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The method of interacting configurations in the complex number representation, which was
earlier applied to describe helium quasistationary states, has been used for the calculation of
ionization processes in more complicated atomic systems. The spectroscopic characteristics of
the lowest quasistationary states of the Be, Mg, and Ca atoms in the problem of the electron
impact ionization of these atoms are investigated. The energies and the widths of the lowest
1S, 1P, D, and 'F autoionizing states of Be and Mg atoms, and the lowest ‘P autoionizing

state of a Ca one are calculated.
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1. Introduction

Researches of autoionization phenomena in the
framework of the problems dealing with the ioniza-
tion and the electron scattering by atoms and ions
were separated in the last decades into an indepen-
dent branch of theoretical atomic physics. The sci-
entific interest to the description of the processes of
excitation and decay of quasistationary states is as-
sociated with a necessity to specify the parameters of
elementary processes, which are used in theoretical
estimations and calculations in plasma physics, laser
spectroscopy, solid state physics, and crystallography,
at the development of technological methods of iso-
tope separation at the atomic level, the designing of
coherent ultra-violet and x-ray radiation generators,
as well as in other physical domains.

The results of experimental researches concerning
the autoionizing states (AISs) located between the
first and second ionization thresholds for helium and
helium-like ions were qualitatively explained on the
basis of the theory of isolated Fano resonance and in
the diagonalization approximation. The appearance
of new experimental data on resonance structures in
partial cross-sections of helium photoionization above
the threshold of excited ion formation (more exactly,
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in the interval between the second and third thresh-
olds, to which the AIS energies converge in the atomic
ionization problem) brought about a number of theo-
retical issues dealing, first of all, with the description
of the interaction of a considerable number of overlap-
ping quasistationary states, which decay through sev-
eral open channels. Theoretical calculations and the
analysis of resonance structures decaying into several
states of a residual ion should be carried out, in the
general case, with regard for all interconfiguration in-
teractions.

One of the first theoretical methods that made it
possible to obtain results coinciding with experimen-
tal data was the method of configuration superposi-
tion or the method of interacting configurations. In
the terminology adopted in this work, this formalism
is called the method of interacting configurations in
the real number representation (see Section 3). An
important step of the theory became the method of
interacting configurations in the complex number rep-
resentation (ICCNR). The ICCNR method was de-
veloped in works [1-5] and successfully applied to
the description of the quasistationary states of he-
lium formed at its electron ionization in the energy
interval above the threshold of excited ion formation.

At the modern stage in the development of this
method, a principal advantage is its application to
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the calculation of ionization processes in more com-
plicated atomic structures [6-9]. As one can see in
the literature [10-26], beryllium, magnesium, and cal-
cium atoms turn out the most promising objects for
researches. In our work, the ICCNR method is ap-
plied to the calculation of spectroscopic characteris-
tics of AIS of Be, Mg, and Ca atoms in the problem
of the electron impact ionization of these atoms. In
particular, the energies and the widths of the lowest
(1S, 1P, 'D, and 'F) AISs of Be and Mg atoms, and
the lowest (1P) AIS of a Ca one were calculated.

2. General Characteristic of the Method

The ICCNR method is used to calculate the ener-
gies and the widths of quasistationary states in the
problem of electron impact ionization of Be, Mg, and
Ca atoms. In this section, the fundamentals and the
formalism of the method are briefly described.

The ICCNR method is an exact quantum-mechani-
cal method for the calculation of parameters of atomic
systems. This method is a development and a gener-
alization of the known method of interacting config-
urations in the real number representation. It has a
number of advantages in comparison with the stan-
dard method of interacting configurations in the real
number representation and other calculation methods
for the energies and widths of quasistationary atomic
states. First, this is a capability of finding not only
the energies, but also the widths of quasistationary
states. Second, there are new possibilities for the res-
onance identification. The ICCNR method makes it
possible, on the basis of the results of calculations,
to estimate the contribution of each resonance state
to the cross-section of the process and, if the res-
onance approximation is applicable, to introduce a
set of parameters that determine the energies and
the widths of quasistationary states, as well as the
contours of resonance lines in the ionization cross-
sections. This approach also enables the applicability
of approximate methods to the estimation of cross-
sections in specific problems to be studied and the
limits of their validity to be determined. Those ad-
vantages make it possible to successfully apply the
ICCNR method not only to scattering processes, but
also to much more complicated processes of atomic
ionization by electrons.

