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EFFECTS OF BROWNIAN MOTIONS
ON ELECTRICAL CONDUCTIVITY AND OPTICAL
TRANSPARENCY OF TWO-DIMENSIONAL FILMS
FILLED BY NEEDLE-LIKE PARTICLES

The effects of Brownian motions on the electrical conductivity and optical transparency of two-
dimensional films filled with needle-like particles (needles) have been investigated, using the
Monte-Carlo method. The initial state of the system was produced with the use of the random-
sequential adsorption process. In the subsequent evolution (aging) of the system, the translation
and rotation diffusion motions are taken into account. The intersections between needles are
forbidden. The interaction potential between needles is short-range (i.e., it is nonzero at dis-
tances less than 𝑅𝑐) and is dependent on the angle between needles 𝜑(∝ cos2 𝜑). The aging
results in the formation of island, net-like, and hole-like (with significant cavities) structures
depending on parameters of the interaction potential. The relations between the electrical con-
ductivity and the optical transparency during the aging are discussed.
K e yw o r d s: Monte-Carlo method, two-dimensional films, aging, Brownian motion, electrical
conductivity, optical transparency.

1. Introduction

Conductive films with high optical transparency can
be of great use in solar panels, lasers, photo and
video cameras, touch screens, pressure and deforma-
tion sensors, and flexible optical devices [1–3]. Me-
tallic oxides (e.g., indium tin oxide) are traditionally
used to make transparent and conductive films. Ho-
wever, such materials are fragile, so they can de-
grade with the appearance of microcracks and have a
high cost, which limits their use [4, 5]. Recently, for
the manufacture of conductive films with high trans-
parency, the materials filled with conductive nanopar-
ticles [6,7], in particular, those based on the plates of
graphene [8, 9] or carbon nanotubes [10], began to be
used. In this case, the main problem associated with
the use of carbon nanotubes is their high tendency to
the aggregation and the presence of aging processes
caused by the Brownian motion of particles. This
can significantly affect the behavior of the conductiv-
ity and transparency of films containing carbon nan-
otubes. In order to avoid the aggregation and improve
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the dispersion of nanotubes, it is possible to use sur-
factants [11, 12], supplements of nanoparticles that
improve the dispersion (e.g., laponite [13–15]), and
chemical functionalization of the surface of nanotubes
[16, 17]. These methods allow one to regulate the in-
teraction between nanotubes and influence the pro-
cesses of time evolution of the properties of systems.

Recently, computer research methods have been
used to predict the electrophysical properties of
thin films filled with anisotropic or needle-like parti-
cles. The analysis included discrete (lattice) [18] and
continuous models [19, 20], disordered and partially
ordered systems, effects of polydispersity of a nee-
dle length [21], as well as effects associated with the
presence of defects [18]. The anisotropy of the con-
ductivity in monolayers [19, 20] and the effects of
self-organization/aging that arise in the presence of
the Brownian diffusion [22–24] or in the presence of
a vertical drying have been studied (see, in partic-
ular, [25]). The analysis of the behavior of the opti-
cal density in systems filled with ordered particles of
an anisotropic form (disks or cylinders) [26] was also
carried out. The studies included the consideration of
only the systems, in which particles do not interact,
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and may [20] or may not [19] intersect. The detection
of the effect of the nature of anisotropic interactions
between particles on the aging processes of films and
changes in their physical characteristics, in particular,
the electrical conductivity and optical transmission,
is of significant interest.

Therefore, the purpose of this work was to study
the behavior of the electrical conductivity and opti-
cal density of two-dimensional films filled with needle-
like conductive particles with anisotropic interaction
between them. The aging processes as a result of
the Brownian diffusion was analyzed by the Monte-
Carlo method with changing the parameters of an
anisotropic interaction.

2. Computer Model and Calculation Method

The particles were shaped of needles and were repre-
sented by linear segments of unit length (𝑙 = 1) and
zero thickness (𝑑 = 0), that is, they had an infinite as-
pect ratio of 𝑘 = 𝑙/𝑑 = ∞. At the initial moment, the
needles were planted successively (one by one) onto a
plane of 𝐿×𝐿 using the RSA algorithm, in which the
intersection with previously placed particles was for-
bidden [27]. During the precipitation of needles, their
coordinates and orientations were randomly chosen,
and the periodic boundary conditions were used. The
numerical concentration of needles was determined as
𝑛 = 𝑁/𝐿2, where 𝑁 is the total number of particles
on the plane.

