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EFFECT OF FOURTH-ORDER
DISPERSION ON SOLITONIC INTERACTIONS

Solitons became important in optical communication systems thanks to their robust nature. However, the interaction of solitons is considered as a bad effect. To avoid interactions, the
obvious solution is to respect the temporal separation between two adjacent solitons determined
as a bit rate. Nevertheless, many better solutions exist to decrease the bit rate error. In this
context, the aim of our work is to study the possibility to delete the interaction of adjacent
solitons, by using a special dispersion management system, precisely by introducing both of the
third- and fourth-order dispersions in the presence of a group velocity dispersion. To study the
influence of the fourth- and third-order dispersions, we use the famous non-linear Schrödinger
equation solved with the Fast Fourier Transform method. The originality of this work is to bring
together the dispersion of the fourth, third, and second orders to separate two solitons close
enough to create the Kerr-induced interaction and consequently to improve the propagation by
decreasing the bit rate error. This study illustrates the influence of the fourth-order dispersion
on one single soliton and two co-propagative solitons with different values of the temporal
separation. Then the third order dispersion is introduced in the presence of the fourth-order
dispersion in the propagation of one and two solitons in order to study its influence on the
interaction. Finally, we show the existence of a precise dispersion management system that
allows one to avoid the interaction of solitons.
K e y w o r d s: interaction of solitons, non-linearity, dispersion, optical fiber, transmission channel, Schrödinger equation.

1. Introduction
In optical communication systems, short impulses are
used to transmit the information along an optical
fiber. Due to waveguides and the material dispersion
of the optical fiber that broadens the propagating
pulses, there was a total waste of the information. For
a long time, the dispersion was considered as a major
problem at high bit rates and for a long-haul optical
communication systems [1] till 1973, when Hasegawa
and Tappert [2] proposed to offset the natural linear
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dispersion effect due to Group Velocity Dispersion
(GVD) with the non-linear effect called Self-Phase
Modulation (SPM).
Subsequently in 1980, Mollenauer and his collaborators [3–7] realized the proposition experimentally
and gave birth to stable waves called “solitons”. Since
then, they have been the subject of many extensive theoretical and experimental studies [8–9], especially for their applications in optical communication
systems. In counter to solitary waves whose collision
would destroy their original identity, it was found in
1965 by Zabusky and Kruskal [10] that the solitons
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are a special category of solitary waves, because they
behave like particles during the collision, by keeping their amplitude and shape and by preserving the
velocity. In the soliton transmission, the necessity of
carrying a massive information requires the propagation of multiple solitons at the same time in the
so-called “soliton pulse train”. As a carrier of information, the soliton is surnamed a bit. By definition,
the more the bit rate 𝐵 = 1/𝑇𝐵 is increased, the
better the communication is. But, on the other hand,
the less the time interval 𝑇𝐵 between two consecutive solitons, the higher the bit rate error. Thus, the
necessary temporal separation threshold is crossed,
and, consequently, harmful soliton interactions appear. This Gordon–Haus temporal jitter effect [11]
has serious consequences for the optical soliton communication systems, because it increases the bit error rate, by limiting significantly the potential of the
communication system [6–7].
The propagation of solitons through an optical fiber
can be modeled by the famous non-linear Schrödinger
(NLS) equation. For optical pulses in the picosecond regime, pulses can be described with the use
of the NLS model. But, in the femtosecond regime,
the higher-order effects such as the third-order dispersion, fourth-order dispersion, self-steepening, and
delayed non-linear response should be taken into
account. In this case, the propagation is described
by the higher-order nonlinear Schrödinger (HNLS)
equation derived by Kodama and Hasegawa [12,
13]. What is common between higher-order effects is
that they cause a shift of the fundamental soliton
in the time spectrum, by leading to a variation in
the travelling speed of the fundamental soliton. The
temporal shift is transcribed in the frequency spectrum as the creation of a dispersive wave, a result
that was confirmed in several experimental works
[5, 15].
Indeed, the NLS equation is a partial differential
linear equation, and it is very difficult to solve analytically. Recently, a diversity of exact solutions of the
nonlinear equation such as the rogue, lump, breather,
kink, and other kinds of solitons are found with the
use of many numerical methods among, which we cite
the Split Step Fourier Method [16, 17], the Hirota
method [18–28], the ansatz method [29–33], the inverse scattering method [34–38], the Darboux transformation based on the Lax pair [39–42], the Backlund transformation [43–48], and so on.
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During the last decades, many researches have been
accomplished with the aim to minimize the effects of
soliton interactions and improve optical soliton communication systems. The obvious solution consists in
separating the adjacent solitons by more than six
temporal widths of the pulse, but since exceeding the
threshold/limits is necessary, one cannot rely on the
time interval.
Lately, researchers proposed several solutions to
avoid collisions, such as the injection of solitons with
the good choice of the phase [49], different amplitudes
[50], introduction of the Raman effect [51], introduction of the third-order dispersion [52], and many other
propositions. Thus, the suppression of soliton collisions with the use of the gathering of the fourth- and
third-order dispersions was never done before.
This paper is divided into the following sections: in
Section 2, we review the effect of fourth-order dispersion (FOD) on one soliton [53–57] without the thirdorder dispersion, and then we add this term in order to study the effect of the gathering GVD, TOD,
and FOD on one single soliton. Later on, we study
the influence of the fourth-order dispersion alone on
two adjacent solitons. Then we introduce the thirdorder dispersion for a a single soliton, and then we
study its influence on two solitons and add the fourthorder dispersion with the aim of deleting the interaction. In Section 3, we make conclusion for the obtained results.
2. Results
2.1. Impact of the fourth-order dispersion
The propagation of solitons by with regard for the
second-, third-, and fourth-order dispersions is described by the equation
𝑖 𝜕2𝐴 1 𝜕3𝐴
𝜕𝐴(𝑍, 𝑇 )
+ 𝛽2 2 − 𝛽3 3 −
𝜕𝑍
2 𝜕𝑇
6 𝜕𝑇
−

