
Mathematical Modeling of Neutron Induced Fission of 237Np Nucleus

https://doi.org/10.15407/ujpe67.1.11

C. OPREA,1, 2 M.A. AHMAD,3 J.H. BAKER,3 A.I. OPREA 1

1 Frank Laboratory for Neutron Physics (FLNP) Joint Institute for Nuclear Researches (JINR)
(6, Joliot Curie Str., Dubna 141980, Moscow Region, Russian Federation)

2 Romanian National Agency for Scientific Research
(21-25 Mendeleev, 010362, Sector 1. Bucharest; e-mail: istina@nf.jinr.ru)

3 Physics Department, Faculty of Science
(P.O.Box 741, University of Tabuk, 71491, Saudi Arabia; e-mail: mayaz.alig@gmail.com)

MATHEMATICAL MODELING
OF NEUTRON INDUCED FISSION OF 237Np NUCLEUS

Recent progress of applied and fundamental researches in nuclear physics necessitates new neu-
tron sources with highly improved intensity. For a few years at JINR (Dubna) the development
of new neutron facilities that will replace the IBR-2 neutron pulsed research reactor, which
will finish its activities in 2032, is carried on. Some projects use the fission process induced by
neutrons in neptunium-based fuels. In the present research, we will study the neutron-induced
fission of 237Np nucleus. The cross-section, mass distribution, yields of isotopes of interest,
average number of emitted prompt neutrons, neutron fission spectra, and other parameters are
obtained. The mathematical modeling is done partially by using the theoretical models imple-
mented in Talys software (TALYS-1.2) and by computer codes realized by the authors. The
presented results are compared with the available data and are of interest in the JINR projects
for the design of new neutron facilities destined for researches.
K e yw o r d s: neutron fission, cross sections, yields, reaction mechanism, production of
isotopes.

1. Introduction
Due to the technologically advancement in nuclear
science and nuclear engineering for nuclear data, the
study of neutron induced fission of 237Np nucleus has
a great interest. The 237Np nucleus is the most im-
portant and interesting isotopes for experimental in-
vestigation with neutrons at different energies. This
237Np generated (and accumulated) in the nuclear re-
actor core during reactor operation [1, and references
therein]. Recently, some considerable effort, both ex-
perimental and theoretical, has been focused at in-
creasing the knowledge of such nuclear reactions (neu-
tron induced fission). Comparatively few of the re-
sults can be found in compilations of general avail-
ability, such as those published by a new experi-
mental setup TANGRA has been constructed at the
Frank Laboratory of Neutron Physics of the Joint
Institute for Nuclear Research in Dubna [2]. The
TANGRA, (Tagged Neutrons and Gamma Rays)
setup consists of: a portable ING-27 neutron gen-
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erator with in-build position sensitive detector for
alpha-particles [3], an array of BGO detectors of
gamma rays, 2 Stilbene detectors for neutron spec-
troscopy and PC based 32 channels ADC for signal
processing [4].

The 237Np isotope, is a radioactive artificial nu-
cleus with atomic mass and atomic number (𝐴 = 237
and 𝑍 = 93 respectively) synthesized in nuclear reac-
tor during the combustion of Uranium (238U) with
a half life time 𝜏 = 2.144 × 106 years [5, 6]. The
relative to nuclear fuel, the 237Np has a threshold
type of fission cross-section (C–S) in comparison with
traditional 235U and 239Pu fuels. The effective fission
threshold for 237Np is situated around 0.4 MeV which
is about 0.2 MeV lower than in the case of 238U. This
property is very important in the evaluation of crit-
ical mass [7, 8]. Another interesting feature of 237Np
nucleus used as fuel is that the time of life of de-
layed neutrons is with three orders of magnitude lower
than 238U and 239Pu fuels. All the mentioned above of
237Np characters recommends this nucleus as a pos-
sible candidate for fuels for future research nuclear
reactors [9, 10, 11].
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In the modern sciences, neutrons are successful
used in the fundamental researches for the studies
of nuclear interactions, symmetry issues, structure
of atomic nuclei. Related to applied researches, neu-
trons are used more widely in the condensed state
physics, molecular biology, structural chemistry, ma-
terial sciences, nondestructive control of volume ob-
jects and industrial products. Neutron researches be-
come more effective with the increasing of the in-
tensity because is reduced the time of experiments,
enhances the precision of measurements, opens new
possibilities in the studies of complex, small objects
in neutron scattering experiments [11, 12].