Our research was aimed at illustrating the ca-
pabilities of the ICCNR method in the determina-
tion of spectroscopic characteristics of complicated
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atoms. Quasistationary states were studied in such
multielectron atomic systems as Be, Mg, and Ca
atoms [6-9]. The capabilities of the method were illus-
trated by the example of the atomic ionization by the
electron impact [6-9], which are challenging for re-
searches. The analysis of the loss spectrum of knocked
out electrons made it possible to indirectly compare
the obtained results with the results of studies of the
scattering problem. The results were reported at a
number of international scientific conferences [6-9].

3. Fundamentals of the Method

of Interacting Configurations in the Complex
Number Representation Applied

to the Calculation of Processes

of Electron-Impact Ionization of Atoms

Let us recall the fundamentals of the ICCNR method
for the study of the processes of atomic ionization by
the electron impact. Let the equation of the examined
reaction read

A(noLoSo)+e~ (ko) — At (nly)+e~ (ki) +e(k), (1)

where kg, ki, and k are the momenta of the inci-
dent, knocked out, and scattered electrons, respec-
tively. Then the generalized oscillator strength of the
transition for the incident electron in the Born ap-
proximation looks like

df i, E

5 Q= Z |(nLyBl]

x Y exp(iQr;)|no LoSo) | (2)
j=1

In this formula, £ = k% — k? is the energy loss,
Q = kg — k is the transmitted momentum, and
|nly El: LSy) is the wave function of an atom with
total momentum L and spin .S, provided that an elec-
tron with momentum [/ and energy E is in the field
of ion AT, whose electron has the quantum numbers
|nly). The function of the atomic ground state looks
like ‘TL()LSO>

Note that process (1) is a much more complicated
physical phenomenon in comparison with the elec-
tron scattering by an atom. Exact theoretical calcula-
tions of such processes constitute a problem for mod-
ern theoretical physics. Therefore, the consideration
of this problem for multielectron atoms in the frame-
work of the ICCNR method is an important and chal-
lenging scientific step.
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The choice of the wave function for the ground state
is dictated by a desirable accuracy of the final results
of calculations. In the case of two-electron systems,
this is a multiparametric Hylleraas-type wave func-
tion, and, in the case of Be, Mg, and Ca atoms, this
is, as arule, a Hartree—Fock wave function obtained in
the multiconfigurational approximation. The system
of equations in the ICCNR method has the following
form:

(E, — E) aM+Z/bM,
Za)\m Vin (B (El

n)\’ E/)dE/7
(3)
E)WEL(E') = 0.

The multipliers a¥ and b, (E’) are the coefficients

of expansion of the wave function W¥(ry,rs) in the
basis

Za
+Z/bw NNEYE'. (4)

r17r2

The basis wave functions satisfy the conditions

(m|H|n) = (NE'|H|AE) = Ebxx0(E—E"),

(5)

’I’L(S’I’LTYU

where H is the total Hamiltonian of the system.
The formal solution for b%5,(E’) is selected in the
form

> G Vi (E)
b3 (E') = PTE’

+im Y alnVin (E)O(E — E), (6)

where VA (E) = (m|ﬁ]|)\E> The matrix Ayy de-
pends on the asymptotic properties of the basis func-
tions |AE). Substituting Eq. (6) into Eq. (3) trans-
forms the system of equations obtained in the ICCNR
method into a system of linear algebraic equations for
the coefficients af’? ,

( - a)\n + Z nrn

==Y A Van(E). (7)

+[Aw £

— Ynm (E)] afrln =
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The latter can be expressed in terms of eigenvectors
and eigenvalues of the complex matrix

where
PYnm =TT Z Vn)\ V)\m )
9)
1 'Ynm( ) i (
Fo.(F) = E'.
() = = [ 22 B),

0
The analysis of formulas (8) and (9) allows one to
compare various approximations, which can be done
in the ICCNR method. One can see that, in the
framework of this method, the following approxima-
tions are possible:

1) the method of interacting configurations in
the real number representation; this approximation
corresponds to the neglect of complex components
iYnm (E) in matrix (8);

2) the diagonalization approximation in the real
number representation consists in that the sum of all
non-diagonal members Fy,,,, (E) — i (E) in the ma-
trix Wym (E) is neglected,;

3) the diagonalization approximation involving the
transitions outside the energy surface (or the diago-
nalization approximation in the complex number rep-
resentation) arises if the term F,,,,(E) is neglected in
calculations.

