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SEARCHING FOR THE QCD CRITICAL POINT
WITH NET-PROTON NUMBER FLUCTUATIONS

Net-proton number fluctuations can be measured experimentally and, hence, provide a source of
important information about the matter created during relativistic heavy ion collisions. Parti-
cularly, they may give us clues about the conjectured QCD critical point. In this work, the
beam-energy dependence of ratios of the first four cumulants of the net-proton number is
discussed. These quantities are calculated using a phenomenologically motivated model in which
critical mode fluctuations couple to protons and antiprotons. Our model qualitatively captures
both the monotonic behavior of the lowest-order ratio, as well as the non-monotonic behavior
of higher-order ratios, as seen in the experimental data from the STAR Collaboration. We also
discuss the dependence of our results on the coupling strength and the location of the critical
point.
K e yw o r d s: net-proton number fluctuations, QCD critical point, heavy-ion collisions.

1. Introduction

The theoretical and experimental investigations of
the phase diagram of strongly interacting matter are
an important subject of modern high-energy physics.
One of the unresolved questions concerns the exis-
tence and location of the QCD critical point (CP) in
the 𝑇 and 𝜇 planes. Strong fluctuations of the critical
mode, 𝜎, in the vicinity of CP, although not directly
observable, are expected to couple to physically mea-
surable quantities such as fluctuations of conserved
charges [1, 2].

Fluctuations of the net-proton number serve as an
experimental probe of baryon number fluctuations.
Recent, but still preliminary results of the STAR
Collaboration [3–5] show a non-monotonic beam en-
ergy dependence of the ratios of higher-order net-
proton number cumulants. However, the interpreta-
tion of the data is still unclear [6–9]. Therefore, effec-
tive models are needed to improve our understanding
of these quantities.

One of such models was developed in [10], where
the impact of resonance decays on net-proton num-
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ber cumulant ratios was studied. This model could
qualitatively describe the non-monotonic behavior of
the 𝐶3/𝐶2 and 𝐶4/𝐶2 ratios. However, it also showed
a strong non-monotonic behavior of the 𝐶2/𝐶1 ratio
which is not observed experimentally. Recently, this
model was re-examined [11] to account for the scaling
properties of the baryon number and chiral suscepti-
bilities obtained within effective models [12, 13]. This
reduces the effect of critical fluctuations in the net-
proton number variance and, thus, allows for a better
description of the STAR data.

Here, we discuss the beam energy dependence of
the ratios of net-proton number cumulants obtained
using the refined model from Ref. [11] and study
their dependence on the coupling strength between
the critical mode and (anti)protons, as well as their
dependence on the location of the critical point.

2. Model Setup

As a baseline model to calculate the net-proton num-
ber cumulants, we choose the hadron resonance gas
(HRG) model in which the number density of each
particle species is given by the ideal gas formula,

𝑛𝑖(𝑇, 𝜇𝑖) = 𝑑𝑖

∫︁
𝑑3𝑘

(2𝜋)3
𝑓0
𝑖 (𝑇, 𝜇𝑖). (1)
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Here, 𝑑𝑖 is the degeneracy factor, and

𝑓0
𝑖 =

1

(−1)𝐵𝑖 + 𝑒(𝐸𝑖−𝜇𝑖)/𝑇
(2)

is the equilibrium distribution function, where 𝐸𝑖 =
=

√︀
p2 +𝑚2

𝑖 is the dispersion relation, and 𝜇𝑖 =
= 𝐵𝑖𝜇𝐵 + 𝑆𝑖𝜇𝑆 +𝑄𝑖𝜇𝑄 is the chemical potential
of a particle with mass 𝑚𝑖, baryon number 𝐵𝑖,
strangeness 𝑆𝑖, and electric charge 𝑄𝑖; 𝜇𝐵 , 𝜇𝑄 and
𝜇𝑆 denote the baryon, strangeness and charge chem-
ical potentials.