𝑖
𝜕4𝐴
𝛽4 4 = +[|𝐴|2 𝐴].
24 𝜕𝑇

(1)

The principle of the Split Step Fourier Method, which
we use in this paper, is to consider the nonlinear
Schrödinger equation that can be written in the following form:
𝜕𝐴
^ + 𝐷)𝐴.
^
= (𝑁
𝜕𝑍

(2)
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With the use of the inverse Fourier transform 𝑇 𝐹 −1 ,
one can write the solution in the time domain as follows:
^ 𝜔) exp[ℎ𝐷(𝑖𝜔)]].
^
𝐴′ (𝑧 + ℎ, 𝑇 ) = 𝑇 𝐹 −1 [𝐴(𝑧,
(6)
^
The operator 𝑁 is applied in the time domain:
^ ).
𝐴(𝑧 + ℎ, 𝑇 ) = 𝐴(𝑧, 𝑇 ) exp(ℎ𝑁
(7)
Finally, the solution of the Schrödinger equation becomes:
𝐴′ (𝑧 + ℎ, 𝑇 ) =
= exp(ℎ𝑖𝛾[|𝐴|2 ])𝑇 𝐹 −1 [𝐴′ (𝑧, 𝜔) exp[ℎ𝐷′ (𝑖𝜔)]].
(8)
The solution of the above equation is given in [15]:
2

Fig. 1. The effect of FOD on two co-propagative solitons

^ and 𝐷
^ are two nonlinear and linear operHere, 𝑁
ators, respectively. In view of Eq. (1), the operators
can be written as follows:
^ = 𝑖𝛾[|𝐴|2 ]
𝑁

(3)

and
2
3
4
^ = 𝑖 𝛽2 𝜕 − 1 𝛽3 𝜕 − 1 𝛽4 𝜕 .
𝐷
2
3
2 𝜕𝑇
6 𝜕𝑇
24 𝜕𝑇 4

(4)

Generally, the dispersion and the nonlinearity act
simultaneously along the fiber length. However, the
Split Step Fourier method is based on an approximation, which consists in saying that, over very
^ and
short propagation distances h, the operators 𝐷
^
𝑁 switch. The linear and non-linear effects act independently of one another and alternately. Solving the
equation leads to two steps: the dispersive step and
the nonlinear one.
The resolution of this equation in the frequency
domain is as follows:
^ + ℎ, 𝜔) = 𝐴(𝑧, 𝜔) exp[ℎ𝐷].
^
𝐴(𝑧

(5)

