
diagonal imaginary components and is not dependent
on the light intensity. In the this case, those compo-
nents are responsible for the light polarization rota-
tion and a light ellipticity variation. For the magne-
tization perpendicular to the sample surface, the di-
electric tensor in the magneto-optical Kerr effect has
the following form [5]:

€ox Exy O
€= _%a:y 561' 5(2)2 . (1)

This relation was derived, by assuming that
cry =~y (2)

The real and imaginary parts of the refractive in-
dices of two circular polarized waves (4 and — sub-
script indices) are connected with the tensor compo-
nents (1):

(Nt +iks)? = o0 & i€y (3)

The antisymmetric nonzero off-diagonal compo-
nents of Eq. (Al) are a result of the symmetry re-
lations for tensors in the presence of a magnetic field
[6, 7]. This is a result of the magnetic ordering in a
media as an origin of the optical birefringence. The
polarization in media for a propagating light in the
magneto-optical Kerr effect can be written as

P; = ¢go(ei5 — 1)E; cos(wt). (4)
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This relation which describes the magneto-optic
Kerr effect is a result of the birefringence which
is induced by the ferromagnetic ordering. The off-
diagonal dielectric tensor components can be evalu-
ated using the classical theory of electrons in atoms
under the influence of both electric and magnetic
fields of the propagating light:

iﬁ:—w%r—%(E—&—i‘xB). (5)

Here, r describes the electron transverse motion in the

XY plane. Introducing the cyclotron frequency w, =

2 Ne?

_ eB _ .
= <2 and plasma frequency w;, = o We obtain the

polarization vectors using solutions of Eq. (A5) for
the clockwise and counterclockwise circular polariza-
tions:

po=—_ % g

T tww Tt (6)
50w2

P =——7 " _F.

2
wi —w? —ww

Comparing Egs. (3) and (6), we can directly eval-
uate components of the dielectric tensor e:

wy
Exx N 1 + T2 oo
wi —w (7)
iwgwwc
R R

Taking into account that e,, > 1 from (7), we can
estimate the relation between the non-diagonal and
diagonal components of the dielectric tensor, which
is directly proportional to the magnitude of the mag-
netic field in a medium in the classical approximation:

ieB i ' (8)
mw((wp/w)? — 1)

Exy/Exz

For a visible spectral range outside of the strong
absorption bands w >> wp, we can use (8) to estimate
roughly the relation between the values of the diag-
onal and non-diagonal components of the dielectric
tensor with regard for the magnitude of the magnetic
field B associated with a magnetization of 1 Tesla:
Exy/Exz = eB/(mw) ~ 0.0003.

Spectral ellipsometry techniques have been fre-
quently used to explore the electronic structure of
highly absorptive ferromagnetic materials. It is im-
portant to obtain the dispersive curves of materials
in a broad spectral interval, starting from vacuum ul-
traviolet wavelengths and ending at the wavelengths
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corresponding to the intraband transitions of elec-
trons (in most cases, it is in near-infrared spectral
region). The most informative dispersive curves from
this point of view are the optical conductivity spectral
dependences [8]

Ogz1(hv) = dmegn(hv)k(hy), 9)

where h is Planck’s constant, v is the frequency of
light, € is the vacuum permittivity, n(hv) and k(hv)
are the real and imaginary parts of the complex re-
fractive index n(hv); since this value is proportional
to the interband density of electron states [9]. Howe-
ver, for the ferromagnetic materials, the contributions
to the optical conductivity o,,1(hv) can be repre-
sented as an additive sum of the conductivities orig-
inated from interband transitions of electrons hav-
ing different spin directions which cannot be taken
into account separately in the final ratio. By study-
ing additionally the dispersive curves for the complex
Kerr angle ©(hv) in a certain geometry, it is possible
to find out the intrinsic nature of absorption bands,
based on the spectral behavior of diagonal compo-
nents of the optical conductivity tensor
Oza(hv) = Gyy(hv) = 7., (hv) (10)
(in the case of isotropic materials) and non-diagonal
components