Since the QCD pressure is approximated in the
HRG model by a sum of partial ideal gas pressures
corresponding to different particles, there are only
thermal fluctuations in this approximation. To in-
clude critical fluctuations on the top of thermal ones,
we follow the phenomenological approach employed
in Ref. [10]. In this approach, the particle mass is
assumed to be composed of critical and non-critical
parts as suggested in linear sigma models,

𝑚𝑖 ∼ 𝑚0 + 𝑔𝑖𝜎, (3)

where 𝑚0 is a non-critical contribution, and 𝑔𝑖 is the
coupling strength between the critical mode and the
particle of type 𝑖. Critical mode fluctuations modify
the distribution function into 𝑓𝑖 = 𝑓0

𝑖 + 𝛿𝑓𝑖, where
a change of the distribution function due to critical
mode fluctuations reads

𝛿𝑓𝑖 =
𝜕𝑓𝑖
𝜕𝑚𝑖

𝛿𝑚𝑖 = −𝑔𝑖
𝑇

𝑣2𝑖
𝛾𝑖

𝛿𝜎, (4)

with 𝑣2𝑖 = 𝑓0
𝑖 ((−1)𝐵𝑖𝑓0

𝑖 + 1) and 𝛾𝑖 = 𝐸𝑖/𝑚𝑖.
Fluctuations of the particle number in the thermal

medium can be quantified in terms of cumulants. The
𝑛-th order cumulant of the 𝑖-th particle species reads

𝐶𝑖
𝑛 = 𝑉 𝑇 3 𝜕

𝑛−1(𝑛𝑖/𝑇
3)

𝜕(𝜇𝑖/𝑇 )𝑛−1

⃒⃒⃒⃒
𝑇

, (5)

where the temperature 𝑇 is kept constant. In this
work, we consider the first four cumulants of the net-
proton number, 𝑁𝑝−𝑝 = 𝑁𝑝 − 𝑁𝑝, which are given
by [10]

𝐶𝑛 = 𝐶𝑝
𝑛 + (−1)𝑛𝐶𝑝

𝑛 +

+(−1)𝑛⟨(𝑉 𝛿𝜎)𝑛⟩𝑐(𝑚𝑝)
𝑛(𝐽𝑝 − 𝐽𝑝)

𝑛, (6)

where 𝐶𝑝
𝑛 and 𝐶𝑝

𝑛 are the 𝑛-th order proton and
antiproton cumulants obtained within the baseline

model, respectively, ⟨(𝑉 𝛿𝜎)𝑛⟩𝑐 is the 𝑛-th critical
mode cumulant, and

𝐽𝑖 =
𝑔𝑑

𝑇

∫︁
𝑑3𝑘

(2𝜋)3
1

𝐸
𝑓0
𝑖 (1− 𝑓0

𝑖 ). (7)

Moreover, the contributions of other particles and res-
onance decays are neglected.

In general, cumulants of the critical mode cannot
be calculated analytically. Following the approach in-
troduced in Ref. [10], we model them using the uni-
versality class arguments which state that different
physical systems belonging to the same universality
class exhibit the same critical behavior close to the
critical point [14]. Under the assumption that QCD
belongs to the same universality class, as the three-
dimensional Ising model [16–18], we can identify the
QCD order parameter, 𝜎, with the magnetization,
𝑀𝐼 , the order parameter of the spin model. Hence,
the critical mode cumulants can be written as [10]

⟨(𝑉 𝛿𝜎)𝑛⟩𝑐 =
(︂

𝑇

𝑉 𝐻0

)︂𝑛−1
𝜕𝑛−1𝑀𝐼

𝜕ℎ𝑛−1

⃒⃒⃒⃒
𝑟

, (8)

where 𝑟 = (𝑇 − 𝑇𝑐)/𝑇𝑐 is the reduced temperature,
and ℎ = 𝐻/𝐻0 is the reduced magnetic field. The
critical point is located at 𝑟 = ℎ = 0.