Table 1. Simulation parameters
Parameter

Values

Units

Non-linear parameter 𝛾
Dispersion of the second order 𝛽2
Fiber length 𝐿
Width of the impulse 𝑇0

1.0
−25
15
0.5

1/W km
ps2 /km
km
ps
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𝐴 = [3* (𝑏2 )* 𝐴0 (sech* (𝑇 /𝑇0 )2 )]*(8/5)·(𝑑𝑧/2)·𝑏 ,
(9)
where
𝛿4 = 𝛽4 /(24* |𝛽2 |* (𝑇0 )2 ),
(10)
and
𝑏 = 1/(40 · 𝛿4 )2 .
(11)
The simulation values are presented in Table 1.
2.1.1. The effect of FOD
with GVD on a fundamental soliton
The effect of the fourth-order dispersion with the
GVD and without TOD is shown in Fig. 1.
Discussion: From the results done by keeping the
same distance of propagation and the same value of
the second-order dispersion, we see that the fourthorder dispersion induces a periodic compression of the
pulse. This period is longer, when the fourth-order
dispersion is smaller. We note also that the intensity
at the points, where there is a maximum of compression is higher, when the fourth-order dispersion
is stronger.
2.1.2. The effect of FOD
with GVD and TOD on a fundamental soliton
The effect of the fourth-order dispersion with GVD
and TOD is illustrated in Fig. 2 for different values
of FOD and keeping GVD and TOD constant.
Discussion: The results show that the FOD with
the GVD and TOD create a decay of the fundamental
soliton into two pulses after a short propagation. We
can see from the figures that the two pulses get shifted
the more the FOD is higher, but the solitonic wave
is more shifted, than the wave of the decay. Note
that the effect of the FOD on the soliton is the same
as in Fig. 1: a periodic compression is proportional
to FOD.
ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 5
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2.1.3. The effect of FOD
with GVD on two fundamental solitons
We now focus on the effect of FOD on two copropagative solitons. The simulation results are done
for two co-propagative solitons with different values of
a temporal separation, with the same values of GVD
and FOD, and without TOD. The equation used for
the following study is the following:
[︀
𝐴 = 3𝐴*0 · 𝑏2* sech(𝑇 /𝑇0 + 𝜏 )2 +
]︀*
2
+ sech(𝑇 /𝑇0 − 𝜏 )2 𝑒𝑖(8/5)·(𝑑𝑧/2)·𝑏 ,
(12)
where
𝛿4 = 𝛽4 /(24* |𝛽2 |* (𝑇0 )2 ),

(13)

and
𝑏 = 1/(40 · 𝛿4 )2 .

(14)

Fig. 2. The effect of FOD in the presence of GVD and TOD
on two co-propagative solitons

Discussion: The simulation results show that the
solitons split into two pulses with equal intensities
after a propagation.
The more we reduce the separation, the more the
waves of the decay merge with each other like in
Fig. 3. But when the separation is less than 𝜏 = 2.5,
the attraction becomes very strong, and it leads to
a collision between the two solitons before that they
split under the attraction induced by FOD (see the
low bottom of Fig. 3. Later on, after the attraction,
the solitons split each one into two waves. But since
there is an attraction between the two waves of the
center, it gather them in one pulse, and we get three
pulses after the collision.
2.1.4. The effect of FOD
with GVD and TOD on two fundamental solitons
The propagation of two solitons in the presence of
GVD, TOD, and FOD is illustrated in Table 2.
Discussion: It is shown in the figures that the
shift in time induced by TOD creates a separation
between the two solitons. We should note that the
temporal shift is a function of the value and the sign
of TOD, because the more it is higher the more the
shift is stronger, but the leading and trailing pulses
are not affected by the TOD in the same way. As for
the sign of TOD, it affects the side of a shift as it is
mentioned in the last section of the present work.
By comparing the rows of Table 2, we see that the
shift of the solitons increases, when TOD becomes
ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 5

Fig. 3. The effect of FOD on two co-propagative solitons with
𝛽4 = 500 ps4 /km for different values of the temporal separation

higher, but the leading and the trailing pulses are
not affected in the same way, except for when TOD is
equal to 7.5 ps3 /km. Here, the two pulses travel with
the same speed and undergo the same shift, so they
stay in parallel. Otherwise, if the TOD is positive and
differs from 7.5 ps3 /km, the leading pulse is more
affected by the TOD, than the trailing pulse, so it
travels with a higher speed and catches the trailing
pulse at a certain point after the propagation. After
the collision, they will be separated again. If the TOD
is negative, the trailing pulse is more affected by the
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Table 2. The effect of FOD, TOD, and GVD on co-propagating solitons
TOD negative

