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MICROWAVE RESPONSE
OF NANOSTRUCTURED HIGH-𝑇c
SUPERCONDUCTOR THIN FILMS

A model for the microwave response of a nanostructured high-𝑇c superconductor (HTS) film,
with implanted nanoparticles and nanorods of a dielectric material or point-like and columnar
irradiation defects with a nano-sized cross-section is developed. In this case, the microwave
surface resistance 𝑅𝑠 (𝑇, 𝐻, 𝜔) is calculated both for the Meissner and mixed states of a superconductor film in an applied dc magnetic field. The obtained results indicate that the implantation of dielectric nanoparticles or point-like radiation defects can significantly improve
superconductor characteristics at microwave frequencies. Namely, these nano-sized structural
defects can decrease the surface resistance in the Meissner state and eliminate the oscillations
of Abrikosov vortices and the related microwave energy losses, thus decreasing the contribution
of Abrikosov vortices to the 𝑅𝑠 value in the mixed state of a HTS film.
K e y w o r d s: high-𝑇c superconductor, nanoparticles, nanorods, radiation defects, microwave
frequency, surface resistance, Abrikosov vortices.

1. Introduction
The implantation of dielectric phase nanoparticles
in the interior of high-temperature superconductors
(HTSs) is a modern trend in the fabrication of superconducting materials with high current carrying
capability [1–6]. The positive role of implanted dielectric nanoparticles, as well as artificially induced
point or extended linear defects produced by the
heavy-ion irradiation of superconducting samples [7–
9], consists mainly in an enhancement of the pinning
of Abrikosov vortices and preventing their dissipative motion under the Lorentz force action. The pinning effect provided by implanted nanoparticles (or
point-like radiation defects) under definite technological conditions can be enhanced due to the selforganization of such a zero-dimensional objects in
the so-called “nanorods”. Those are extended linear
one-dimensional defects inside a superconducting matrix, providing the strong pinning of Abrikosov vortices, when the magnetic field is oriented along their
axis [1–4]. Ano ther effective method of production
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of extended structural linear defects, which can provide the strong pinning of Abrikosov vortices over
their whole length in a superconducting thin plate
or film is related to the irradiation of superconducting samples by heavy ions with high energies
(∼1 GeV). Such high energy ions produce long linear radiation tracks with a cross-section about few
nanometers (which is comparable with the coherence length value in HTS materials). Those radiation tracks serve as excellent strong pinning sites for
Abrikosov vortices, which significantly increase the
critical current and irreversibility field values of a superconductor [7–11].
In addition, the dielectric nanoparticles (as well as
point-like radiation defects) implanted in the matrix
of a HTS film can significantly improve its characteristics at microwave frequencies. Namely, these implanted zero-dimensional nano-sized objects can decrease the surface resistance in the Meissner state [12,
13] and eliminate the oscillations of Abrikosov vortices and related microwave energy losses, thus decreasing the contribution of Abrikosov vortices to the
𝑅𝑠 value in the mixed state of a type-II superconductor [14, 15].
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by the well-known relation [16–18]
𝜇20 𝜔 2 3
𝜆 (𝑇 )𝜎1 (𝑇, 𝜔);
2
𝜏 (𝑇 )
𝑒2
𝜎1 (𝑇, 𝜔) = * 𝑛𝑛 (𝑇 )
2;
𝑚
1 + (𝜔𝜏 (𝑇 ))
1
𝑒2
𝜎2 (𝑇, 𝜔) =
=
𝑛𝑠 (𝑇 );
𝜇0 𝜔𝜆2 (𝑇 )
𝑚* 𝜔
𝑅𝑠 (𝑇, 𝜔) =

Fig. 1. Effect of added dielectric nanoparticles and/or radiation defects on the surface resistance 𝑅𝑠 (𝑇 ) at different temperatures (𝑡 is the reduced temperature: 𝑡 = 𝑇 /𝑇c )