In the net-proton number cumulants, the singular
part of the second cumulant receives a contribution
from the first derivative of the order parameter with
respect to the reduced magnetic field,

𝐶sing.
2 ∝ 𝜕𝑀𝐼

𝜕ℎ
. (9)

The right-hand side of this equation is the mag-
netic susceptibility of the Ising model which, due to
universality, can be identified with the chiral sus-
ceptibility of QCD. However, 𝐶2 is related to the
baryon number susceptibility which is known to di-
verge weaker than the chiral one [12, 13, 19]. There-
fore, the model introduced in Ref. [10] requires some
modifications [11]. This can be done using the fol-
lowing relation obtained by calculations within the
effective model on the mean field level [12, 13]:

𝜒𝜇𝜇 ≃ 𝜒reg
𝜇𝜇 + 𝜎2𝜒chiral, (10)

in which the singular contribution to the baryon num-
ber susceptibility is proportional to the chiral suscep-
tibility times the squared order parameter, and 𝜒reg

𝜇𝜇

ISSN 2071-0194. Ukr. J. Phys. 2019. Vol. 64, No. 8 767



M. Szymański, M. Bluhm, K. Redlich et al.

Fig. 1. (Color online) The model setup used in this work.
The filled band between two dashed curves shows the lattice
QCD constraints for the chiral crossover transition. The green
dot denotes the critical point with the spin model coordinate
system attached to it and the first-order phase transition line
for a larger baryon chemical potential. The solid blue line
corresponds to the chemical freeze-out curve from [15]

is the regular part of the baryon number susceptibil-
ity. To obtain such a form of the second cumulant,
the proton mass in Eq. (6) should be replaced by the
order parameter, 𝜎, such that the new 𝐶2 reads

𝐶2 = 𝐶𝑝
2 + 𝐶𝑝

2 + 𝑔2𝜎2⟨(𝑉 𝛿𝜎)𝑛⟩(𝐽𝑝 − 𝐽𝑝)
2. (11)

The modified higher-order cumulants are

𝐶3 = 𝐶𝑝
3 − 𝐶𝑝

3 − 𝑔3𝜎3⟨(𝑉 𝛿𝜎)𝑛⟩(𝐽𝑝 − 𝐽𝑝)
3 (12)

and

𝐶4 = 𝐶𝑝
4 + 𝐶𝑝

4 + 𝑔4𝜎4⟨(𝑉 𝛿𝜎)𝑛⟩(𝐽𝑝 − 𝐽𝑝)
4. (13)

Since the cumulants are volume-dependent, it is con-
venient to consider their ratios in which this depen-
dence cancels out,

𝐶2

𝐶1
=

𝜎2

𝑀
,

𝐶3

𝐶2
= 𝑆𝜎,

𝐶4

𝐶2
= 𝜅𝜎2, (14)

where 𝑀 = 𝐶1 is the mean, 𝜎2 = 𝐶2 the vari-
ance, 𝜅 = 𝐶4/𝐶

2
2 the kurtosis, and 𝑆 = 𝐶3/𝐶

3/2
2

the skewness.
To use the universality class arguments discussed

above, a mapping between the QCD phase diagram
and the reduced temperature and a magnetic field
of the spin model is needed. Such a mapping is non-
universal and has to be modeled for each system sep-
arately. In this work, we use a linear mapping [20,21]
in which the critical point is located at 𝑟 = ℎ = 0,
the 𝑟 axis is tangential to the QCD first-order phase

transition line, and the positive direction of the ℎ axis
points toward the hadronic phase. Schematically, this
is shown in Fig. 1, where the green line denotes the
first-order phase transition, and the filled band shows
lattice QCD constraints on the location of the chiral
crossover region.

To calculate the order parameter and its cumulants,
we use the parametric representation of the magnetic
equation of state [22]. For a more detailed discussion
of the mapping, lattice limits, and the magnetic equa-
tion of state, we refer the reader to the papers [10,11].