TOD positive

The propagation of two solitons for
𝛽3 = −25 ps3 /km; 𝛽4 = 500 ps4 /km;
𝛽2 = −25 ps2 /km; 𝜏 = 3

The propagation of two solitons for
𝛽3 = 25 ps3 /km; 𝛽4 = 500 ps4 /km;
𝛽2 = −25 ps2 /km; 𝜏 = 3

The propagation of two solitons for
𝛽3 = −7.5 ps3 /km; 𝛽4 = 500 ps4 /km;
𝛽2 = −25 ps2 /km; 𝜏 = 3

The propagation of two solitons for
𝛽3 = 7.5 ps3 /km; 𝛽4 = 500 ps4 /km;
𝛽2 = −25 ps2 /km; 𝜏 = 3

The propagation of two solitons for
𝛽3 = −3 ps3 /km; 𝛽4 = 500 ps4 /km;
𝛽2 = −25 ps2 /km; 𝜏 = 3

The propagation of two solitons for
𝛽3 = 3 ps3 /km; 𝛽4 = 500 ps4 /km;
𝛽2 = −25 ps2 /km; 𝜏 = 3

𝛽3 = 25 ps3 /km

𝛽3 = 7.5 ps3 /km

𝛽3 = 3 ps3 /km

TOD, than the leading pulse. So, the inverse of the
first scenario will occur.
On the other hand, we note that the TOD has an
influence on the periodic compression induced by the
FOD, and the compression is inversely proportional
to the TOD. As a consequence, it is possible to improve the bit rate by means of the good choice of a
dispersion management system. The addition of GVD
and FOD and the proper value of TOD may be a solution to avoid the interaction of solitons.
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3. Conclusion
The effect of FOD, TOD, and GVD all together on
the solitonic interactions has been discussed. It is
proved that the gathering of FOD, TOD, and GVD
is able to delete the collisions, when their values are
carefully chosen. By our simulation results, we found
out that the FOD adds a periodic compression to the
traditional compression induced by the GVD, when
it is used for one soliton. In the case where the FOD
is higher, the periodic compression is stronger. But if
ISSN 2071-0194. Ukr. J. Phys. 2020. Vol. 65, No. 5
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the FOD and GVD are used for two co-propagating
solitons, we obtain a considerable attraction between
them in addition to the periodic compression. This
attraction is proportional to the FOD value, but it is
much lower, than the attraction between two solitons
owing only to GVD. So, we can say that the FOD
decreases the electric attraction induced by the Kerr
nonlinearity, but not to the point of canceling it.
By adding the TOD, the dispersion becomes high
so that it can defeat the attraction induced by the
Kerr nonlinearity between two co-propagating solitons. Nevertheless, another effect appears because of
the TOD, which is the temporal shift.
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26. X. Lü, W.X. Ma, Y. Zhou, C.M. Khalique. Rational solutions to an extended Kadomtsev–Petviashvili-like equation
with symbolic computation. Comp. Math. Appl. 71, 1560
(2016).
27. H.Q. Zhang, W.X. Ma. Resonant multiple wave solutions
for a (3 + 1)-dimensional nonlinear evolution equation by
linear superposition principle. Comp. Math. Appl. 73, 2339
(2017).
28. Y. Yue, L. Huang, Y. Chen. N-solitons, breathers, lumps
and rogue wave solutions to a (3+1)-dimensional nonlinear evolution equation. Comp. Math. Appl. 75 (7), 2538
(2018).
29. E.M.E. Zayed, A.G. Al-Nowehy. The solitary wave ansatz
method for finding the exact bright and dark soliton solutions of two nonlinear Schrödinger equations. J. Assoc.
Arab Univ. Basic Appl. Sci. 24 (1), 184 (2017).
30. S.H. Dong. The ansatz method for analyzing Schrödinger’s
equation with three anharmonic potentials in D dimensions. Found. Phys. Lett. 15 (4), 385 (2002).
31. Wahyulianti, Suparmi, Cari, Fuad Anwar. The solutions of
the D-dimensional Schrödinger equation for the potential
𝑉 (𝑟) = 𝑎𝑟−6 + 𝑏𝑟−5 + 𝑐𝑟−4 + 𝑑𝑟−3 + 𝑒𝑟−2 + 𝑓 𝑟−1 . J. Phys.
Confer. Ser. 795 (1), 012022 (2017).
32. K.S. Al-Ghafri, E.V. Krishnan, Anjan Biswas. Optical solitons for the cubic-quintic nonlinear Schrödinger equation.
AIP Conference Proceedings 2046, 020002 (2018).