The account for all members in matrix (8) is, in
essence, the ICCNR method, the advantages of which
over the indicated approximations are obvious.

After determining the eigenvectors and eigenvalues
of the matrix W,,,(E), we can calculate the ener-
gies and widths of quasistationary states that are lo-
cated above the threshold of excited ion formation
[1-5]. The partial amplitudes of the resonance ioniza-
tion can be determined as follows:

B+ 2B+

The quantities in formula (10) are defined by the re-
lations

m)\(E

Tioy-iamy (B) = 187 (E (10)

13 (E) = VC(E)(AE0), (11)
where

tm(E) = C(E)<F5|1i|0>v (12)
rn(E) = VOEN(E0).
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Hence, the expressions for the cross-sections become
parametrized,

oA(E) = o (E) +

Fm(E)PmA(E) + €m(E)Qm)\(E)
+; 2 (E) + 1 '

(13)

The real functions P,x(E) and Q. (F) of the total
energy FE are the doubled real and imaginary, respec-
tively, parts of the complex function Ny, (FE), which
looks like

Nom(E) = Hu(E)(137(E) +
Aea
Hm}\(E) *
P B 72

(14)

Hence, the resonance ionization cross-section is de-
termined by a collection of the following functions of
the total energy E: 0% (E), Nom(E), em(E), and
' (E) [5]. See more details about the formalism of
the method in work [5].

4. Electron Impact Ionization of a Be
Atom in the Interval of the Excitation
of Autoionizing States

In work [8], using the ICCNR method, the research of
the ionization of a Be atom by the electron impact in
the AIS excitation interval was started, and the spec-
tra of energy loss were analyzed. The photoionization
of this atom was studied as well. The autoionizing
states that arise at that can be compared with the
ATSs that are formed in the problem of electron scat-
tering at the corresponding ion. In calculations, the
Coulomb wave functions were used as basis configu-
rations. For every term, up to 25 basis configurations
were taken into account.

Table 1 contains the results of our calculations for
the energies and the widths of the lowest AISs of a
Be atom (1S, 'P, D, and 'F)) obtained in the prob-
lem of the ionization of this atom by the electron
impact with the use of the ICCNR method [8]. The
results are compared with the energies and the widths
of AISs obtained in the problem of electron scattering
by a Be™ ion in work [13|. Therefore, this compari-
son is indirect. In addition, in Table 2, the energies
of P states, which are located between the first and
second ionization thresholds of a beryllium atom, are
compared with the results of calculations obtained by
other authors [10-15].
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In the literature, there are no similar results ob-
tained on the basis of exact computational methods,
in particular, on the basis of the method of interact-
ing configurations and, the more so, on the basis of
the ICCNR one. The comparison with the results of
calculations of corresponding autoionizing state ener-

Table 1. Energies and widths of the lowest

AISs (18, P, 1D, and ' F) of a beryllium atom obtained
in the ICCNR approximation in the problem

of the electron impact ionization of an atom. In work
[13], the energies of autoionizing states were
calculated in the diagonalization approximation

in the framework of the problem of electron
scattering by a Bet ion

s E, eV T, eV E, eV [13] T, eV [13]
352 16.42 0.0803 16.40 0.0818
3p? 18.65 0.0110 18.57 0.0116
3s4s 18.82 0.0351 18.74 0.0358
3s5s 19.48 0.0163 19.45 0.0167
3s6s 19.77 0.00869 19.75 0.00884
3sTs 19.96 0.00518 19.92 0.00527
p E, eV I, ev E, eV [13] T, eV [13]
3s3p 17.70 0.157 17.68 0.169
3s4p 18.85 0.0318 18.83 0.0321
3s5p 19.45 0.00601 19.41 0.0062
3s6p 19.73 0.0157 19.68 0.0161
3pds 19.81 0.00328 19.77 0.0033
3sTp 19.89 0.0274 19.82 0.0282
3s8p 19.95 0.0140 19.93 0.0143
95) E, &V T, eV E,eV[13] | T,eV[13]
3s3d 17.62 0.0214 17.56 0.0220
3p? 18.31 0.0224 18.67 0.0230
3s4d 19.09 0.0378 19.09 0.0389
3sbd 19.60 0.0121 19.56 0.0128
3d? 19.67 0.00789 19.63 0.0796
3s6d 19.81 0.00331 19.79 0.0034
1 B, &V T, eV E, eV [13] | T,eV[13]
3p3d 18.96 0.0203 18.95 0.0214
3s4f 19.43 0.0149 19.43 0.0155
3s5f 19.72 0.0070 19.70 0.00717
3s6f 19.88 0.0023 19.85 0.00235
3s7f 19.95 0.00021 19.94 0.00023
3s8f 19.97 0.0019 - -
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gies in the problem of electron scattering by Be™ ions
performed in work [13] in the diagonalization approx-
imation (see Table 1) is indirect, because it deals with
a different object in a different problem. Nevertheless,
it really evidences the reliability of the results ob-
tained here.