In the present study, some physical parameters of
interest in the neutrons induced fission like cross sec-
tions, mass distributions, prompt neutrons emission,
and isotopes productions were evaluated. Evaluations
were realized with Talys computer codes (i.e. TALYS-
1.2) [13, 14] which represent friendly user software,
working mainly under Linux, dedicated to nuclear re-
actions and structure of atomic nucleus calculations
[14, 15]. Finally, the findings of our present research
work were found within good agreements with others
[1–15] working in the field of in nuclear science and
nuclear engineering.

2. Theoretical Background

The mass and charge distributions are very much sig-
nificant parameters of the fission process in nuclear
reactions. Study on the mass distribution provide vi-
tal informations about the potential energy landscape
of the fissioning nucleus and the mechanism involved
[16, 17]. The main interest in the heavy ion induced
fission at medium energy (into MeV) is to study the
effect of entrance channel parameters namely, projec-
tile energy, angular momentum and entrance channel
mass asymmetry, on the fission process. An analysis
of the data on the variance of the mass distribution
over a wide range of the fissility of the compound
nucleus was reported by various worker [18, 19].

Neutrons-induced fission cross-sections (including
multichance) can be calculated in software (TALYS-
1.2) [13] using phenomenological and microscopic ap-
proach taking into account various nuclear quanti-
ties. Levels densities are taken from statistical formal-
ism of nuclear reactions, developed mainly from Fermi
gas model and combinatorial approaches [20]. Levels
densities are necessary for the evaluations of trans-
mission coefficients and they represent the probability

of a particle to tunnel a barrier potential. For fission
process these coefficients are calculated according to
Hill–Wheeler expressions [15, 21]. In the evaluations a
double – humped (class II) potential is considered. In
the case of statistical models of nuclear reactions the
cross section has a Hauser–Feschbach form [22], which
has been represented by following mathematical rela-
tion:

𝑞𝑛𝑓 (𝐸𝑛) = 𝑔𝜋–𝜆𝑒
𝑛𝑇𝑛𝑇𝑓

[︃∑︁
𝑐

𝑇𝑐

]︃−1

, (1)

𝑇 𝐽,Π
𝑓 (𝐸𝑥) =
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𝑖

𝑇𝑓 (𝐸𝑥, 𝜀𝑖)𝑓(𝑖, 𝐽,Π)+

+
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𝐸th

𝜌(𝜀, 𝐽,Π)𝑇𝑓 (𝐸𝑥, 𝜀)𝑑𝜀. (2)

The abbreviations, used in above equations (1 and
2) are such as; 𝑇 , for transmission coefficient, g, is the
statistical factor, –𝜆𝑛 is the wave number, c is chan-
nel, and 𝐸𝑥 is the excitation energy, 𝐸th is threshold
energy, 𝜀 is current energy, 𝐽 is spin, Π is parity and
𝜌 is the density state. The factor “𝑓 ” might be equal
to 1, if spin and parity will be conversing, otherwise
the value of “𝑓 ” will be zero.

Brosa et al. [23] proposed the random neck rupture
model (RNRM) for the calculation of post-fission pa-
rameters such as mass distribution, kinetic energy dis-
tribution and neutron multiplicity. According to this
model, the pre-scission shape of the fissioning nucleus
utters the post-fission parameters. This model has
been successful in explaining the width of the mass
distribution in low- as well as medium energy fission
[23]. The mass and charge distribution, yields of some
isotopes of interest for different application were eval-
uated using the Brosa model [23]. Also the neutrons
spectra were evaluated considering the evaporation
of fission fragments and taking into account different
reactions mechanism in the incident neutrons energy
interval.

According to the Brosa model [23], during the mo-
tion of the fissioning nucleus towards scission, a lump
is build up in the neck region of the fissioning nucleus,
which is expanded by the capillary force, finally lead-
ing to fission. The curvature of the fissioning nucleus
changes from positive to negative in the motion to-
wards scission [19 and references therein]. During this
transition when the neck becomes flat, there can be a
large shift in the dent without sizeable physical mass
motion, which finally leads to large mass fluctuations
in fission.
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2.1. Results and Discussions

The cross-sections (C–S) in the fission process in-
duced by neutrons with threshold energies range from
(≈0.4 MeV) up to 25 MeV in 237Np nucleus have been
measured. This evaluation was done with software
(TALYS-1.2) [13] and the results have been shown in
Fig. 1, a, b. The measured cross-section in the present
work has been compared with the theoretically esti-
mated in the literature [24, 25] to get the more valid-
ity of present data. The dependence of cross-section
(into mb) on the neutron energy [MeV] of 237Np nu-
cleus has been represent in Fig. 1, a and the symbolic
indication is such as; 1 – represent to (TALYS-1.2)
whereas the 2 – represent to present experimental
data. It is clearly observed in Fig. 1, a, that the ex-
perimental data exist only below 10 MeV energy. The
exact value of cross-sections has been reported around
approximate 5–5.5 MeV in the present work. Howe-
ver, over the neutron energy range 14 to 16 MeV, only
a few values of cross-sections have been reported by
other workers [1–3, 24, 25]. The experimental values
of the ross-sections estimated in the present work with
the choice of (TALYS-1.2) were found within good
agreement with the corresponding theoretical litera-
ture [24, 25].

