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THE NOISE EFFECT OF VACUUM
RESERVOIR ON THE DYNAMICS OF THREE-LEVEL
LASER PUMPED BY COHERENT LIGHT

We have investigated the effects of vacuum reservoir noise on the photon statistics and quadra-
ture squeezing of light generated by a three-level laser pumped by coherent light and coupled
to a vacuum reservoir via a single-port mirror. We have found that the effect of the vac-
uum reservoir noise is to increase the photon number variance and to decrease the quadrature
squeezing. However, the vacuum reservoir noise has no effect on the mean photon number.
K e yw o r d s: stimulated emission, photon statistics, quadrature squeezing, Langevin noise
operator.

1. Introduction
Squeezing is one of the interesting nonclassical fea-
tures of light that has attracted the attention of many
authors [1–11]. In a squeezed light, the quantum noise
in one quadrature is below the vacuum level at the
expense of enhanced fluctuations in the conjugate
quadrature, such that the uncertainty relation is not
violated. Squeezed light has potential applications in
low-noise optical communications [12] and the weak
signal detection [13–15].

Over the years, two types of a three-level laser have
been studied by several authors. In type-one three-
level lasers, three-level atoms initially prepared in a
coherent superposition of the top and bottom levels
are injected at a constant rate into a cavity and then
removed after they have spontaneously decayed to a
level below the bottom level. In type-two three-level
lasers, the top and bottom levels of the three-level
atoms injected into a laser cavity are coupled by a
strong coherent light.

Some authors investigated the statistical and
squeezing properties of the light produced by type-
one three-level laser [3–7]. N. Lu et al. [6] analyzed
such properties of the light generated by a degenerate
type-one three-level laser and found that the cavity
laser light is in a squeezed state, when there are more
atoms initially in the bottom levels than in the top
level. Moreover, Lu and Zhu [3] analyzed a nonde-
generate type-one three-level laser. They predicted a
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intracavity two-mode squeezing equal maximally to
50%. It was found that the coherent superposition
of the top and the bottom levels is responsible for
the squeezing of light generated by such three-level
lasers.

The statistical and squeezing properties of the light
generated by type-two three-level laser were stud-
ied in [8]. Ansari et al. [8] considered a degenerate
type-two three-level laser and predicted that the sys-
tem generates a squeezed light under certain condi-
tions. Furthermore, Ansari [4] studied a nondegener-
ate type-two three-level laser and found that the cou-
pling of the top and bottom levels are responsible for
the squeezing of the light generated by these types of
three-level lasers.

In addition, some authors studied the statistical
and squeezing properties of the light produced by
three-level lasers in which the injected atoms are ini-
tially prepared in a coherent superposition of the top
and bottom levels, and these levels are coupled after
the injection into the cavity [4].

Preparing the three-level atoms in a coherent su-
perposition of the top and bottom levels before
they are injected into a laser cavity is not a simple
task. Moreover, it may not possible to know whether
the atoms have decayed spontaneously to levels other
than the intermediate or bottom level before they
are removed from the laser cavity [6]. In addition,
when the top and bottom levels of the three-level
lasers are coupled by strong coherent light, the atoms
may decay from the top to bottom levels. This de-
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cay may decrease the mean photon number in the
cavity.

Recently, Fesseha [2] studied a three-level laser in
which three-level atoms available in a closed cavity
are pumped from the bottom to the top level by the
electron bombardment. He carried out his analysis by
putting the vacuum noise operators in the normal or-
der. It is not hard to realize that the normally or-
dered noise operators will not have any effect on the
photon statistics and quadrature squeezing. He found
that the light generated by the three-level laser oper-
ating far below the threshold is in a squeezed state,
with the maximum quadrature squeezing being 50%
below the vacuum-state level.

Furthermore, Fesseha [2] studied a three-level laser
in which three-level atoms available in a closed cav-
ity are pumped from the bottom to the top level by
coherent light. He carried out his analysis by putting
again the vacuum noise operators in the normal or-
der. He found that the light generated by a three-
level laser is in a squeezed state, with the maxi-
mum quadrature squeezing being about 43% below
the vacuum-state level.

Here, we wish to study the effects of the vacuum
reservoir noise on the photon statistics and quadra-
ture squeezing of the light generated by three-level
atoms available in a closed cavity and pumped to the
top level by coherent light. To this end, we firstly de-
termine the quantum Langevin equations for the cav-
ity mode operators and the equations of evolution of
the atomic operators. Moreover, we obtain the solu-
tions of the resulting equations. Applying these solu-
tions, we calculate the photon statistics and quadra-
ture squeezing of the two-mode cavity light and then
discuss the effects of the vacuum reservoir noise.