After the formation of an initial configuration, the
further evolution of the film structure (i.e., its aging)
was modeled taking the Brownian diffusion into ac-
count and using the Monte-Carlo method. The Brow-
nian motion of a randomly chosen needle was deter-
mined by attempts to turn at the angle of Δ𝜃 and to
displace it to a distance of Δ𝑙, by considering the next
boundary ratio between their mean square values

lim
𝑘→∞

⟨︀
Δ𝜃2

⟩︀
/
⟨︀
Δ𝑙2

⟩︀
= 𝐷𝑟/2𝐷𝑡 = 4/𝑙2,

where

𝐷𝑡 =
3𝑘B𝑇 [ln 𝑘 + 𝛾𝑡]

8𝜋𝜂𝑙
, 𝐷𝑟 =

3𝑘B𝑇 [ln 𝑘 + 𝛾𝑟]

𝜋𝜂𝑙3

are the diffusion coefficients of the translational, 𝐷𝑡,
and rotational, 𝐷𝑟, motions [28], 𝑘B𝑇 is the thermal
energy, 𝜂 is the viscosity of the medium, and 𝛾𝑡 ≈
≈ 0.219 and 𝛾𝑟 ≈ −0.447 are correction factors that
are related to the hydrodynamic effects of the flow
around the ends of a needle-like particle [29–31].

Fig. 1. The subtraction used to estimate the electrical con-
ductivity 𝜎 and the optical transmission 𝑇𝑟. The needles cover
some cells (marked with dark color), and these cells have an ef-
fective electrical conductivity of 𝜎𝑝. Unfilled (white) cells have
an effective electrical conductivity of 𝜎𝑚 ≪ 𝜎𝑝

In view of the interaction effects between particles,
the probability of their displacement or rotation is
calculated as 𝑊 = exp(−Δ𝑢), where Δ𝑢 is a change
in the energy of the system in units of 𝑘B𝑇 . It is as-
sumed that the needles interact only when the dis-
tance between them 𝑟 does not exceed a certain crit-
ical length 𝑅𝑐, and the angular dependence of the
interaction potential is described by the function

𝑢 = 𝑢0 cos
2 𝜑,

where 𝜑 is the angle between the needles, and 𝑢0 is
the energy factor. In particular, 𝑢0 < 0 corresponds
to the attraction between the particles, which is max-
imized, when the needles are parallelized.

One MC time step corresponds to 𝑁 attempts to
move and rotate. The total simulation time was 106

MC steps.
To calculate the electrical conductivity and opti-

cal transparency, an auxiliary mesh of 𝑚 × 𝑚 cells
was used (see Fig. 1). The use of this auxiliary mesh
actually corresponds to replacing the needle-like par-
ticle with a particle with finite aspect ratio 𝑎, which
should be evaluated as 𝑎 = 𝑚/𝐿. The case of 𝑚 → ∞
corresponds to the needle-like particle.

To calculate the electrical conductivity, the empty
cells of the mesh (which did not have a section with
a needle) had the effective electrical conductivity
𝜎𝑚 = 1 (the electrical conductivity of the medium in
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a b
Fig. 2. Dependences of the electrical conductivity 𝜎 and the optical transmission 𝑇𝑟 on the numerical concentration of needles
𝑛 for 𝑚 = 256𝑎𝑛𝑑512 (a), and the dependence of the electrical conductivity 𝜎 on the optical transmission 𝑇𝑟 for various 𝑚

(b). The data correspond to the initial time moment immediately after the formation of the system, using the RSA deposition
mechanism

arbitrary units), and the filled ones had the effective
electrical conductivity 𝜎𝑝 ≫ 𝜎𝑚. The electrical con-
ductivity of the formed mesh of resistors is calculated
using the Frank–Lobb algorithm [32]. The coefficient
of optical transmission 𝑇𝑟 was calculated as the ratio
of the number of blank (transparent) cells to the total
number of cells in the mesh (𝑚×𝑚). A more detailed
description of the algorithms of calculations is given
in works [19, 20]. All calculations in this paper were
performed, by using the following parameter values:
𝐿 = 32𝑙, 𝑚 = 128 − 1024, and 𝜎𝑝/𝜎𝑚 = 106. In cal-
culations, the results were averaged over at least 10
different MC experiments.