Finally, assuming that the matter created during a
heavy ion collision forms a thermal medium charac-
terized by the temperature and chemical potentials,
experimental data on event-by-event multiplicity fluc-
tuations can be compared with model results. To this
end, we calculate the net-proton number cumulants at
the chemical freeze-out. The chemical freeze-out con-
ditions used in this work were obtained by the anal-
ysis of hadron yields [23–28]. The blue line in Fig. 1
shows the recently obtained parametrization [15].

3. Numerical Results

In this section, we discuss numerical results on net-
proton number cumulant ratios obtained within the
current model. The set of model parameters includes
the coupling strength 𝑔 between (anti)protons and the
critical mode, the parameters of the magnetic equa-
tion of state, as well as the size of a critical region in
the (𝑇, 𝜇) plane. Their values and a detailed discus-
sion can be found in Refs. [10,11]. Moreover, the loca-
tion of the QCD critical point is unknown. To study
the effect of its position in the QCD phase diagram
on the refined model results, we consider three differ-
ent locations of the CP listed in Table and shown in
Fig. 2, where the distance to the freeze-out curve is
the farthest for CP1 and closest for 𝐶𝑃3.

The first step of our discussion is the comparison
between the 𝐶2/𝐶1 ratio obtained using the model
from Ref. [10], where the 𝑛-th net-proton number cu-
mulant is given by Eq. (6), and the refined model [11]
for the critical point location CP1. This is shown
in Fig. 3. Results obtained using the original model
exhibit a clear non-monotonic behavior and deviate
strongly from the non-critical baseline (the black-
dotted line) even for the small coupling, 𝑔 = 3, which
becomes more pronounced for 𝑔 = 5 (the red solid
and dashed lines, respectively). Using the current ap-
proach, we find a substantial reduction of the criti-
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Fig. 2. (Color online) QCD critical point locations from Table
plotted with the chemical freeze-out curve [15] used in this work

Fig. 3. (Color online) Second to first net-proton number cu-
mulant ratio for 𝑔 = 3 and 5 calculated following Ref. [10] (red
solid and dashed lines, respectively) compared to the refined
model results [11] (blue solid and dashed lines, respectively).
The preliminary STAR data on the net-proton number fluctua-
tions [5] (squares with the error bars containing both statistical
and systematic errors) and HRG baseline result (black dotted
line) are also shown for comparison

Locations of the QCD critical point
in the (𝜇𝐵, 𝑇 )-plane considered in this
work. These locations in the QCD phase
diagram are shown in Fig. 2

𝐶𝑃𝑖 𝜇𝑐𝑝 [MeV] 𝑇𝑐𝑝 [MeV]

1 390 149
2 420 141
3 450 134

cality in the 𝐶2/𝐶1 ratio even for larger values of 𝑔
(see the blue curves in Fig. 3). The refined model re-
sults for the 𝐶2/𝐶1 ratio agree with the experimental
data from the STAR Collaboration [5]. On the other
hand, the original model would require an exception-

Fig. 4. (Color online) Ratios of net-proton number cumulants
calculated in the refined model [11] for the fixed coupling 𝑔 = 5

and for different locations of the QCD critical point (listed in
Table)

ally small coupling strength in order to capture the
experimentally observed behavior.

The net-proton cumulant ratios obtained in the re-
fined model for different locations of the critical point
(as listed in Table) and with a fixed value of the cou-
pling, 𝑔 = 5, are shown in Fig. 4. We find that a
non-monotonic behavior of the cumulant ratios be-
comes more pronounced, when the critical point is
closer to the freeze-out line. Moreover, the deviation
from the non-critical HRG baseline becomes larger
for higher-order cumulant ratios.