2. Equations of Evolution
for Atomic and Cavity Mode Operators

We consider here the case where 𝑁 three-level atoms,
in a cascade configuration, are available in a closed
cavity. We represent the top, intermediate, and bot-
tom levels of the 𝑘𝑡ℎ three-level atom by |𝑎𝑘⟩, |𝑏𝑘⟩,
and |𝑐𝑘⟩, respectively. We assume the transitions
|𝑎𝑘⟩ → |𝑏𝑘⟩ and |𝑏𝑘⟩ → |𝑐𝑘⟩ to be dipole allowed,
with direct transitions |𝑎𝑘⟩ → |𝑐𝑘⟩ to be dipole for-
bidden. In addition, we consider the case where the
the cavity modes are at resonance with the two transi-
tions |𝑎𝑘⟩ → |𝑏𝑘⟩ and |𝑏𝑘⟩ → |𝑐𝑘⟩. When a three-level

atom makes a transition from the top level to the
intermediate level, it emits a photon with frequency
𝜔𝑎. It then undergoes a transition from the interme-
diate level to the bottom level by emitting a photon
with frequency 𝜔𝑏.

The interaction of one of the three-level atoms with
the two-mode cavity light and the pump mode can be
described by the Hamiltonian [2]

𝐻̂ = 𝑖𝑔
[︁
𝜎̂†𝑘
𝑎 𝑎̂−𝑎̂†𝜎̂𝑘

𝑎+𝜎̂†𝑘
𝑏 𝑏̂−𝑏̂†𝜎̂𝑘

𝑏

]︁
+
𝑖Ω

2

[︁
𝜎̂†𝑘
𝑐 −𝜎̂𝑘

𝑐

]︁
, (1)

where 𝑔 is the coupling constant between the three-
level atom and light mode 𝑎 or 𝑏, 𝑎̂(𝑏̂) is the annihi-
lation operator for the two-mode cavity light, and Ω
is a constant proportional to the amplitude of the co-
herent light. Here, the lowering atomic operators are
defined by 𝜎̂𝑘

𝑎 = |𝑏𝑘⟩⟨𝑎𝑘|, 𝜎̂𝑘
𝑏 = |𝑐𝑘⟩⟨𝑏𝑘|, and 𝜎̂𝑘

𝑐 =
= |𝑐𝑘⟩⟨𝑎𝑘|.

Applying Eq. (1), the quantum Langevin equations
for the cavity mode operators 𝑎̂ and 𝑏̂ are found to be

𝑑𝑎̂

𝑑𝑡
= −𝜅

2
𝑎̂− 𝑔𝜎̂𝑘

𝑎 + 𝐹𝑎(𝑡), (2)

𝑑𝑏̂

𝑑𝑡
= −𝜅

2
𝑏̂− 𝑔𝜎̂𝑘

𝑏 + 𝐹𝑏(𝑡), (3)

where 𝜅 is the cavity damping constant, and 𝐹𝑎(𝐹𝑏)
is a vacuum reservoir noise operator associated with
a cavity mode operator. Furthermore, using the rela-
tion

𝑑

𝑑𝑡
⟨𝐴⟩ = −𝑖⟨[𝐴, 𝐻̂]⟩ (4)

along with the interaction Hamiltonian given by (1),
we readily find

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑎⟩ = 𝑔⟨𝜂𝑘𝑏 𝑎̂⟩ − 𝑔⟨𝜂𝑘𝑎 𝑎̂⟩+ 𝑔⟨𝑏̂†𝜎̂𝑘
𝑐 ⟩+

Ω

2
⟨𝜎̂†𝑘

𝑏 ⟩, (5)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑏 ⟩ = 𝑔⟨𝜂𝑘𝑐 𝑏̂⟩ − 𝑔⟨𝜂𝑘𝑏 𝑏̂⟩ − 𝑔⟨𝑎̂†𝜎̂𝑘
𝑐 ⟩ −

Ω

2
⟨𝜎̂†𝑘

𝑎 ⟩, (6)

𝑑

𝑑𝑡
⟨𝜎̂𝑘

𝑐 ⟩ = 𝑔⟨𝜎̂𝑘
𝑏 𝑎̂⟩ − 𝑔⟨𝜎̂𝑘

𝑎 𝑏̂⟩+
Ω

2

[︁
⟨𝜂𝑘𝑐 ⟩ − ⟨𝜂𝑘𝑎⟩

]︁
, (7)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑎⟩ = 𝑔⟨𝜎̂†𝑘

𝑎 𝑎̂⟩+ 𝑔⟨𝑎̂†𝜎̂𝑘
𝑎⟩+

Ω

2

[︁
⟨𝜎̂†𝑘

𝑐 ⟩+ ⟨𝜎̂𝑘
𝑐 ⟩
]︁
, (8)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑏 ⟩ = 𝑔⟨𝜎̂†𝑘

𝑏 𝑏̂⟩ − 𝑔⟨𝜎̂†𝑘
𝑎 𝑎̂⟩ − 𝑔⟨𝑎̂†𝜎̂𝑘

𝑎⟩+ 𝑔⟨𝑏̂†𝜎̂𝑘
𝑏 ⟩, (9)