3. Results and Discussion

Figure 2, a shows the dependences of the electrical
conductivity 𝜎 and the optical transmittance 𝑇𝑟 on
the numerical concentration of needles 𝑛 at the initial
time moment, i.e., immediately after the formation
of the system with the use of the RSA deposition
mechanism.

As we see, an increase in 𝜎 and a decrease in the op-
tical transmission of 𝑇𝑟 are observed, as 𝑛 increases.
At certain threshold values 𝑛𝑝, there is a significant
increase in the electrical conductivity, which corre-
sponds to the percolation transition of the system to
a conducting state. This transition corresponds to the
achievement of the mean geometric value of the con-

ductivity (lg 𝜎𝑔 = 3) and depends on 𝑚. For exam-
ple, 𝑛𝑝 = 2.3 for 𝑚 = 256 (𝑎 = 8) and 𝑛𝑝 = 3.98 for
𝑚 = 512 (𝑎 = 16).

Fig. 2, b shows the dependences of the electrical
conductivity 𝜎 on the optical transmission 𝑇𝑟 for dif-
ferent values of 𝑚. As we can see, percolation tran-
sitions are observed on these dependences for a cer-
tain critical value of the optical transmission. The in-
sert in Fig. 2, b shows the dependence of the value
of 𝑇𝑟 for the mean geometric value of the conductiv-
ity (lg 𝜎𝑔 = 3). This value increases with 𝑚 or the
effective aspect ratio 𝑎. This indicates the possibility
to obtain conductive films with high transparency, by
using needles with a large aspect ratio.

Typical examples of the needle distribution pat-
tern in the aging process for 𝑡 = 103 and 𝑡 = 106

are presented in Fig. 3, a for the fixed values of the
density 𝑛 = 3, energy 𝑢𝑜 = −1, and effective radius
𝑅𝑐 = 0.5, 1.0, 2.0. In the process of aging, changes
in the morphology depend significantly on the val-
ues of 𝑅𝑐. In particular, for relatively short-range po-
tentials (𝑅𝑐 = 0.5, 1.0) as a result of aging, island
structures are formed which include the aggregates
of parallel-oriented particles. For more long-range po-
tentials (𝑅𝑐 = 2.0), the formation of vortex-like struc-
tures is observed at the intermediate aging stage
(𝑡 = 103). In the long time (𝑡 = 106), the net-like
structures are finally formed, which unite stack ag-
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a b
Fig. 3. Characteristic patterns of the needle distribution during aging: for 𝑡 = 103 and 𝑡 = 106 with fixed values of the density
𝑛 = 3, energy 𝑢𝑜 = −1 (attraction) and three values of the effective radius of interaction 𝑅𝑐 = 0.5, 1.0, 2.0 a); for 𝑡 = 2 · 104 with
fixed values of 𝑛 = 3, 𝑅𝑐 = 1.0 and several values of 𝑢𝑜 b)

Fig. 4. Time dependences of the electrical conductivity 𝜎 and
the optical transmission 𝑇𝑟 for the numerical density 𝑛 = 3,
interaction radius 𝑅𝑐 = 1.0, and energy 𝑢𝑜 = −1 for different
values of 𝑚

gregates. Thus, the amplification of the long-range
interactions between particles leads to the emergence
of a larger scale of the self-organization of particles.

Typical examples of the needle distribution pattern
in the aging process for 𝑡 = 2 · 104 are presented in
Fig. 3, b for fixed values of the density 𝑛 = 3, effective
radius 𝑅𝑐 = 1.0, and several energy values 𝑢𝑜. For a
short-range potential (𝑅𝑐 = 1.0), island structures
that include the aggregates of parallel-oriented parti-
cles, as a result of the aging,are formed only for rel-

Fig. 5. Dependence of the electrical conductivity 𝜎 on the
optical transmission 𝑇𝑟 in the aging process at 𝑚 = 256, for the
numerical concentration 𝑛 = 3, the energy 𝑢𝑜 = −1, and the
various values of the interaction radius 𝑅𝑐 = 0.5 and 1.5. The
dashed line corresponds to the initial RSA state at different
values of 𝑛

atively small values of |𝑢𝑜| = 1÷2. For small values
of |𝑢𝑜| = 0.2, the segregation is not observed practi-
cally. For large values of 𝑢𝑜 (|𝑢𝑜| ≥ 3), the formation
of connected structures with significant cavities was
observed.