Goy(hV) = =Gy (hV) = Gmopt (W) =

= Ogy1 (hV) + iogya (hv). (11)
In the case of nonzero off-diagonal component,
Gmopt (hV) is the difference between the contributions
of the electrons with the spins projections along and
oppositely the direction of an applied magnetic field
to the final optical conductivity. In our opinion, such
a method of complex analysis of the electronic struc-
ture of ferromagnetic materials is not properly ac-
knowledged in the scientific community. By defini-
tion, the optical conductivity tensor & is given by the
expression

Opz Ozy 0
6= |—0zy Ozz 0 |,
0 0 0Ogz

what is typical of isotropic materials [see (10) and
(11)] [10].
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Magneto-optical properties of the amorphous fer-
romagnetic material, CoygFesoBsog, which can be
used further as a part of (Cog;Fez9B20).(S102)100—x
nanocomposites as a more reliable substance for
recording information, were studied in [11]. Various
models from the literature connect its optical and
magneto-optical properties by describing the relation-
ship between the optical conductivity and the mea-
sured values of the real §(hv) (polarization plane ro-
tation) and complex parts n(hv) (ellipticity) of the
complex Kerr angle ©(hv). It is obvious that the most
accurate model should be determined for the process-
ing of experimental data.

In order to determine the optical conductivity ten-
sor components, a method based on measurements
of the complex Kerr angle é(hu) was applied [12—
20]. The relations connecting the component of the
optical conductivity tensor & (or dielectric permit-
tivity €) with the complex Kerr rotation angle are
presented, for example, in [11, 14-19]. However, the
authors introduced diverse expressions which link the
refractive index 7 and the Kerr angle ©: 7(hv) =
= n(hv) £ ir(hv), O(hv) = 0(hv £ in(hv). In some
cases, different expressions for n are used: 7 = n — ik
[10, 17] and 7 = n+ ik [11, 13]. The similar situation
is with the expression for the complex Kerr angle [11,
14-17]. We have found that such differences are note-
worthy and may result in different dispersion curves
for non-diagonal components of the optical conduc-
tivity tensor Gmopt(hv). Let us illustrate the results
of calculations which are based on different models in
detail.

2. Experimental

Composite nanostructures, namely, granules of amor-
phous ferromagnetic alloy Co4iFesgBoy which were
embedded into an amorphous dielectric matrix of
Si04, were produced by the ion-beam deposition. The
thicknesses of nanostructured layers in the samples
reached 1 pm with different concentrations of the
magnetic phase: = = 1, 0.56, 0.41, 0.33, 0.19. The
size of ferromagnetic particles grew from about 2 to
10 nm with corresponding rise of the magnetic phase
concentration. The samples which were studied in our
work contained amorphous ferromagnetic layers on
their surfaces with thicknesses of about 1 pm.

Our measurements were carried out in a wide spec-
tral region A = 0.24-1.0 um (hv = 1.24-5.05 eV). The
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optical properties on the nanoscale were investigated
by the spectral ellipsometry approach: the ellipso-
metric angles ¥ and A were measured at different
energies of the photons hv at one angle of incidence ¢
close to the pseudo-Brewster angle in this spectral re-
gion. The low- and high-energy spectral limits of the
measurements were predisposed by strong absorption
bands due to nanocomposites with a high concentra-
tion of granules. The real €; and imaginary ey parts
of diagonal components of the dielectric permittivity
tensor €., = €1 — iy for the model of semiinfinite
isotropic medium in contact with air (with refractive
index 1) can be determined by the relations [8, 21]

er=n>—r2=0a%—-b%+sin’ g, (12)
€9 = 2nk = 2ab,
where
ot 1—tg?W
a = sin
7 g<p1+(tg\11)2+2tglllcosA’ (13)
2tg Usin A

b=sinptey 1+ (tgW)2+2tgWcosA’

@ is the angle of incidence, ¥ is the azimuth of the
restored linear polarization, A is the phase difference
between the p and s components of the reflected po-
larized light.

We can determine the diagonal components of the
optical conductivity tensor &,, applying formula (9)
which is based on relations (12) and (13).

The magneto-optical study of nanocomposites was
carried out using the linear magneto-optical Kerr ef-
fect in a polar geometry. This effect comprises in ro-
tating the plane of polarization and the appearance of
ellipticity of the light reflected from a medium mag-
netized perpendicularly to the surface.