During the nuclear fission reactions, some other fis-
sionable nuclei are formed, and these isotopes con-
tribute to the total cross-section (C–S). The contri-
bution of total cross-section (into mb) of fissionable
nuclei derived from 237Np nucleus has been depicted
in Fig. 1, b. There are many curve like shapes in
Fig. 1, b, one can expected that the most impor-
tant part for total cross-section (C–S) is given by the
compound nucleus of Neptunium (238Np), where as
beyond the energy approximate 7–8 MeV some other
isotopes of Neptunium (Np) influence the value of to-
tal cross-section and curve like shapes become change
slightly. It has been found clearly in Fig. 1, b. One
can see this special behavior for the curves/shapes
2, 3, 4 in Fig. 1, b. The curve shape number (5) of
Fig. 1, b is the same pattern as curve like shape of
Fig. 1, a, because both them were estimated by soft-
ware (TALYS-1.2) [13]. Based on the above explana-
tion of Fig. 1, a and b, we found that the Neptunium
(Np) isotopes produced in significant quantity during
the nuclear fission process by neutron induced reac-
tion, on the other hand, in the fission process of Ura-
nium (235U) and Protactinium (231Pa) the isotopes

a b
Fig. 1. The dependence of cross-section (mb) on Neutron En-
ergy [MeV] of 237Np nucleus (a, b); 1 – represent to (TALYS-
1.2) whereas the 2 – indicated to the present experimental data
(a). The contribution of total cross-section (into mb) of fission-
able nuclei derived from 237Np nucleus and the symbolic rep-
resentations are such as: 1 – for 238Np; 2 – for 237Np; 3 – for
236Np; 4 – for 235Np and the 5-indicated to (TALYS-1.2) (b)

produced but their contribution to the total cross-
section (C–S) were neglected. This separation of the
total cross-section (C–S) due to different isotopes is
very useful in the evaluation of neutrons field and
spectra in certain cases.

Further, other significant observables such as the
mass distributions have been studied for the fis-
sion process in nuclear reactions and results reported
graphically in Fig. 2, a, b. In this figure, first part
(Fig. 2, a), represent the average prompt neutron
emission, whereas (Fig. 2, b) represent the mass dis-
tribution of the fission fragments during the neu-
tron induced reaction of 237Np nucleus. The incident
neutron energy (𝐸𝑛) was 20 MeV during the experi-
ment. In both figures the solid red triangles indicate
to the “before neutron emission” and the blue open
circles indicate to the “post neutron emission” of the
fission fragments.

In Fig. 2, a, b/graph, the average prompt neu-
trons multiplicity and the mass distribution (Fission
Yields) on Y-axis has been plotted as a function of
fragment mass (A) on X-axis. These quantities are
enough important for the description of nuclear fis-
sion process. In both the graphs, two curves with the
solid red triangles and the blue open circles represent
the cases of pre-neutron and post-neutron emission
of the excited fragments. The mass distributions were
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a b
Fig. 2. A pictorial representation of mass distributions of nu-
clear fission process (a, b); (a) – represent to average prompt
neutrons multiplicity and (b) – represent the mass distribu-
tion (Fission Yields) as a function of fragment mass (A). In
both figures the solid red triangles indicate to “before neutron
emission” and the blue open circles indicate to “post neutron
emission” of the fission fragments
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Fig. 3. The energy dependence of 99Mo isotopes production
in neutron emission; (a) Fission Yields and (b) cross-section
production on the neutron energy in MeV (a, b)

obtained with the prediction of Brosa model [23] and
neutrons emission is described by evaporation process
depending on nuclear temperature, density levels and
nuclear reaction mechanisms [23]. These results spots
out, the scission point configuration, which includes
the excitation energy at scission point and the scis-
sion point deformation plays significant role in decid-
ing width of mass distribution.