Finally, Fig. 5 shows the coupling strength depen-
dence of the net-proton number cumulant ratios ob-
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Fig. 5. (Color online) Ratios of net-proton number cumu-
lants calculated in the refined model [11] with CP3 and for
the coupling strengths, 𝑔 = 3, 4 and 5 (orange solid, green
long-dashed, and red dash-dotted lines, respectively). The pre-
liminary STAR data on the net-proton number fluctuations [5]
(squares with the error bars containing both statistical and sys-
tematic errors) and HRG baseline results (black dotted lines)
are also shown for comparison

tained for CP3. We find a strong 𝑔 dependence of all
ratios. This is expected, since, in our refined model,
the 𝑛-th cumulant scales as 𝑔2𝑛, according to Eqs. (7)
and (11)–(13). When our model results are compared
to the STAR data [5], we find a qualitative agreement
with the 𝐶2/𝐶1 and 𝐶4/𝐶2 ratios. On the other hand,
the 𝐶3/𝐶2 ratio does not follow the systematics seen
in the data, i.e., our model results overshoot the HRG
baseline, while the data stay below.

Our results suggest that the appropriate choice of
model parameters, as well as the location of the QCD
critical point, allows us to describe some of the exper-
imentally observed cumulant ratios. Especially, the
smooth dependence of 𝐶2/𝐶1 and the strong increase
of 𝐶4/𝐶2 at low beam energies,

√
𝑠 < 20 GeV, seen

by the STAR Collaboration, suggest that the QCD
critical point may be located close to the freeze-out
curve. However, in this case, the 𝐶3/𝐶2 ratio should
increase beyond the non-critical baseline, which is not
seen in the experimental data. Therefore, it seems
unlikely that the QCD critical point is close to the
freeze-out curve. This conclusion requires, however,
additional theoretical and experimental justifications
due to uncertainties in the model parameters as well
as in the experimental data.

4. Conclusions

We have presented the ratios of net-proton num-
ber cumulants obtained within an effective model in
which the coupling between (anti)protons and crit-
ical mode fluctuations is introduced by connecting
the particle masses to the order parameter. We have
modified the existing approach [10] to account for the
correct scaling properties of the baryon number sus-
ceptibility, as dictated by the universality hypothesis.

Model results were compared with the recent ex-
perimental data on net-proton number fluctuations
from the STAR Collaboration. We find a substantial
reduction of the signal coming from the presence of
the QCD critical point in the 𝐶2/𝐶1 ratio which stays
in agreement with the experimental data. Moreover,
we find that the model discussed in the present work
allows us to describe some of the experimentally ob-
served features in the net-proton number cumulant
ratios. Particularly, the smooth dependence of 𝐶2/𝐶1

and an increase in 𝐶4/𝐶2 at lower beam energies
(
√
𝑠 < 20 GeV) suggest that the critical point may

be located close to the freeze-out curve. However, the
experimentally observed 𝐶3/𝐶2 ratio does not follow
the behavior expected from such a scenario.

Therefore, it seems unlikely that the QCD critical
point is located close to the phenomenological freeze-
out curve. However, because of uncertainties on both
theoretical and experimental sides, this statement re-
quires a further investigation.
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ПОШУКИ КРИТИЧНОЇ ТОЧКИ
КХД З ФЛУКТУАЦIЄЮ ЧИСЛА ПРОТОНIВ

Р е з ю м е

Флуктуацiї повного числа протонiв можна вимiрювати екс-
периментально, отримуючи таким чином важливу iнфор-
мацiю про речовину, що народжується пiд час зiткнень ре-
лятивiстських iонiв. Зокрема вона може мiстити iнформа-
цiю про критичну точку КХД. В данiй роботi ми обгово-
рюємо залежнiсть вiдношень перших чотирьох кумулянтiв
числа протонiв вiд енергiї струменя частинок. Цi величини
розрахованi за допомогою феноменологiчної моделi, в якiй
флуктуацiї з критичною модою пов’язанi з протонами та
антипротонами. Наша модель якiсно вiдтворює як монотон-
ну поведiнку вiдношення найнижчих порядкiв, так i немо-
нотонну поведiнку вiдношень високих порядкiв, як це спо-
стерiгається в результатах колаборацiї STAR. Ми обговорю-
ємо також залежнiсть наших результатiв вiд сили зв’язку i
мiсцезнаходження критичної точки.
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