𝑑

𝑑𝑡
⟨𝜂𝑘𝑐 ⟩ = −𝑔⟨𝜎̂†𝑘

𝑏 𝑏̂⟩ − 𝑔⟨𝑏̂†𝜎̂𝑘
𝑏 ⟩ −

Ω

2

[︁
⟨𝜎̂†𝑘

𝑐 ⟩+ ⟨𝜎̂𝑘
𝑐 ⟩
]︁
,

(10)

386 ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 5



The Noise Effect of Vacuum Reservoir

where 𝜂𝑘𝑎 = |𝑎𝑘⟩⟨𝑎𝑘|, 𝜂𝑘𝑏 = |𝑏𝑘⟩⟨𝑏𝑘|, 𝜂𝑘𝑐 = |𝑐𝑘⟩⟨𝑐𝑘|. We
see that Eqs. (5)–(10) are nonlinear coupled differen-
tial equations, and it is not possible to find the exact
time-dependent solutions of these equations. We in-
tend to overcome this problem by applying the large-
time approximation scheme [11]. Then, in this ap-
proximation scheme, we get the following approxi-
mately valid relations from (2) and (3):

𝑎̂ = −2𝑔

𝜅
𝜎̂𝑘
𝑎 +

2

𝜅
𝐹𝑎(𝑡), (11)

𝑏̂ = −2𝑔

𝜅
𝜎̂𝑘
𝑏 +

2

𝜅
𝐹𝑏(𝑡). (12)

Substituting Eqs. (11) and (12) into (5)–(10), we ar-
rive at

𝑑

𝑑𝑡

⟨︀
𝜎̂𝑘
𝑎

⟩︀
= −𝛾𝑐

⟨︀
𝜎̂𝑘
𝑎

⟩︀
+

2𝑔

𝜅

[︁⟨︀
𝜂𝑘𝑏𝐹𝑎 − 𝜂𝑘𝑎𝐹𝑎 + 𝐹 †

𝑏 𝜎̂
𝑘
𝑐

⟩︀]︁
+

+
Ω

2

⟨︀
𝜎̂†𝑘
𝑏

⟩︀
, (13)

𝑑

𝑑𝑡

⟨︀
𝜎̂𝑘
𝑏

⟩︀
= −𝛾𝑐

2

⟨︀
𝜎̂𝑘
𝑏

⟩︀
+

2𝑔

𝜅

[︁⟨︀
𝜂𝑘𝑐𝐹𝑏 − 𝜂𝑘𝑎𝐹𝑏 − 𝐹 †

𝑎 𝜎̂
𝑘
𝑐

⟩︀]︁
−

− Ω

2

⟨︀
𝜎̂†𝑘
𝑎

⟩︀
, (14)

𝑑

𝑑𝑡

⟨︀
𝜎̂𝑘
𝑐

⟩︀
= −𝛾𝑐

2

⟨︀
𝜎̂𝑘
𝑐

⟩︀
+

2𝑔

𝜅

[︁⟨︀
𝜎̂𝑘
𝑏𝐹𝑎 − 𝜎̂𝑘

𝑎𝐹𝑏

⟩︀]︁
+

+
Ω

2

[︁⟨︀
𝜂𝑘𝑐 − 𝜂𝑘𝑎

⟩︀]︁
, (15)

𝑑

𝑑𝑡

⟨︀
𝜂𝑘𝑎

⟩︀
= −𝛾𝑐

⟨︀
𝜂𝑘𝑎

⟩︀
+

2𝑔

𝜅

[︁⟨︀
𝜎̂†𝑘
𝑎 𝐹𝑎 + 𝐹 †

𝑎 𝜎̂
𝑘
𝑎

⟩︀]︁
+

+
Ω

2

[︁⟨︀
𝜎̂†𝑘
𝑐 + 𝜎̂𝑘

𝑐

⟩︀]︁
, (16)

𝑑

𝑑𝑡

⟨︀
𝜂𝑘𝑏

⟩︀
= 𝛾𝑐

[︀⟨︀
𝜂𝑘𝑎 − 𝜂𝑘𝑏

⟩︀]︀
+

+
2𝑔

𝜅

[︁⟨︀
𝜎̂†𝑘
𝑏 𝐹𝑏 − 𝜎̂†𝑘

𝑎 𝐹𝑎 + 𝐹 †
𝑏 𝜎̂

𝑘
𝑏 − 𝐹 †

𝑎 𝜎̂
𝑘
𝑎

⟩︀]︁
, (17)

𝑑

𝑑𝑡

⟨︀
𝜂𝑘𝑐

⟩︀
= 𝛾𝑐

⟨︀
𝜂𝑘𝑏

⟩︀
− 2𝑔

𝜅

[︁⟨︀
𝜎̂†𝑘
𝑏 𝐹𝑎 + 𝐹 †

𝑏 𝜎̂
𝑘
𝑏

⟩︀]︁
−

− Ω

2

[︁⟨︀
𝜎̂†𝑘
𝑐 + 𝜎̂𝑘

𝑐

⟩︀]︁
, (18)

where 𝛾𝑐 = 4𝑔2/𝜅 is the stimulated emission decay
constant [2].