The magnitude of the applied magnetic field
reached 5 kOe in the geometry of the polar Kerr ef-
fect. Measurements were carried out at angles of inci-
dence of 10-15 deg. Since the magnetic field generates
the anisotropy in a ferromagnetic film on the sample
surface, the reflected light polarization alteration is
influenced by the magnetic polarization. The param-
eters of the optical anisotropy can be described by
off-diagonal terms of the Jones matrix
Tpp Tps

R =

)

Tsp Tss

where p and s mark the linear polarizations of light
with orientations parallel and perpendicular to the
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plane of incidence; 7, and r,, are the amplitude co-
efficients of p- and s-components of reflected linearly
polarized light.

The off-diagonal amplitude coefficients 7, and 7,
reflect a change in the light polarization from the
p(s) to s(p) state. They are anisotropic components
and represent parts of reflected light with correspond-
ing polarization. The anisotropic reflection coeffi-
cients (rps, r'sp) have a much smaller amplitude than
isotropic ones. The complex angles of the magneto-
optical (MO) Kerr effect are determined by the rela-
tions

98 + “73 = Tps/rss;

—Op +inp = Tsp/Tpp,

where 6, (0,) is the real Kerr angle of polarization
rotation, and 7, (1,) is the Kerr ellipticity coefficient.

For small angles of incidence ¢ (close to the nor-
mal to the surface), r,s = —rgp, and 7, = 7s. This
means that the complex angle of rotation Ok can be
written as

Ok =106 +Z77 = Tps/rss-

3. Method of Calculations

Let us begin by considering a model, where the ratio
between the complex Kerr angle © and the diagonal
and off-diagonal components of the optical conduc-
tivity tensor is written as [14]

Ouy
Goar/ 1+ (47 /w)C s ’

where G,, and 6, are complex diagonal and off-
diagonal optical conductivity components, respec-
tively, and w is the angular frequency.

In another model, the non-diagonal components of
the dielectric constant tensor were calculated by the
formula [16]

6—_

(14)

n()é.ry

V Z;:a:a:(ng - é:cw)7

where the complex Kerr angle ©, ng is the upper
medium index of refraction (in our case, n = 1 for
air), the diagonal components of the dielectric permit-
tivity tensor are .., off-diagonal components of the
dielectric tensor &,y = €4y1 + i€4y2. The components
of the optical conductivity tensor were calculated [17]
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Fig. 1. Spectral dependences of the real o;y1 component of
the optical conductivity tensor of amorphous ferromagnetic al-
loys calculated by expressions (14) — curves 1—4; (15) — curves
5-8; (16) — curves 9-12 by choosing different signs (options A,
B, C, D) in the expressions for the complex Kerr angle ©(hv)
and refractive index n(hv) A — curves 1, 5, 9; B — curves 2, 6,
10, C — curves 3, 7, 11; D — curves 4, 8, 12
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Fig. 2. Spectral dependences of the imaginary parts ogy2
of non-diagonal components of the optical conductivity tensor
of amorphous ferromagnetic alloys calculated by expressions
(14) — curves 1—4 (dotted lines); (15) — curves 5-8 (dot lines);
(16) — curves 9-12 (solid lines) with different signs (A, B, C,
D) in the expressions for the complex Kerr angle ©(hv) and
refractive index n(hv). A — curves 1, 5, 9; B — curves 2, 6, 10;
C —curves 3, 7, 11; D — curves 4, 8, 12

applying the formula &;; = d;; — i%’r&lj, where the in-
dices i, j acquire the values zz or zy, §;; =1if i =j
and 51’]’ = O7 if ¢ 7é j

In [17], the relations for the off-diagonal compo-
nents of the optical conductivity tensor were ex-
pressed in terms of the real and imaginary parts of
the complex Kerr angle and the refractive index

w
Tt = o (B + A)

w (16)
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where
A=n3—3nk®—n,

B=—k*+3n%k — k.

4. Results and Discussions

Let us start to review the calculation results applying
different models of off-diagonal components of the op-
tical conductivity tensor 7,,. We look at the possible
options for signs in the expressions for the complex
Kerr angle ©(hv) and the refractive index 7(hv):

A (“4+47):0(hv) = 0 + in, n(hv) = n + ik;
B (= ):0(hw) = 0 — in, ii(hw) = n — ix;
C (= +7):0(hw) = 0 —in, i(hv) = n + ir;
D (“+ 2):0(hv) = 0 + i, a(hv) = n — ix

The dispersion curves of the real and imaginary
parts of off-diagonal components of the optical con-
ductivity tensor &4, (hv) which were obtained apply-
ing expressions (14)—(16) taken from [14, 16, 17| by
choosing different signs (A, B, C, D) in the formulas
for the complex Kerr angle and refractive index are
shown in Figs. 1 and 2.