In the present work, we consider the effect of the
addition of point-like defects on the microwave surface resistance value 𝑅𝑠 (𝑇 ) in the Meissner state of
a superconductor and demonstrate how this treatment can significantly decrease 𝑅𝑠 (𝑇 ) value at least
at low temperatures. We also develop a theoretical
model for the high-frequency response of Abrikosov
vortices in the mixed state of a 3D anisotropic superconductor, which contains: a) separate nanoparticles or 0-dimensional radiation defects acting like
strong point-like pinning sites and b) nanorods, which
are linear defects for the vortex pinning. We consider
vortices as elastic strings and calculate the surface
resistance 𝑅𝑠 (𝑛𝑖 , 𝐵, 𝐻𝑟𝑓 , 𝜔, 𝑇 ) dependences for both
mentioned cases. Here and in what follows, 𝑛𝑖 is the
concentration of added nanoparticles (or radiation defects), 𝐵 is the magnetic induction inside the film
due to trapped vortices, 𝐻𝑟𝑓 is the amplitude of a
rf field. We suppose that 𝐵 is oriented perpendicularly, while 𝐻𝑟𝑓 is parallel to the film surface. The
results indicate that the implantation of nano-sized
inclusions such as dielectric nanoparticles or radiation
structural defects can decrease the microwave surface
resistance in the Meissner state and can significantly
improve the superconductor characteristics in the microwave frequency range. This effect was observed in
some recent experimental works [9–15].
2. Effect of Superconducting
Film Nanostructure on Its Microwave
Surface Resistance
The microwave surface resistance of a rather thick superconducting film with 𝑑 > 2𝜆, being in the Meissner
state (𝑑 is the film thickness, 𝜆 is the London penetration depth of a weak magnetic field), can be described
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(1)
(2)
(3)

Here, 𝜎1 (𝑇, 𝜔) is the real part of the complex microwave conductivity 𝜎(𝑇, 𝜔) = 𝜎1 (𝑇, 𝜔) + 𝑖𝜎2 (𝑇, 𝜔).
In the framework of the two-fluid model of a superconductor, the expressions for 𝜎1 (𝑇, 𝜔) and 𝜎2 (𝑇, 𝜔)
are given by Eqs. (2) and (3); 𝑛𝑛 (𝑇 ) and 𝑛𝑠 (𝑇 ) are the
concentrations of normal electrons and those in the
superfluid condensate, respectively; 𝜏 (𝑇 ) is the relaxation time for normal electrons. Within the phenome−1
nological model, 𝜏 −1 (𝑇 ) = 𝜏0−1+𝜏𝑖−1+𝜏𝑒−𝑝ℎ
(𝑇 ). Here,
𝜏0 , 𝜏𝑖 , 𝜏𝑒−𝑝ℎ are relaxation times for the electron scattering by natural defects in a pristine film, implanted
nanoparticles, and phonons, respectively. From (1),
one can see that a decrease in the total relaxation time
𝜏 (𝑇 ) due to the implantation of dielectric nanoparticles (or radiation defects) in the matrix of a superconductor leads firstly to a decrease in 𝜎1 and then, in accordance to (1), to a decrease in the surface resistance
𝑅𝑠 . This is illustrated by Fig. 1, where results of calculation of 𝑅𝑠 (𝑇 ) with the use of Eq. (1) are demonstrated for different concentrations of nanoparticles at
some suitable values of other parameters taken from
the corresponding literature (see, e.g., [12, 17]).
This decrease in 𝑅𝑠 , caused by the implantation
of dielectric nanoparicles or nano-sized structural radiation defects in the interior of a superconductor
film, should be mostly pronounced at low temperatures and at not too high concentrations 𝑛𝑖 of these
additional nano-sized inclusions, because an increase
in the electron relaxation rate due to the 𝑛𝑖 growth
also leads to a significant increase in the penetration
depth 𝜆. The latter, according to Eq. (1), leads to
the competition of opposite dependences 𝜆 and 𝜎1 on
the concentration of nanoparticles. So, there should
be an optimal concentration of nano-sized inclusions
𝑛𝑖 (correspondingly, 𝜏𝑖 ) to get the minimal value of
𝑅𝑠 for other fixed parameters (e.g., 𝑇, 𝜔).
3. Vortex Oscillations and 𝑟𝑓 -Losses
in Superconductors with Strong Pinning
In the present work, we also develop a theoretical
model for the high-frequency response of Abrikosov
ISSN 2071-0194. Ukr. J. Phys. 2019. Vol. 64, No. 10
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vortices in the mixed state of a 3D anisotropic superconductor with point-like nano-sized inclusions,
which act like strong point-like pinning sites. We consider vortices as elastic strings and calculate the surface resistance 𝑅𝑠 (𝑛𝑖 , 𝐵, 𝜔, 𝑇 ) in the linear regime (at
small amplitudes of rf field 𝐻𝑟𝑓 ). At not too high
dc magnetic fields B, basing on the phenomenological model for rf vortex dynamics [19], one has for
the total surface resistance 𝑅𝑠 : 𝑅𝑠 (𝑛𝑖 , 𝐵, 𝜔, 𝑇 ) =
= 𝑅𝑠,𝑒 (𝑛𝑖 , 𝜔, 𝑇 ) + 𝑅𝑠,𝑣 (𝑛𝑖 , 𝐵, 𝜔, 𝑇 ) , where 𝑅𝑠,𝑒 is
given by Eq. (1), while the 𝑅𝑠,𝑣 term corresponds
to the contribution of oscillating vortices.
Using the phenomenological model for rf vortex
dynamics [19] and disregarding the collective effects
in the vortex ensemble, we have obtained an expression for 𝑅𝑠,𝑣 , which resembles the contribution of
vortex oscillations in the cases schematically shown
in Figs. 2 and 3. Figure 2 illustrates the case where
elastic vortex strings are strongly pinned by pointlike pinning sites (dielectric nanoparticles or pointlike radiation defects), while the case of extended linear (columnar) pinning sites is illustrated in Fig. 3. In
the latter case, one can expect that the main contribution to 𝑅𝑠,𝑣 , at least at high enough temperatures 𝑇 ≤ 𝑇c , arises due to thermally excited vortex
kinks, which connect two parts of the whole vortex
line situated on two adjacent neighboring columnar
pinning sites and can viscously move along the axis
of columns (𝑧-axis in Fig. 3) under the Lorentz force
action. Below, both these cases are considered.