Next, we wish to determine the values of the terms
inside the square brackets indicated in (13). To this
end, after removing the angular brackets, the formal
solution of Eq. (16) can be written as

𝜂𝑘𝑎(𝑡) = 𝜂𝑘𝑎(0)𝑒
−𝛾𝑐𝑡 +

+
2𝑔

𝜅

𝑡∫︁
0

𝑑𝑡′𝑒−𝛾𝑐(𝑡−𝑡′)
[︁
𝜎̂†𝑘
𝑎 (𝑡′)𝐹𝑎(𝑡

′) + 𝐹 †
𝑎 (𝑡

′)𝜎̂𝑘
𝑎(𝑡

′)
]︁
+

+

𝑡∫︁
0

𝑑𝑡′𝑒−𝛾𝑐(𝑡−𝑡′)

[︂
Ω

2

(︁
𝜎†𝑘
𝑐 (𝑡′) + 𝜎̂𝑘

𝑐 (𝑡
′)
)︁
+ 𝐺̂(𝑡′)

]︂
, (19)

where 𝐺̂(𝑡) is a vacuum reservoir noise operator as-
sociated with an atomic operator. Multiplying the
above equation from the right by 𝐹𝑎(𝑡) and taking
the expectation value of the resulting expression, we
get

⟨𝜂𝑘𝑎(𝑡)𝐹𝑎(𝑡)⟩ = ⟨𝜂𝑘𝑎(0)𝐹𝑎(𝑡)⟩𝑒−𝛾𝑐𝑡 +

+

𝑡∫︁
0

𝑑𝑡′𝑒−𝛾𝑐(𝑡−𝑡′)

[︂{︀
⟨𝜎̂†𝑘

𝑎 (𝑡′)𝐹𝑎(𝑡
′)𝐹𝑎(𝑡)⟩+

+ ⟨𝐹 †
𝑎 (𝑡

′)𝜎̂𝑘
𝑎(𝑡

′)𝐹𝑎(𝑡)⟩
}︀2𝑔
𝜅

+
Ω

2

{︀
⟨𝜎̂†𝑘

𝑐 (𝑡′)𝐹𝑎(𝑡)⟩+

+ ⟨𝜎̂𝑘
𝑐 (𝑡

′)𝐹𝑎(𝑡)⟩
}︀
+ ⟨𝐺̂(𝑡′)𝐹𝑎(𝑡)⟩

]︂
. (20)

Considering the fact that the noise operator 𝐹𝑎(𝑡) at
a certain time does not affect the atomic operator at
earlier time and assuming that there is no correla-
tion between the atomic and vacuum noise operators,
Eq. (20) can be put in the form

⟨𝜂𝑘𝑎(𝑡)𝐹𝑎(𝑡)⟩ =
2𝑔

𝜅

𝑡∫︁
0

𝑑𝑡′𝑒−𝛾𝑐(𝑡−𝑡′) ×

×
[︁
⟨𝜎̂†𝑘

𝑎 (𝑡′)𝐹𝑎(𝑡
′)𝐹𝑎(𝑡)⟩+ ⟨𝐹 †

𝑎 (𝑡
′)𝜎̂𝑘

𝑎(𝑡
′)𝐹𝑎(𝑡)⟩

]︁
. (21)

It is impossible to evaluate the integral that appears
in Eq. (21), as the explicit form of 𝜎̂𝑘

𝑎(𝑡
′) is unknown

yet. In order to proceed further, we need to adopt a
certain approximation scheme. To this end, ignoring
the noncommutativity of the atomic and noise oper-
ators [9], we see that

⟨𝐹 †
𝑎 (𝑡

′)𝜎̂𝑘
𝑎(𝑡

′)𝐹𝑎(𝑡)⟩ = ⟨𝜎̂𝑘
𝑎(𝑡

′)𝐹 †
𝑎 (𝑡

′)𝐹𝑎(𝑡)⟩. (22)

Neglecting now the correlation between 𝜎̂𝑘
𝑎(𝑡

′) and
𝐹 †
𝑎 (𝑡

′)𝐹𝑎(𝑡), we can write the approximately valid re-
lation

⟨𝜎̂𝑘
𝑎(𝑡

′)𝐹 †
𝑎 (𝑡

′)𝐹𝑎(𝑡)⟩ = ⟨𝜎̂𝑘
𝑎(𝑡

′)⟩⟨𝐹 †
𝑎 (𝑡

′)𝐹𝑎(𝑡)⟩. (23)
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On the basis of the correlation properties of the noise
operators found in Ref. [6], the above equation takes
the form

⟨𝜎̂𝑘
𝑎(𝑡

′)𝐹 †
𝑎 (𝑡

′)𝐹𝑎(𝑡)⟩ = 0. (24)