As we can see in Fig. 1, some pairs of curves de-
scribing the real components of the tensor &, (hv) al-
most overlap (each curve is marked by two numbers),
some curves are identical [at positive (4, 9) or nega-
tive (3, 10) number intervals|, others have the same
numbers, but opposite signs (its absolute values are
the same).

The imaginary parts of non-diagonal components
of the tensor ,,(hv) dispersion curves are shown in
Fig. 2. Numerical calculations were carried out ap-
plying expressions: (14)—(16). Pairs of curves calcu-
lated applying different signs in expressions (A-D)
and which almost overlap are marked by two num-
bers each. Some curves are identical [in the case of
positive numbers for 04,0 (1, 2) and (11, 12), respec-
tively, A, B versions of expression (14) and C, D ver-
sions of expression (16)]; the others have the same
values, but opposite signs [absolute values (7, 8) and
(11, 12) of C, D, versions of expressions (15) and (16)
respectively].

Performing the comparative analysis of the ob-
tained data and making the simultaneous change of
the two signs “++" (case A) to “——" (case B) in
the expressions for the complex Kerr angle and the
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refractive index, we can formulate three imperative
conclusions. First, let us pay attention to those curves
(Fig. 1) which have the same absolute values and op-
posite signs [ and 2; 5 and 6; 9 and 10 calculated
by expressions (14), (15), (16), respectively]. Second,
other dependences calculated with different expres-
sions are identical, though the calculations were con-
ducted with different pairs of signs (Fig. 1, curves &
and 11; 6 and 9). Third, the o,y2(hr) dependences
(Fig. 2, curves I and 2, 5, and 6; 9 and 10) almost
coincide, though we used opposite signs during the
calculations (A, B expressions).

We should note that the curves o,y2(hv) and
—0y2(hv), which were calculated by expressions (15)
and (16), almost overlap.

Let us now find out how a change in the pair of
signs in C expression influences D expression. There
are cases where 0,1 (with certain values of the energy
hv) have approximately the same magnitudes with si-
multaneously opposite signs [pairs 5 and 7; 13 and 15;
21 and 23 calculated by expressions (14), (15), (16),
respectively|; some curves almost overlap, although
the different pairs of signs in the expressions were
used in their calculations (13 and 23, 15 and 21).

The values of 04,2 obtained using expressions (14)-
(16) coincide (6 and 8, 14 and 16; 22 and 24, re-
spectively) with 0,2 [expression (15)] and are almost
identical with the values —o,,2 calculated by expres-
sion (16).

As a result, we have three types of dependences of
the real and imaginary parts applying four different
options of signs in the 7 and © expressions in the
calculation of non-diagonal components of the opti-
cal conductivity tensor o. Some curves are similar,
some are shifted upward or downward the horizon-
tal axis. Furthermore, the character of the dispersion
component of the optical conductivity tensor o4, (hv)
depends on the choice of signs in the expressions for
7 and ©.

As we can see, the choice of different expres-
sions (A-D) results in different dispersion curves. The
question then arises as to what proper theoretical
model for the optical conductivity tensor should be
chosen.

5. Conclusions

Thus, the character of the dispersion dependences of
the diagonal and non-diagonal components of the op-
tical conductivity tensor depends on the preference
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of signs at the both imaginary part of the complex
Kerr angle and the refractive index, which should
be taken into account in the processing of experi-
mental data. In the region of energies above 4.5 eV,
the differences between dispersion dependences are
insignificant. Consequently, it is necessary to apply
a balanced approach to the selection of expressions
containing complex values at some point in calcula-
tions of magneto-optical parameters of ferromagnetic
materials.