5. Electron Impact Ionization of a Mg
Atom in the Interval of the Excitation
of Autoionizing States

The research of the ionization of Mg atoms (and Mg™
ions) by photons and electrons is a challenging prob-
lem, which is proved by both experimental and the-
oretical works of many authors (see, e.g., publica-
tions [13,16-23|). In works [6, 7], we started to study

those obtained in the problem of photoionization of
a Mg atom. Therefore, a direct comparison of our re-
sults with experimental ones [16] and with the results
of calculations on the basis of the R-matrix method
[17] can be made. In Table 4, the energy positions and
the widths calculated for the P autoionizing states

Table 3. Energies and widths of the lowest

AlISs (1S, P, D, and ' F) of a Mg atom obtained
in the ICCNR approximation in the problem

of electron impact ionization of an atom. In work
[13], the energies of autoionizing states were
calculated in the diagonalization approximation
in the framework of the problem of electron
scattering by a Mgt ion

the electron impact ionization of a Mg atom in the s E, eV T, eV E, eV [13] T, eV [13]
AIS excitation interval with the use of the ICQNR 182 13.08 0.0087 13.06 0.1010
method. In T.able 3, the re.sults of our calculations 342 14.61 0.0480 14.66 0.0502
for the energies and the widths of the lowest AISs 4555 14.92 0.0425 14.97 0.0473
('S, 'P, 'D, and 'F) of a Mg atom obtained in the 4s6s | 1548 | 0.0196 15.53 0.0185
electron impact ionization problem in the ICCNR ap- 3d4d 15.59 0.0140 15.64 0.0129
proximation are presented. 4s7s 15.78 0.0115 15.80 0.0107
First, our results are compared with analogous sta- 4s8s 15.80 0.0069 - -
tes'that are formed in the problem of e.lectron §Cat— 1p B oV T o B, oV [13] T, oV [13]
tering by Mg™ ions [13] (see Table 3). Since a differ-
ent problem was considered in work [13] — namely, 4sdp 14.15 0.157 14.18 0.143
the scattering one — such a comparison is indirect. In 3d4p 15.01 0.172 14.95 0.162
work [13], the calculations were carried out in the 4s5p 15.34 0.0324 15.29 0-0301
diagonalization approximation. Second, in the frame- 4sGp 15.68 0.0682 15.64 0.0667
. .. . 3d4f 15.77 0.0481 15.74 0.0448
work of the problem of the electron impact ionization
K 1 .. . 4sTp 15.85 0.0059 15.86 0.0048
of atoms, the energies of "P-states must coincide with 358p 19.95 0.0140 19.93 0.0143
Table 2. Comparison of the energies 1p E, &V T, eV E, eV [13] T, eV [13]
obtained with the use of the ICCNR method
for the AISs of a Be atom, which are located 3d4s 13.62 0.262 13.66 0.272
between the corresponding first and second 3d2 14.31 0.253 14.38 0.269
ionization thresholds, with the results 4d4s 14.89 0.0192 14.96 0.0189
of other authors 3dbs 15.28 0.0869 15.30 0.0951
1p E,eV | E, eV [10] | E, eV [11] | E, eV [12] 4p? 15.47 0.0570 15.49 0.0578
3d4d 15.58 0.0865 15.55 0.0876
2p3s 10.71 10.71 10.93 10.77 4s5d 15.69 0.0258 15.66 0.0248
2p3d 10.84 11.86 11.86 11.86 1
opds | 12.03 11.97 12.10 12.07 F Byev | T,ev | E,eV[13] | T, eV [13]
2pdd | 1242 12.47 12.50 12.49 3ddp | 14.15 | 0.0225 14.66 0.0230
1p E, &V E, eV [13] E, &V [14] B, eV [15] 4s4f 15.01 0.0110 15.28 0.0113
3d5p 15.34 0.0540 15.53 0.0589
2p3s 10.71 10.73 10.63 10.91 3daf 15.53 0.0052 15.63 0.0053
2p3d 10.84 11.85 12.03 11.83 4s5f 15.68 0.0201 15.71 0.0205
2pds 12.03 12.09 12.09 12.09 3d6p 15.77 0.0104 15.88 0.0109
2p4d 12.42 12.49 12.61 12.44 456 f 15.85 0.0125 15.90 0.0131
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of a magnesium atom with the use of the ICCNR
method are directly compared with the experimental
data of work [16] and the theoretical data obtained
with the help of the R-matrix formalism [17], as well
as with the problem of electron scattering by a Mg™
ion [13].