The similar relation holds for ⟨𝜎̂†𝑘
𝑎 (𝑡′)𝐹𝑎(𝑡

′)𝐹𝑎(𝑡)⟩.
Hence, in view of the above results, Eq. (21) can be
put in the form

⟨𝜂𝑘𝑎(𝑡)𝐹𝑎(𝑡)⟩ = 0. (25)

Following a similar line of reasoning, we can also eas-
ily verify that

⟨𝜂𝑘𝑏 (𝑡)𝐹𝑎(𝑡)⟩ = 0 (26)

and

⟨𝐹 †𝑘
𝑏 (𝑡)𝜎̂𝑘

𝑐 (𝑡)⟩ = 0. (27)

Substituting (25), (26), and (27) into Eq. (13), we get

𝑑

𝑑𝑡

⟨︀
𝜎̂𝑘
𝑎

⟩︀
= −𝛾𝑐

⟨︀
𝜎̂𝑘
𝑎

⟩︀
+

Ω

2

⟨︀
𝜎̂†𝑘
𝑏

⟩︀
. (28)

Now summing the resulting expression over all 𝑁
three-level atoms and making use of the mean field
theory, we obtain

𝑑

𝑑𝑡
⟨𝑚̂𝑎⟩ = −𝛾𝑐⟨𝑚̂𝑎⟩+

Ω

2
⟨𝑚̂†

𝑏⟩. (29)

Similarly, we can easily establish that

𝑑

𝑑𝑡
⟨𝑚̂𝑏⟩ = −𝛾𝑐

2
⟨𝑚̂𝑏⟩ −

Ω

2
⟨𝑚̂†

𝑎⟩, (30)

𝑑

𝑑𝑡
⟨𝑚̂𝑐⟩ = −𝛾𝑐

2
⟨𝑚̂𝑐⟩+

Ω

2

[︁
⟨𝑁̂𝑐⟩ − ⟨𝑁̂𝑎⟩

]︁
, (31)

𝑑

𝑑𝑡
⟨𝑁̂𝑎⟩ = −𝛾𝑐⟨𝑁̂𝑎⟩+

Ω

2

[︁
⟨𝑚̂†

𝑐⟩+ ⟨𝑚̂𝑐⟩
]︁
, (32)

𝑑

𝑑𝑡
⟨𝑁̂𝑏⟩ = 𝛾𝑐⟨𝑁̂𝑎⟩ − 𝛾𝑐⟨𝑁̂𝑏⟩, (33)

𝑑

𝑑𝑡
⟨𝑁̂𝑐⟩ = 𝛾𝑐⟨𝑁̂𝑏⟩ −

Ω

2

[︁
⟨𝑚̂†

𝑐⟩+ ⟨𝑚̂𝑐⟩
]︁
, (34)

in which

𝑚̂𝑎 =
∑︁

𝜎̂𝑘
𝑎 , 𝑚̂𝑏 =

∑︁
𝜎̂𝑘
𝑏 , and 𝑚̂𝑐 =

∑︁
𝜎̂𝑘
𝑐 ,

(35)

𝑁̂𝑎 =
∑︁

𝜂𝑘𝑎 , 𝑁̂𝑏 =
∑︁

𝜂𝑘𝑏 , and 𝑁̂𝑐 =
∑︁

𝜂𝑘𝑐 ,

(36)

where the operators 𝑁̂𝑎, 𝑁̂𝑏, and 𝑁̂𝑐 represent the
number of atoms on the upper, intermediate, and bot-
tom levels.

We note that the steady-state solutions of
Eqs. (31), (32), and (33) are

⟨𝑚̂𝑐⟩ =
Ω

𝛾𝑐

[︁
⟨𝑁̂𝑐⟩ − ⟨𝑁̂𝑎⟩

]︁
, (37)

⟨𝑁̂𝑎⟩ =
Ω

2𝛾𝑐

[︁
⟨𝑚̂†

𝑐⟩+ ⟨𝑚̂𝑐⟩
]︁
, (38)

⟨𝑁̂𝑎⟩ = ⟨𝑁̂𝑏⟩. (39)

From whence, we have

⟨𝑁̂𝑎⟩ =
[︂

Ω2

3Ω2 + 𝛾2
𝑐

]︂
𝑁 =

[︂
𝜂2

1 + 3𝜂2

]︂
𝑁, (40)

⟨𝑁̂𝑐⟩ =
[︂
Ω2 + 𝛾2

𝑐

3Ω2 + 𝛾2
𝑐

]︂
𝑁 =

[︂
1 + 𝜂2

1 + 3𝜂2

]︂
𝑁, (41)

⟨𝑚̂𝑐⟩ =
[︂

Ω𝛾𝑐
3Ω2 + 𝛾2

𝑐

]︂
𝑁 =

[︂
𝜂

1 + 3𝜂2

]︂
𝑁, (42)

where Ω/𝛾𝑐 = 𝜂. On the other hand, when the cav-
ity modes are interacting with all three-level atoms
available in the cavity, we can rewrite expression (2)
in the form [2]