APPENDIX A
The derivation of the relation for the ellipticity
of light in the magneto-optical Kerr effect

A classical approximation for quasifree electrons in a metal-
lic ferromagnetic material was applied tp the magneto-optics
Kerr effect. A fundamental limitation was shown in the model
frames to be responsible for a fundamental limitation on off-
diagonal tensor components which is determined by the basic
mass-to-charge ratio of the electron.

The tensor of dielectric permeability for a surface with a
magnetization perpendicular to the surface reads
Exx ezy O

—€zy Ezz O

Al
0 . (A1)

£ =

The tensor is associated with the refractive indices for clock-
wise (index “r”) and counterclockwise (index “I”) of circularly
polarized light

(A2)

”E,l = €zz £ legy.
We can write an expression which connects the intensity of
the electric fields of the incident and reflected right and left
circularly polarized light waves and its parameters of ellipticity
B _ B
B |E|

exp(i(ar — o). (A3)

Assuming that n; = n,, ar = «ai, |Er|/|Ei| = 1 and applying

Fresnel’s formulas for the normally reflected light, the expres-
sion (A3) can be written as

l—nrl—l—nl~ 14 ng—ne\
1—nyng o

1—n; 14+n, -
= (cos(ar — ay) +isin(ar —ay)) = (1 +i(ar — ay)).

(A4)
The phase difference a, — a; for the right and left circularly
polarized reflected light is registered as a complex angle 6 +
+ in which characterizes elliptically polarized light and can be
written using expression (A4) in the form

Ny — Ny

i(0+in) = (A5)

nen; — 1
Using expression (A2) and accounting for expression (A5) and
Exz > gy, WE can write

\/Ea:z + iszy - \/Ezz — iEzy

0+in=1 = - ~
\/53296 +Zaxy\/5xx — gy — 1
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- 1€qy

" (eea = 1) Vewr
The relation between the diagonal and off-diagonal components
of the permittivity tensor in the classical approximation for
quasifree electrons in a ferromagnetic material is approximately
determined by such basic physical quantity as the mass-to-
charge ratio of the electron. For the visible spectral region and
for typical ferromagnet magnetization values, the non-diagonal
components of the dielectric tensor, which are responsible for
the optical activity of a material, are three orders of magni-
tude smaller than the tensor diagonal components. This funda-
mental limitation determines the relative weakness of magneto-
optical Kerr effect manifestations.
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METOAN PO3PAXYHKY
MATHITO-OIITUYHUX XAPAKTEPUCTUK
OEPOMATHITHUX MATEPIAJIIB

Peszmowme

B pobori mocmimkeno B mupoxiit cnekrpasibHiil obracti hy =
= 1,24-5,15 eB onruusni i maruiTo-onTuvHi BjIacTUBOCTI dhepo-
MarHiTHUX CIUIaBIB i3 3aCTOCYBaHHSIM DI3HHX Mojeseil, onu-
canux B Jiteparypi. lle 103BosmJIO 3HAWTH 3B’SI30K IIPOBiJ-
HOCTi 3 BUMIpsIHUMU 3HAYEHHSIMU KOMILJIEKCHOrO KyTa Keppa
6 IJIsi BCTAHOBJIEHHsI HAOLIbII aJeKBATHUX METOIIB 0OpPOOKU
€KCIIEpUMEHTAJIbHUX JIaHUX. XiJI JUCHEPCINHUX 3aJIe2KHOCTEN
JiaroHaJbHUX i HeJiaroHaJIbHUX KOMIIOHEHT T€H30pa OINTHYHOL
MIPOBIIHOCTI 3aJ1€KUTh BiJl BHOOPY 3HaKa Iepe/T ySIBHOIO YacTH-
HOIO KOMILJIEKCHOTO KyTa Keppa i mokasHuKa 3aJIOMJIEHHS, 1110
cJiij BpaxoByBaTu pu o0pobui BianosigHux ganux. B obsacti
eHepriit 6ibine 4,5 eB BigMiHHOCTI MiXK JucHepciiiHuMu 3aJ1e-
2KHOCTSIMU € HECYTTEBUMH. Y Miif poOOTi 3aCTOCOBYETHCS KJla-
CUYHA TEeOpisd BUIBHUX €JIEKTPOHIB MeTaJiiB, 100 gaTu Oljibia
HeTajbHy iH(pOpMaIlio npo marsiro-ontuannii edexkt Keppa y
depomaruiTHUX 3paskax.
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