383

K. Khelil, K. Saouchi, D. Bahloul

33. H. Triki, A.M. Wazwaz. Soliton solutions of the cubicquintic nonlinear Schrödinger equation with variable coefficients. Rom. J. Phys. 61 (3–4), 360 (2016).
34. M.A. Ablowitz, P.A. Clarkson. Solitons of Nonlinear Evolution Equations and Inverse Scattering (Cambridge Univ.
Press, 1991).
35. J. Garnier, K. Kalimeris. Inverse scattering perturbation
theory for the nonlinear Schrödinger equation with nonvanishing background. J. Phys. A: Math. Theor. 45 (3),
035202 (2012).
36. S. Randoux, P. Suret, G. El. Inverse scattering transform
analysis of rogue waves using local periodization procedure.
Sci. Rep. 6, 29238 (2016).
37. T. Kawata, N. Kobayashi, H. Inoue. Soliton solutions of the
derivative nonlinear Schrödinger equation. J. Phys. Soc.
Jpn. 46, 1008 (1979).
38. B. Prinari, A.K. Ortiz, C. van der Mee, M. Grabowski.
Inverse scattering transform and solitons for square matrix
nonlinear Schödinger equation. Stud. Appl. Math. 141 (3),
308 (2018).
39. D. Qiu, J. He, Y. Zhang, K. Porsezian. The Darboux transformation of the Kundu–Eckhaus equation. Proc. R. Soc.
A 471, 2180 (2015).
40. M. Manas. Darboux transformations for the nonlinear
Schrödinger equations. J. Phys. A Math. Theor. 29 (23),
7721 (1996).
41. S. Xu, J. He, L. Wang. The Darboux transformation of
the derivative nonlinear Schrödinger equation. J. Phys. A
Math. Theor. 44 (30), 305203 (2011).
42. H.Q. Zhang, M.Y. Zhang, R.Hu. Darboux transformation
and soliton solutions in the parity-time-symmetric nonlocal
vector nonlinear Schödinger equation. Appl. Math. Lett.
76, 170 (2018).
43. P. Wang, B. Tian, WJ. Liu et al. N-soliton solutions,
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ВПЛИВ ДИСПЕРСIЇ ЧЕТВЕРТОГО
ПОРЯДКУ НА ВЗАЄМОДIЮ СОЛIТОНIВ
Резюме
Солiтони стають важливим фактором у системах оптичного зв’язку завдяки їх стiйкостi. Однак взаємодiя солiтонiв
вважається поганим ефектом. Щоб уникнути його, очевидним рiшенням є подiл у часi двох сусiднiх солiтонiв, що визначає швидкiсть передачi двiйкових даних. Однак, є кращi
рiшення з малими помилками в швидкостi передачi. Метою даної роботи є вивчення можливостi усунути взаємодiю сусiднiх солiтонiв, використовуючи спецiальну систему
управлiння дисперсiєю шляхом введення дисперсiй третього i четвертого порядку при наявностi дисперсiї групової
швидкостi. Щоб вивчити їх вплив, вирiшено нелiнiйне рiвняння Шредiнгера методом швидкого фур’є-перетворення.
Оригiнальнiсть роботи полягає в спiльному розглядi дисперсiй другого, третього i четвертого порядку для подiлу
двух солiтонiв, досить близьких для виникнення ефекту
Керра. Це полiпшить їх рух i зменшить помилки в швидкостi передачi. Показано вплив дисперсiї четвертого порядку
для 1 солiтону i 2 солiтонiв, що спiльно рухаються з рiзним
тимчасовим подiлом, та додатковий ефект вiд введення дисперсiї третього порядку. Показано iснування системи точного управлiння дисперсiєю, яка дозволяє уникнути взаємодiї
солiтонiв.
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