𝑑𝑎̂

𝑑𝑡
= −𝜅

2
𝑎̂+ 𝛼𝑚̂𝑎 + 𝛽𝐹𝑎(𝑡), (43)

where 𝛼 and 𝛽 are constants whose values remain
to be fixed. Applying the steady-state solution of (2)
and summing the resulting expression over all atoms,
we obtain

[𝑎̂, 𝑎̂†] =
𝛾𝑐
𝜅
[𝑁̂𝑏 − 𝑁̂𝑎] +

4𝑁

𝜅2
[𝐹𝑎, 𝐹

†
𝑎 ]. (44)

Moreover, using the steady-state solution of (43), we
easily arrive at

[︀
𝑎̂, 𝑎̂†

]︀
= 𝑁

[︂
2𝛼

𝜅

]︂2[︀
𝑁̂𝑏 − 𝑁̂𝑎

]︀
+

4𝛽2

𝜅2

[︀
𝐹𝑎, 𝐹

†
𝑎

]︀
. (45)

Thus, the comparison of Eq. (44) with (45) indicates
that
𝛼 = ± 𝑔√

𝑁
and 𝛽 = ±

√
𝑁. (46)

Now employing Eq. (46) in (43), the equation of evo-
lution for the cavity mode operator 𝑎̂ can be rewritten
as
𝑑𝑎̂

𝑑𝑡
= −𝜅

2
𝑎̂+

𝑔√
𝑁

𝑚̂𝑎 +
√
𝑁𝐹𝑎(𝑡). (47)
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Similarly, we find the equation of evolution for the
cavity mode operator 𝑏̂ to be

𝑑𝑏̂

𝑑𝑡
= −𝜅

2
𝑏̂+

𝑔√
𝑁

𝑚̂𝑏 +
√
𝑁𝐹𝑏(𝑡). (48)

Furthermore, adding Eq. (47) and (48), we get

𝑑𝑐

𝑑𝑡
= −𝜅

2
𝑐+

𝑔√
𝑁

𝑚̂+
√
𝑁𝐹𝑐(𝑡), (49)

where 𝑐 = 𝑎̂ + 𝑏̂, 𝑚̂ = 𝑚̂𝑎 + 𝑚̂𝑏, and 𝐹𝑐 = 𝐹𝑎 +
+𝐹𝑏. Now using ⟨𝐹𝑐⟩ = 0 along with the assumptions
that the three-level atoms are initially in the ground
level and the cavity modes are initially in a vacuum
state, we find the solution of the expectation value of
the operator 𝑐 to be zero. Hence, on the basis of this
result and (49), we can conclude that 𝑐 is a Gaussian
variable with zero mean.

3. Photon Statistics

Here, we will obtain the mean photon number and
the photon-number variance for a two-mode light
beam. Employing the relation

𝑑

𝑑𝑡

⟨︀
𝑐†𝑐

⟩︀
=

⟨𝑑𝑐†
𝑑𝑡

𝑐
⟩
+
⟨
𝑐†
𝑑𝑐

𝑑𝑡

⟩
(50)

along with the equation of evolution given by (49)
and its adjoint, we obtain

𝑑

𝑑𝑡

⟨︀
𝑐†𝑐

⟩︀
= −𝜅

⟨︀
𝑐†𝑐

⟩︀
+

𝛾𝑐
𝑁

⟨𝑚̂†𝑚̂⟩. (51)

The steady-state solution of Eq. (51) is found, by tak-
ing into account that ⟨𝑚̂†𝑚̂⟩ = 𝑁(⟨𝑁̂𝑎⟩ + ⟨𝑁̂𝑏⟩), to
be

⟨𝑐†𝑐⟩ = 𝛾𝑐
𝜅

[︀
⟨𝑁̂𝑎⟩+ ⟨𝑁̂𝑏⟩

]︀
. (52)

Therefore, in view of Eqs. (40) and (41), the above
equation takes the form

⟨𝑐†𝑐⟩ = 𝛾𝑐
𝜅

[︂
2𝜂2

1 + 3𝜂2

]︂
𝑁. (53)

In order to investigate the dependence of the mean
photon number on the amplitude of the driving co-
herent light, number of atoms available in the cavity,
stimulated emission decay constant, and cavity damp-
ing constant, we can plot the mean photon number

Fig. 1. Plot of ⟨𝑐†𝑐⟩ [Eq. (53)] versus 𝜂 and 𝜅 for 𝛾𝑐 = 0.4

and 𝑁 = 100

versus these parameters. To this end, we only con-
sider the dependence of the mean photon number
on the amplitude of the driving coherent light and
on the cavity damping constant, with the number of
atoms and stimulated emission decay constant being
fixed. So, we only plot the mean photon number given
by Eq. (53) versus 𝜂 and 𝜅. In this case, the total num-
ber of atoms and stimulated emission decay constant
are taken to be 100 and 0.4 respectively. For example,
it is found from Fig. 1 that, when 𝜂 = 0 and for any
values of 𝜅, the mean number of photons is zero. Ho-
wever, for 𝜂 = 1 and 𝜅 = 0.1, the mean number of
photons emitted by the three-level atoms is found to
be 200. We can also assure you that there is no change
in the mean photon number, whether the system of
interest is damped by the vacuum reservoir or not.