Fig. 2. RF oscillations of an elastic vortex string pinned by
point-like pinning sites

3.1. Point-like defects
In this case, we suppose that elastic vortex strings
are rigidly pinned at discrete points 𝑟𝑖 inside a rather
thick superconducting plate (thickness 𝑑 > 2𝜆),
where nanoparticles or point-like radiation defects are
randomly distributed. We suppose the average distance between neighboring nanoparticles 𝐿 being
much less than the London penetration depth 𝜆 and
(︀ )︀1/2
−1/3
≪
the intervortex distance 𝑎𝜑 ≈ 𝜑𝐵0 : 𝐿 ≃ 𝑛𝑖
≪ 𝑎𝜑 , 𝜆.
Under these conditions, the vortex segments between adjacent pinning sites along the vortex line in
a microwave field behave themselves like nearly independent overdamped oscillators. The role of potential
energy for these oscillators is played by the elastic energy of deformed vortex segments. This elastic energy
can be easily calculated from the equation for a vorISSN 2071-0194. Ukr. J. Phys. 2019. Vol. 64, No. 10

Fig. 3. Oscillation of vortex kinks in a superconductor with
columnar defects

tex segment displacement 𝑠(𝑧) from its equilibrium
position under the Lorentz force action [20]:
𝑃

𝑑2 𝑠
+ 𝜑0 𝑗(𝑧) = 0;
𝑑𝑧 2

(4)

with boundary conditions corresponding to the rigid
pinning of a vortex line by point-like pinning sites
situated at the distance 𝐿 from each other: 𝑠(0) =
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= 𝑠(𝐿) = 0. Here, 𝑃 is the vortex line tension;
ℎ
is the flux quanta (2.07 × 10−7 G·cm2 ); 𝑗(𝑧)
𝜑0 ≡ 2𝑒
is the local current density value. The bending of the
vortex string by a microwave current, inducing the rf Lorentz force on vortex line segments between pointlike pinning sites, as it is depicted in Fig. 2, causes
an increment of the vortex elastic energy. This determines. in turn, the pinning potential well 𝑈𝑝 for
oscillations of vortex segments between neighboring
pinning sites. This potential well caused by the elastic
deformation of vortex segments has a parabolic form
(as a function of the average rf vortex displacement
⟨𝑠⟩) characterized by the specific Labusch parameter
𝛼𝐿 near its bottom:
∫︁𝐿
1
1
2
𝑠(𝑧)𝑑𝑧;
(5)
𝑈𝑝 = 𝛼𝐿 ⟨𝑠⟩ ; ⟨𝑠⟩ =
2
𝐿
12𝑃
1/3
𝛼𝐿 =
= 12𝑃 𝑛𝑖 .
𝐿

0

(6)