Examples of the time dependences of the electrical
conductivity 𝜎 and the optical transmittance 𝑇𝑟 for
𝑛 = 3, 𝑅𝑐 = 1.0, 𝑢𝑜 = −1, and various values of 𝑚
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are shown in Fig. 4. This case corresponds to the ag-
ing process with the formation of island structures,
which include the aggregates of parallel-oriented par-
ticles (Fig. 3, a). The conductivity 𝜎 decreases over
time, and the optical transmission coefficient 𝑇𝑟, on
the contrary, increases. The processes of aging lead to
the destruction of the percolation cluster. Thus, the
illumination of the film occurs. Similar dependences
were observed for other values of the parameters 𝑛,
𝑅𝑐, and 𝑢𝑜.

In Fig. 5, the electrical conductivity dependences
𝜎 are compared with the optical transmission 𝑇𝑟 at
𝑚 = 256 for the state at the initial time moment (dot-
ted line) and the time evolution in the aging process
at 𝑛 = 3, 𝑢𝑜 = −1, and 𝑅𝑐 = 0.5 and 1.5. The ob-
tained 𝜎(𝑇𝑟) dependences for other parameter values
were quite similar to the dependence that was ob-
tained for the state at the initial time moment. The
critical optical transmittance value corresponding to
the achievement of the average geometric value of the
electrical conductivity (lg 𝜎𝑔 = 3) decreases, as 𝑅𝑐

and |𝑢𝑜| increase. This corresponds to an increase in
the connectivity of structures, while forming the mesh
or cavity structures shown in Fig. 3.

4. Conclusions

Using the Monte-Carlo method, the changes in the
electrical conductivity and optical transmission of
the two-dimensional films filled with needle-like par-
ticles have been studied. The processes of aging of
the system as a result of the Brownian motion of
needles in the presence of an anisotropic interac-
tion between particles are analyzed. It is shown that
the anisotropic interaction can lead to a significant
change in the structure, electrical conductivity, and
optical transmission of films. Depending on the en-
ergy 𝑢𝑜 and the interaction radius 𝑅𝑐, the forma-
tion of island, net-like, and hole-like (with signifi-
cant cavities) structures is observed. It is shown that
the connectivity of structures increases with |𝑢𝑜| and
𝑅𝑐. These results allow us to predict the conditions
of obtaining the conductive films with high optical
transmission.
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ВПЛИВ БРОУНIВСЬКОГО РУХУ
НА ЕЛЕКТРОПРОВIДНIСТЬ ТА ПРОЗОРIСТЬ
ДВОВИМIРНИХ ПЛIВОК, НАПОВНЕНИХ
ГОЛКОПОДIБНИМИ ЧАСТИНКАМИ

Р е з ю м е

За допомогою методу Монте-Карло (MC) дослiджено вплив
броунiвського руху на електропровiднiсть та оптичну про-
зорiсть двовимiрних плiвок, наповнених голкоподiбними
частинками (голками). Початковий стан системи одержу-
вали при використаннi процесу випадкової послiдовної ад-
сорбцiї (RSA). При подальшiй еволюцiї (старiннi) системи
були врахованi трансляцiйнi i обертальнi дифузiйнi рухи.
Перетин мiж голками було заборонено. Потенцiал взаємо-
дiї мiж голками був короткосяжним (був ненульовим при
вiдстанi мiж голками менше, нiж 𝑅𝑐) i залежав вiд кута мiж
голками 𝜑(∝ cos2 𝜑). В залежностi вiд параметрiв потенцiа-
лу взаємодiї старiння призводило до утворення острiвкових,
сiткоподiбних та дiркоподiбних структур. Аналiзується за-
лежнiсть мiж електропровiднiстю та оптичною прозорiстю
при старiннi.
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