We now obtain the steady-state photon-number
variance of the two-mode cavity light defined by

(Δ𝑛)2 = ⟨(𝑐†𝑐)2⟩ − ⟨𝑐†𝑐⟩2. (54)

Since 𝑐 is a Gaussian variable with zero mean, the
photon-number variance of the two-mode cavity light
can be put in the form [11]

(Δ𝑛)2 = ⟨𝑐†𝑐⟩⟨𝑐𝑐†⟩+ ⟨𝑐†2⟩⟨𝑐2⟩. (55)

We can readily establish that

⟨𝑐𝑐†⟩ = 𝛾𝑐
𝜅

[︁1 + 2𝜂2

1 + 3𝜂2

]︁
𝑁 + 2𝑁 (56)

and
⟨𝑐2⟩ = 𝛾𝑐

𝜅

[︁ 𝜂

1 + 3𝜂2

]︁
𝑁. (57)

With the aid of (53), (56), and (57), the photon-
number variance of the two-mode cavity light given
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Fig. 2. Plots of the photon number variances [Eq. (58)] versus
𝜂 and 𝜅 for 𝛾𝑐 = 0.4 and 𝑁 = 100

Fig. 3. Plots of the quadrature squeezing [Eq. (69)] versus 𝜅

and 𝛾𝑐

by (55) is found to be

(Δ𝑛)2 =

[︂
𝛾𝑐
𝜅

]︂2[︂(︂
2𝑁𝜂2

1 + 3𝜂2

)︂2
+ 3

(︂
𝑁𝜂

1 + 3𝜂2

)︂2]︂
+

+
4𝛾𝑐
𝜅

[︂
𝑁2𝜂2

1 + 3𝜂2

]︂
. (58)

Now, we are in a position to plot the photon num-
ber variance with and without the last term on the
right-hand side of the above expression. On compar-
ing the plots having the magenta color, the two-mode
cavity light is not damped by the two-mode vacuum
reservoir, the one obtained in Ref. [2], and blue color,
the two-mode cavity light is actually damped by the
two-mode vacuum reservoir, we see that the effect of
the vacuum reservoir noise is to increase the photon-
number variance by a significant amount, as already
shown in Fig. 2. However, as we have seen previously,
the vacuum reservoir noise does not have any effect
on the mean photon number.

4. Quadrature Squeezing

The squeezing properties of the two-mode light are
described by two quadrature operators defined by

𝑐+ = 𝑐† + 𝑐 and 𝑐− = 𝑖(𝑐† − 𝑐), (59)

where 𝑐+ and 𝑐− are Hermitian operators represent-
ing physical quantities, which we prefer to call the
plus and minus quadratures. With the help of (59),
we establish that the two quadrature operators sat-
isfy the commutation relation

[𝑐−, 𝑐+] = 2𝑖
[︁𝛾𝑐
𝜅

(︀
𝑁̂𝑎 − 𝑁̂𝑐

)︀
− 2𝑁

]︁
. (60)

It then follows that

Δ𝑐+Δ𝑐− ≥
⃒⃒⃒𝛾𝑐
𝜅

(︀
⟨𝑁̂𝑎⟩ − ⟨𝑁̂𝑐⟩

)︀
− 2𝑁

⃒⃒⃒
. (61)

With the aid of Eqs. (40) and (41), the uncertainty
relation for the two quadrature operators takes, at
the steady-state, the form

Δ𝑐+Δ𝑐− ≥ 𝛾𝑐
𝜅

[︂
𝑁

1 + 3𝜂2

]︂
+ 2𝑁. (62)

Furthermore, we consider the case where the coherent
light does not couple the top and bottom levels. Thus,
by setting 𝜂 = 0, the above equation reduces to

Δ𝑐+Δ𝑐− ≥ 𝑁
[︁𝛾𝑐
𝜅

+ 2
]︁
. (63)

We now proceed to calculate the quadrature vari-
ance of the two-mode cavity light. It is defined by

(Δ𝑐±)
2 = ⟨𝑐2±⟩ − ⟨𝑐±⟩2. (64)

Accounting for (59) and using the fact that ⟨𝑐⟩ = 0,
the quadrature variance can be put in the form

(Δ𝑐±)
2 = ⟨𝑐†𝑐⟩+ ⟨𝑐𝑐†⟩ ± ⟨𝑐2⟩ ± ⟨𝑐†2⟩. (65)

Substituting Eqs. (52), (56), and (57) into (65), the
plus (minus) quadrature variance of the two-mode
light is found, at the steady-state, to be