It should be noted that, in the well-known and usually used theories of rf vortex response in the mixed
state of type-II superconductors [21–23], the Labusch
parameter 𝛼𝐿 is considered as a phenomenological
constant. It is not related neither to the type of
pinning sites, nor to their dimensionality and concentration. The model, which we develop here, allows one to specify the Labusch parameter as that
depending on the dimensionality of nano-sized inclusions and their concentration. It appears essential
(both for point-like and columnar pinning sites) to
obtain the value of the contribution of vortices to the
surface resistance 𝑅𝑠,𝑣 (𝑛𝑖 , 𝐵, 𝜔, 𝑇 ) coming from oscillations, as well as its dependence on the suitable
parameters: 𝑛𝑖 , 𝐵, 𝜔, 𝑇 . From Eq. (6), it follows that
an increase in the concentration of point-like pinning
sites 𝑛𝑖 leads to an enhancement of the Labush parameter and to the strengthening of the pinning of
vortex segments. In the framework of the well-known
Gittleman–Rosenblum model for rf -losses of oscillating vortices and the related surface resistance 𝑅𝑠,𝑣
[24], the contribution to the microwave surface resistance due to oscillating vortex segments is as follows:
𝑅𝑠,𝑣 ∝

𝐵
𝜔2
𝜌𝑛 2
;
𝐵𝑐2 𝜔 + 𝜔𝑝2

𝜔𝑝 =

12𝑃
.
𝜂𝐿

(7)

In Eq. (7), 𝜌𝑛 is the the normal state resistivity at
𝑇 > 𝑇c ; 𝜔𝑝 is the so-called “pinning frequency” [19]; 𝜂
is the viscousity coefficient for the vortex motion. The
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increase in the concentration of nanoparticles leads to
a decrease in 𝐿 and a growth of 𝜔𝑝 , thus leading to a
decrease in the surface resistance in accordance with
Eq. (7).
3.2. Columnar defects
In this case, we believe that the main contribution
to microwave losses due to vortex oscillations is related to viscous oscillations of vortex kinks, connecting parts of a vortex line pinned on adjacent columnar
defects, as it is shown schematically in Fig. 3.
We suppose a rigid pinning exerted on vortices
by columnar defects and the free viscous motion of
vortex kinks. For the normal orientation of an applied dc magnetic field creating vortices, the vortex
kinks arise due to thermal activation processes, being excited from their pinned states on columnar defects. Thus, the concentration of vortex kinks inside a
superconductor 𝑛𝑘 (𝑧, 𝑇 ) is determined by the Boltzmann statistics and obeys the barometric formula, by
varying near the specimen surface:
)︂
(︂
𝐵
𝐸𝑘 (𝑧)
𝐵
.
(8)
𝑤(𝑧, 𝑇 ) =
𝑤0 exp −
𝑛𝑘 (𝑧, 𝑇 ) =
𝜑0
𝜑0
𝑘𝑇
Here, 𝐸𝑘 (𝑧) is the kinks energy:
𝐸𝑘 (𝑧) = (𝜖𝜑 − 𝑈𝑝 (𝑧)) 𝐿;
(︂ )︂
2𝑧
𝜑20
𝑈𝑝 (𝑧) ≈
𝐾
;
0
8𝜋 2 𝜆2
𝜆

(9)
𝜑2

where 𝜖𝜑 is the vortex self-energy: 𝜖𝜑 = 8𝜋2 𝜇00 𝜆2 ×
𝑎𝑏
× [ln 𝜅 + 0.5] (𝜅 is the Ginzburg–Landau parameter),
and 𝑈𝑝 (𝑧) is the potential energy of vortex interaction
with the specimen surface evaluated per unit length
of a vortex line. We consider this interaction as that
of the vortex kink, depicted in Fig. 3, with its image
of opposite sign placed on the same distance from the
specimen surface on its other side. The calculation of
viscous losses 𝑊 for the motion of vortex kinks driven
by a microwave current can be produced as follows:
⟨ ⟩
∫︁0
𝑣𝜑2
𝑡,𝜃
𝑊 =
𝑛𝑘 (𝑧, 𝑇 )𝜂
𝑑𝑧 =
2
−∞
⟨︀ 2
⟩︀
∫︁0
𝐹𝐿 (𝑧, 𝜃, 𝑡) 𝑡,𝜃
=
𝑛𝑘 (𝑧, 𝑇 )
𝑑𝑧.
(10)
2𝜂
−∞