The original scientific results obtained with the
help of the ICCNR method [1-5] for the energies and
the widths of the lowest AISs (1S, P, D, and 'F) of a
Mg atom in the problem of electron impact ionization
of this atom are presented (see Table 3). Their nov-
elty consists in the application of the exact calculation
method, namely, the method of interacting configu-
rations and, the more so, the ICCNR method. The
comparison with the calculations of corresponding en-
ergies and widths of AISs carried out in the diago-
nalization approximation in the problem of electron
scattering by Mg™ ions (Table 3) is indirect (a differ-

Table 4. Comparison of the energies
and the widths of the AISs of a magnesium atom
obtained with the use of the ICCNR method

ent object in a different problem), but really testifies
to the reliability of the results obtained. Some of the
results obtained here, namely, the energy positions of
the 'P AISs of a Mg atom, can be directly compared
with the experiment and the R-matrix calculations
(see Table 4). The results of calculations carried out
with the use of the ICCNR method are in good agree-
ment with the corresponding calculations using the
R-matrix method [17] and experimental results [16]
(see Table 4).

6. Electron Impact Ionization of a Ca
Atom in the Interval of the Exctation
of Autoionizing States

The application of ICCNR method to calculate the
lowest AISs of calcium atom was begun in work
[9]. The energies and the widths of the lowest !P-

Table 5. Comparison of the energies

and the widths obtained with the use of the ICCNR
method for the AISs of a Be atom with the theoretical
results of other authors and the experiment [24]