(Δ𝑐±)
2 =

𝛾𝑐
𝜅

[︂
4𝜂2 ± 2𝜂 + 1

1 + 3𝜂2

]︂
𝑁 + 2𝑁. (66)

We immediately notice that the two-mode cavity light
is in a squeezed state, and the squeezing occurs in
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the minus quadrature. Moreover, by setting 𝜂 = 0 in
Eq. (66), we easily get

(Δ𝑐±)
2
𝑣 = 𝑁

[︁𝛾𝑐
𝜅

+ 2
]︁
, (67)

which is the quadrature variance of a two-mode vac-
uum state. We note that, for 𝜂 = 0, the uncertainty
in the plus and minus quadratures are equal and sat-
isfy the minimum uncertainty relation, as can be seen
from Eqs. (63) and (67).

Finally, we determine the quadrature squeezing of
the cavity light relative to the quadrature variance of
the cavity vacuum sate defined by [2]:

𝑆 =
(Δ𝑐−)

2
𝑣 − (Δ𝑐−)

2

(Δ𝑐−)2𝑣
. (68)

By substituting the minus quadrature variances given
by (66) and (67) into (68), the steady-state quadra-
ture squeezing of the two-mode cavity light is found
to be

𝑆 =

[︂
𝛾𝑐

𝛾𝑐 + 2𝜅

]︂[︂
2𝜂 − 𝜂2

1 + 3𝜂2

]︂
. (69)

From Fig. 3, we clearly see that the two-mode cav-
ity radiation exhibits no squeezing for certain values
of 𝜅 and 𝛾𝑐 even when it is coupled to a two-mode
vacuum reservoir. The second term on the right-hand
side of the above expression is already obtained in
Ref.[2], whose level of maximum quadrature squeez-
ing with respect to the vacuum state is already found
to be 43.43%. As the cavity damping constant 𝜅 is
decreasing, and the stimulated emission decay con-
stant 𝛾𝑐 is increasing, the two-mode cavity radiation
does exhibit a maximum quadrature squeezing which
is exactly equal to the one obtained in Ref. [2].

Following the same line of reasoning, by comparing
this result with the one obtained in Ref. [2], we see
that the effect of the vacuum reservoir noise is to
decrease the quadrature squeezing by a factor of[︁ 𝛾𝑐
𝛾𝑐 + 2𝜅

]︁
. (70)

5. Conclusion

We have studied the effects of the vacuum reservoir
noise on the statistical and squeezing properties of
the light modes produced by a three-level laser. In
this optical system, 𝑁 three-level atoms available in

a closed cavity coupled to a two-mode vacuum reser-
voir are pumped from the bottom to the top level
by means of coherent light. Based on the definition
given by 𝛾𝑐 = 4𝑔2/𝜅, we conclude that an atom in
the top or middle level and inside a closed cavity
emits a photon due to its interaction with the cav-
ity light. We certainly identify this process to be a
stimulated emission.

Employing the interaction Hamiltonian and the
Heisenberg equation of motion, we have obtained the
quantum Langevin equations for the cavity mode op-
erators and the equations of evolution of the expec-
tation values of the atomic operators. Making use
of the formal (approximated) solutions of the quan-
tum Langevin equations for the cavity mode opera-
tors and the formal (approximated) solutions of the
equations of evolution of the expectation values of the
atomic operators, we have calculated the mean pho-
ton number and the photon-number variance of the
two-mode cavity light. The photon-number variance
of the two-mode cavity light of this work is observed
to be greater than that of the photon-number vari-
ance studied by Fesseha Ref. [2]. We have realized
that this difference is due to the effect of the vacuum
reservoir noise.

We have also calculated the quadrature squeezing
of the two-mode cavity light produced by a three-level
laser. It has been found that the three-level laser pro-
duces a squeezed light under a certain condition. The
maximum quadrature squeezing is found to be about
31% below the vacuum-state level. This quadrature
squeezing is observed to be less than that of a three-
level laser studied by Fesseha Ref. [2], in which the
maximum quadrature squeezing is about 43% below
the vacuum-state level. We have realized that this dif-
ference is due to the effect of the vacuum reservoir
noise.
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ДIЯ ШУМУ ВАКУУМНОГО
РЕЗЕРВУАРА НА ДИНАМIКУ ТРИРIВНЕВОГО
ЛАЗЕРА З НАКАЧУВАННЯМ
КОГЕРЕНТНИМ СВIТЛОМ

Р е з ю м е

Дослiджено дiю шуму вакуумного резервуара на статисти-
ку фотонiв i квадратурне стиснення свiтла, що генерується
трирiвневим лазером при накачуваннi когерентним свiтлом
i зв’язком з резервуаром за допомогою однопортового дзер-
кала. Показано, що такий шум збiльшує дисперсiю числа
фотонiв i зменшує квадратурне стиснення, не змiнюючи се-
реднього числа фотонiв.
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