Averaging ⟨...⟩𝑡,𝜃 in (10) means the time and orientation averaging for the dynamics of vortex kinks, 𝜃 is
ISSN 2071-0194. Ukr. J. Phys. 2019. Vol. 64, No. 10
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the angle between the local kink and microwave current directions. Equating the losses calculated in (10)
2
to the well-known expression for 𝑟𝑓 -losses: 𝑊 = 𝑅𝑠2𝐼
(𝐼 is a sheet current amplitude), we get the surface
resistance due to the motion of vortex kinks:
(︂
)︂
⟨𝐸𝑘 ⟩𝑧
𝐵
𝑅𝑠 (𝐵, 𝜔, 𝑇 ) = 𝐶
exp −
.
(11)
𝜂𝜔
𝑘𝑇
It should be noted that, in this case, the frequency
and temperature dependences of 𝑅𝑠 caused by vortex oscillations are essentially different from those obtained for point-like pinning sites in (7).
4. Conclusion
In general, HTS films possess a number of unique
properties at high frequencies, which make them very
attractive for the application in a variety of highfrequency devices [26–28].
The significant contribution both to the understanding of superconductivity in HTS cuprate films
at microwave frequencies and to their application in
different microwave devices was made by Professor
G.A. Melkov with coauthors (see, e.g., their works
[29–32]). Nevertheless, the problem of superconducting materials which will be optimal for rf applications
remains still open [33].
The obtained results indicate that the implantation of dielectric nanoparticles can significantly eliminate the oscillations of Abrikosov vortices and related microwave energy losses, thus decreasing the
contribution of Abrikosov vortices to the 𝑅𝑠 value
in the mixed state of HTS films. Such effect of the
addition of nanoparticles on the microwave response
of HTS films was observed in some recent experiments (see, e.g., [8–10]). In the present work, we have
suggested a new model for the rf vortex response
in superconductors with nano-sized point-like and
columnar strong vortex pinning sites. In the case of
point-like pinning sites, this model allows one to specify the Labusch parameter as a function of material
properties (which enter through the vortex line tension 𝑃 ) and the concentration of nano-inclusions 𝑛𝑖 ,
as it is given by Eq. (6). This determines, in turn, the
addition to the surface resistance, coming from oscillating vortex segments, 𝑅𝑠,𝑣 (𝐵, 𝜔, 𝑛𝑖 ), and its dependences on the concentration of nano-inclusions 𝑛𝑖 , frequency, and magnetic induction values, as it is given
by Eq. (7). In the case where the dominant pinning
ISSN 2071-0194. Ukr. J. Phys. 2019. Vol. 64, No. 10

sites are extended columnar defects with a nano-sized
cross-section (e.g., radiation tracks or “nanorods”), we
have obtained, for the first time, the expression for
the contribution of vortex kinks to the microwave
surface resistance 𝑅𝑠,𝑣 (𝐵, 𝜔, 𝑛𝑖 ), which is given by
Eq. (11). There should be a significant difference in
losses caused by vortex oscillations in superconductors with strong point-like and extended columnar
vortex pinning sites, as it follows from the obtained
relations (4) and (8), respectively.
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П.О. Борисенко, А.О. Покусинський, О.Л. Касаткiн
МIКРОХВИЛЬОВИЙ ВIДГУК
НАНОСТРУКТУРОВАНИХ ТОНКИХ ПЛIВОК
ВИСОКОТЕМПЕРАТУРНИХ НАДПРОВIДНИКIВ
Резюме
Розроблено модель мiкрохвильового вiдгуку наноструктурованої плiвки високотемпературного надпровiдника
(ВТНП) з iмплантованими наночастинками та нанострижнями з дiелектричного матерiалу, або точковими та стовпчастими радiацiйними дефектами з нанорозмiрним перерiзом. У цьому випадку мiкрохвильовий поверхневий опiр
𝑅𝑠 (𝑇, 𝐻, 𝜔) обчислено як для мейсснеровського, так i для
змiшаного станiв плiвки надпровiдника в прикладеному постiйному магнiтному полi. Отриманi результати свiдчать
про те, що iмплантацiя дiелектричних наночастинок або
створення точкових радiацiйних дефектiв може значно покращити характеристики надпровiдника на мiкрохвильових частотах. Зокрема, цi нанорозмiрнi структурнi дефекти можуть зменшити поверхневий опiр в мейсснеровському станi i обмежити коливання вихорiв Абрикосова та
пов’язанi з цим втрати мiкрохвильової енергiї, зменшуючи
тим самим внесок абрикосовських вихорiв у величину 𝑅𝑠 у
змiшаному станi ВТНП плiвки.
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