Fig. 4. The fission neutron spectra (FNS) from induced neu-
tron at energy 𝐸𝑛 = 20 MeV, shows the dependence 𝑑𝜎/𝑑𝐸𝑛

(into mb/MeV) as function of emitted neutron energy (MeV).
The symbolic representation of separation of reaction mecha-
nism such as; 1 – for compound, 2 – for direct, 3 – for pre-
equilibrium, 4 – for the-multi-pre-equilibrium and the 5 – for
overall total

The software (TALYS-1.2) [13] gives the possibil-
ity to extract data on isotopes production of interest
for fission reactions chain (133Xe), radioactive pollu-
tion (131I) or medicine applications (99Mo). The inci-
dent neutron energy dependence of the production of
99Mo has been presented in Fig. 3, a, b. In this graph,
Fig. 3, a represent to the 99Mo, fission yields as a
function of the neutron energy in MeV and Fig. 3, b
has been plotted to get the behavior of 99Mo cross-
section production on the neutron energy in MeV. In
both cases the results were obtained after neutrons
emission of excited fission fragments.

The fission neutron spectra (FNS) are significant
for nuclear reactor applications. Many workers [26] in
both the fields of experiment and theory, have been
drawn the spectra mainly from major actinides, such
as 233,235,238U(𝑛, 𝑓) and 239Pu(𝑛, 𝑓), and also from
the spontaneous fission of 252Cf as a standard. For
237Np, calculation of the neutron fission spectra based
on the multi-mode fission model by Brosa et al. [23]
was also reported by T. Ohsawa et al., [27]. From
these points of view, experimental fission spectrum
data are important also for the verification of fission
models.

The present studies give the neutron spectra at in-
cident neutrons energy of 20 MeV e in the 237Np(𝑛, 𝑓)
process. The fission neutron spectrum of 237Np(𝑛, 𝑓)
on said energy has been depicted in Fig. 4. It is clear
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from the same figure that the experimental data agree
fairly well with curves distributions. A separation of
the contribution of different reactions mechanism was
also obtained. From, Fig. 4, it is worth meaning that
the main part of the spectra is given by compound
process up to 8 MeV due to evaporation. And the
direct nuclear mechanism was dominant during the
high energies. In rest of all cases, pre-equilibrium
and multi-pre-equilibrium mechanisms contribute es-
pecially at low energy when they compete with com-
pound processes.

3. Conclusions and Final Remarks

The findings of the present work are useful in the eval-
uating nuclear data. This study might be very useful
in modern science and technology as well as works like
a bridge in between the nuclear physics and nuclear
engineering worldwide. Based on the above explana-
tion one can draw the following conclusions:

∙ Various parameters during the neutrons induced
fission of 237Np nucleus such as; cross-section (C–
S), mass distributions, prompt neutrons emissions,
isotopes production and neutrons spectra, were an-
alyzed. For this study, it was necessary to design an
intense neutron source based on 237Np fuel.

∙ The evaluations of the above said observables
were done with software (TALYS-1.2) for incident
neutrons energy from 0.4 MeV up to 25 MeV. The
exact value of cross-sections was measured approxi-
mate 5–5.5 MeV in the present work, whereas from
literature, it was found up to 10 MeV. For neutrons
spectra, a separation of the contribution of differ-
ent nuclear reactions mechanism was obtained. Some
important applications yields and cross-section (C–
S) production of isotopes have been recorded with
enough satisfactory and were found within good
agreement with others.

Finally, the future experimental data obtained at
LNF JINR (Dubna) for various observables such
as the mass distribution, isotopes production, neu-
tron spectra, etc. will help to understanding the new
physics of nuclear fission mechanism. The present
work will be continued also with neutron spectra the-
oretical modeling and experimental measurements.
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МАТЕМАТИЧНЕ МОДЕЛЮВАННЯ
IНДУКОВАНОГО НЕЙТРОНОМ ДIЛЕННЯ
ЯДРА 237Np

Успiхи останнiх рокiв у прикладних та фундаментальних
дослiдженнях в ядернiй фiзицi потребують нових iнтенсив-
них джерел нейтронiв. Кiлька рокiв в ОIЯД (Дубна) веде-
ться розробка нових нейтронних установок для замiни ре-
актора IBR-2, який припинить свою роботу у 2032 роцi. В
деяких проектах використовується дiлення ядер, iндукова-
не нейтронами палива, що мiстить нептунiй. У цiй роботi
ми розглянемо подiл ядра 237Np. Ми знаходимо перерiз,
розподiл мас, виходи iзотопiв, середню кiлькiсть випромi-
нених миттєвих нейтронiв, нейтроннi спектри подiлу i iншi
параметри. У математичному моделюваннi частково вико-
ристано теоретичнi моделi, реалiзованi у програмi TALYS-
1.2, та програмнi коди, розробленi авторами. Представленi
результати порiвнюються з наявними даними i становлять
iнтерес для проектiв ОIЯД щодо проектування нових до-
слiдницьких експериментальних нейтронних установок.

Ключ о в i с л о в а: подiл нейтронами, перерiзи, виходи, ме-
ханiзм реакцiї, утворення iзотопiв.
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