with the experiment [16] and calculations
for 1P-states [17] (work [17]: the photoionization P E, eV E,eV[24] | E, eV [25] | E, eV [26]
problem and the photoionization threshold;
work [13]: the scattering problem) 3d5p 6.601 6.59 6.604 6,633
3d6p 7.033 7.02 7.038 7.080
p E, eV T, eV E, eV [13] T, eV [13] 3d7p 7.397 7.39 7.342 7.415
3d8p 7.465 7.47 7.471 7.502
4sdp 14.15 0.157 14.18 0.143 3d9p 7551 _ 7.556 7.575
3d4dp 15.01 0.172 14.95 0.162 3d10p 7.610 - 7.614 7.624
4s5p 15.34 0.0324 15.29 0.0301 4p5s 7.159 7.13 7.166 7.300
3d5p 15.53 0.0775 15.56 0.0758 3d4f 6.937 - 6.938 6.960
4s6p 15.68 0.00682 15.64 0.00667 3d5f 7.240 7.25 7.248 7.260
3daf 15.77 0.0481 15.74 0.0448 3d6.f 7.495 - 7.427 7.427
4sTp 15.85 0.00592 15.86 0.00476 3d7f 7.523 — 7.529 7.527
4s8p 15.90 0.0087 - - 3d8f 7.591 - 7.596 7.593
3d6p 15.93 0.0295 - -
4s9p 15.95 0.0011 - - p I, eV T, eV [24] T, eV [25] T, eV [26]
P | E,eV| T,eV | E, eV [17] | T, eV [17] | E, &V [16] 3d5p 0.0801 0.21 0.0702 0.0846
3d6p 0.0059 0.17 0.0056 0.0067
4s4p | 14.15 | 0.157 14.2213 0.3921 14.18 3d7p 0.0451 - 0.0509 0.0399
3d4p | 15.01 | 0.172 14.9048 0.6078 - 3d8p 0.0261 0.14 0.0232 0.0315
4s5p | 15.34 | 0.0324 15.3133 0.0931 - 3d9p 0.0163 - 0.0141 0.0282
3d5p | 15.53 | 0.0775 15.7264 0.0890 15.24 3d10p 0.0140 - 0.0101 0.0207
4s6p | 15.68 | 0.00682 15.6653 0.0142 15.61 4p5s 0.0129 0.15 0.0139 0.0132
3d4f | 15.77 | 0.0481 - - - 3d4f 0.00006 - 0.000004 0.00001
4sTp | 15.85 | 0.00592 | 15.8675 0.0095 15.83 3d5f 0.0059 - 0.0028 0.00003
4s8p | 15.90 | 0.0087 15.9802 0.0111 15.98 3d6 f 0.0019 0.17 0.0014 0.0024
3d6p | 15.93 | 0.0295 16.007 0.0417 - 3d7f | 0.0009 - 0.0011 0.00007
4s9p | 15.95 | 0.0011 16.065 0.0019 16.06 3d8f 0.00007 - 0.00008 0.00006
ISSN 2071-0186. Ukr. J. Phys. 2015. Vol. 60, No. 11 1099
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states were calculated. The results were compared
with the data obtained by other authors. In Table 5,
besides the results of our calculations [9], experimen-
tal data [24] and the results of theoretical calcula-
tions [25, 26] are shown. Their analysis testifies that
the classification of AISs proposed in work [25] is pos-
sible. The results of our calculations agree well with
the theoretical data obtained by other authors.

7. Conclusions

The method of interacting configurations in the com-
plex number representation, which was applied ear-
lier to the description of quasistationary states of a
helium atom, was used to calculate the ionization pro-
cesses of more complicated atomic systems. The spec-
troscopic characteristics of the lowest AISs of the Be,
Mg, and Ca atoms were studied in the problem of the
electron impact ionization of these atoms. The ener-
gies and the widths of the lowest autoionizing states
(1S, 1P, D, and 'F) of Be and Mg atoms and the
lowest (1P) autoionizing states of a Ca atom were cal-
culated. The calculation results were compared with
known experimental data and calculations on the ba-
sis of other methods. Hence, we may draw conclu-
sion about a successful verification of the method
proposed for the calculation of autoionizing states of
multielectron atoms and the processes of electron ion-
ization and excitation of atoms.
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Translated from Ukrainian by O.I. Voitenko

B.M. Cumyaur, T.M. 3asayv, P.B. Tumvwur

3ACTOCYBAHHS METO/LY B3AEMO/IIIOUNX
KOH®ITYPAIIIN YV 30BPAYKEHHI KOMIIJIEKCHUX
YUCEJI JI0 PO3PAXYHKIB CIIEKTPOCKOIIIYHUX
XAPAKTEPUCTUK ABTOIOHI3AIIITHIX

CTAHIB ATOMIB Be, Mg, Ca

Peszmowme

Meton B3aemogirounx KoHMiryparii y 300pakeHHi KOMILIe-
KCHUX 4MCeJl, KU paHillle 3aCTOCOBYBaBCs JI0 OIKCY KBa3icTa-
IIOHAPHUX CTAHIB ATOMY I'eJIif0, BUKOPUCTOBYETHCS JIJIsT PO3pa-
XYHKY IPOIECIB ioHI3a1il 6ibII CKIAJHUX ATOMHUX CTPYKTYP.
Jloc/miIzKeHO CIEKTPOCKOIIYHI XapaKTEPUCTUKHN HANHMKIUX
KBasicramionapuux craniB aromiB Be, Mg, Ca B 3amau4i ioni-
3auil UX aTOMiB €JIeKTPOHHHUM yaapoM. BukoHaHO po3paxyH-
K eHepPreTHYHIX IIOJIOYKEHb Ta IIHPHH HaiHmKYnx 1S, 1P, 1D,
IF aproiomizamifinux cranis aromis Be, Mg Ta naiimmkanx P
aBToioHi3aniiiHux craniB aroma Ca.
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